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What is the inhomogeneous chiral phase
“New phase where the chiral condensate spatially modulates”

NJL model in the mean field approximation(2-flavor) chiral limit
Lyr =1 [Z@ +2G (@W + i%m(%%%@)} Y+ G (@WQ + @737573@2)

Inhomogeneous chiral condensate

A(r) = (V) + i{thivsmse))

cf. conventional “homogeneous” condensate : A(r)= const.

m .
dual chiral density wave(DCDW) type - - - Alr)=—-———¢" _
[ y ( ) typ () e } <‘P >

A

Order parameter: m, g . - — iy ) )—»Z
5%3

A(r) Is complex <—> Magnetic field

®» Chiral anomaly  D.T.Son, M. A. Stephanov, PRD 77, 014021 (2008)
T. Tatsumi, K. Nishiyama, S. Karasawa, Phys. Lett. B 743, 66 (2015)



The DCDW phase in the phase diagram (B=0)
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The DCDW phase in the phase diagram (B=0)
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The inhomogeneous chiral phase can realize in neutron stars




Response to the weak B in the DCDW phase

Lagrangian in the external B
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Response to the weak B in the DCDW phase
Lagrangian in the external B
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Order parameters are considered as the free parameters.
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[ Determination of the order parameters minimizing Q) : m(u,T,B) q(u,T,B)]

~ )
Response to B of the minimized ()

Quuin (1. T, B) = 2O (4, T) + e—l— (cB)TOC, (1. D)+
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Spontaneous magnetization in the DCDW phase

10 RY, K. Nishiyama and T. Tatsumi, Phys. Lett. B751, 123 (2015)
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Spontaneous magnetization in the DCDW phase
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‘ emergence of spontaneous magnetization

4 )
Magnetic susceptibility ™) Does it diverge at the 2nd order phase transition point?

NG mode m) Magnon?
- /




Magnetic susceptibility
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Magnetic susceptibility
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NG mode associated with the ferromagnetic transition

Conventional spin wave

v . S—=Rr)S=S+5S(r)

Local rotation NG mode (magnon)

“Spin wave” in the DCDW phase

m .
qr : : : :
A(r)= - e g can be pointed to any direction without B.

2G
ApplyingB  m) B//q Q has the terms ~ B - q .

Therefore, M ~ q S

j> “Spin wave” q — R(r)q =q+0 q(r)




Independent NG mode in the DCDW phse

‘Spin wave’ q — R(r)q =(q+0 q(r)
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l. Low, A. V. Manohar, PRL 88, 10 (2002)




Independent NG mode in the DCDW phse
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‘ Space rotation is equivalent to the local translation.
l. Low, A. V. Manohar, PRL 88, 10 (2002)

‘ Local translation is equivalent to the local chiral transformation
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Independent NG mode in the DCDW phse

‘Spin wave’ q — R(r)q =(q+0 q(r)

A s zR(r)qr m iq-R'l(r)r
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:> Space rotation is equivalent to the local translation.
l. Low, A. V. Manohar, PRL 88, 10 (2002)

:> Local translation is equivalent to the local chiral transformation

T.G Lee, et al, PRD 92, 034024(2015) /4 r+s(t)) o jiar+a(r) (w — et/ 210)

/ Candidates of the NG mode
SSB of

@

\ Independent NG modes are only pions

rotation of q, space rotation, translation, chiral symmetry

~

/




Summary

Quark matter has ferromagnetism in the DCDW phase...

However,
» Magnetic susceptibility does not diverge

on the 2nd order phase transition point.

+ There are only pions as the independent
NG modes in the DCDW phase.
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The existence of spontaneous magnetization

Spontaneous magnetization

| M, = —eBQ(l)QA,T;q = q(o),m = m(o)]

0) . (0) spontaneously magnetized
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The temperature dependence

As T increases, m®, q© and M, decrease
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—nergy spectrum in the magnetic field

| andau level I E Froloy, et al, PRD 82, 076002 (2010)
B = Bz : constant

I

8\/(C\/m2+p2+1) +2‘efB‘n (n=1,2, - + )
E _ 2

n,p,C=x1e==1

e/m’ + p’ +% (lowest Landau level (LLL), n=0)

spin branch -



Landau level
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—nergy spectrum in the magnetic field

l. E. Frolov, et al., PRD 82, 076002 (2010)
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% Complex A(r) is necessary condition of the asymmetric spectrum.

H (A(r))has pairs of the eigenvalues,E (A)

andE,,,(A*)

Therefore, the energy spectrum cannot be asymmetric with real A.
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—nergy spectrum in the magnetic field
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Anomaly due to the asymmetric spectrum

Anomalous particle number A. J. Niemi, G. W. Semenoff, Phys. Rep. 135, 99 (1986)

1 cf. chiral bag model * J. Goldstone, R. L. Jaffe, PRL 51, 1518 (1983)
N-- [ar(lyt @) )

= (particle number) - (anti-particle number)
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Anomaly due to the asymmetric spectrum
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Phys. Lett. B 743, 66 (2015)
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not violating gauge invariant
% |t does not divergent
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Anomaly due to the asymmetric spectrum
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Construction of the thermodynamic potential
regularization of Q) Model parameter : A = 660MeV, GA> = 6.35
Q= QO(M,T,B;q =0,m = O)+6S2(M,T,B;q,m)
=Q, +6Q(O)(u,T;q,m)+ eBBQ(I)(u,T;q,m)+ (eB)2 69(2)(pt,T;q,m)+ ?]
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Properties about 6QW (u, T;m, q)

val AT s—-4-0

4 €

/ \

Contribution of valence quarks Spectral asymmetry
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Odd function about q‘ B-q
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In the case of no valence quarks
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Nepq
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This is consistent with Son’s result of CPT.

%CPT is the low energy effective theory,
where quarks are integrated out.
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In the case of no valence quarks In the limit of m—0
m—o0 or p<m-—q/2atT =0 50(1) 0
Nepq
1 ¢ 1
o) = — A2 ( Qfa{ =0 ) The behavior may be physically correct.

The wave vector g should be redundant,

This is consistent with Son’s result of CPT. :
because there is no condensate. (m—0)

%CPT is the low energy effective theory,
where quarks are integrated out.



Properties about 6QW (u, T;m, q)

6Q(1):Q(,1) | HANe lim /

Zblgn ELLL |E1LLL|_S

val dw s—+0 ) 27
4 €
/ \
Contribution of valence quarks Spectral asymmetry
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Odd function about q‘ B-q
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In the case of no valence quarks In the limit of m—0
m—o0 or p<m-—q/2atT =0 5Q(1) 0
| Nepq
1) _ c 1
o) = — A2 ( Qfai =0 ) The behavior may be physically correct.

The wave vector g should be redundant,

This is consistent with Son’s result of CPT. :
because there is no condensate. (m—0)

%CPT is the low energy effective theory,
where quarks are integrated out. » 5O # () only whenm , g =0




summary

» constitute the thermodynamic potential in B with anomaly
» analyze the response to B of the thermodynamic potential

v

* Quark matter has the spontaneous magnetization in
the DCDW phase.

* This magnetization includes the contribution of
valence quarks and anomaly.

* Magnetic susceptibility does not diverge on the 2"d
order phase transition point.



Future work

Application to neutron stars
impose the charge neutrality and chemical equilibrium

C> magnitude of magnetization, effect to EOS

Extension to finite current quark mass system
configuration of the inhomogeneous condensate, response to B

E> 3-flavor (u,d,s) system, confirmation in the lattice QCD

Theoretical improvement

formulation above MFA ==) functional regularization group
¥treatment of quasi long range order cf. liquid crystal (smectic phase)

analyze based on QCD  mm) Schwinger-Dayson approach

stability of the inhomogeneous chiral phase etc...



The DCDW phase in the magnetic field

Analysis of the NJL model with the mean field approximation in the magnetic
field . E. Frolov, et al., PRD 82, 076002 (2010)
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Spectral asymmetry in the DCDW phase

Number density

. _% _ eB dp 82151gn(ELLL]

Asymmetry (chiral anomaly?)

(T=0)

The number of the occupied states (E=0~u)



Spectral asymmetry in the DCDW phase

Number density

0¢2 B .d
n = —a =n =< P Szlslgn(ELLL ]

Asymmetry (chiral anomaly?)
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Spectral asymmetry in the DCDW phase
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Anomalous particle numbek. J. Niemi, G. W. Semenoff, Phys. Rep. 135, 99 (1986)
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cf. chiral bag model IC& T B/ AV DENFD/NU A
M. Rho, Phys. Rep. 240, 1 (1994)



Chiral anomaly in the magnetic field

D. T. Son, M. A. Stephanov, PRD 77, 014021 (2008)
Chiral perturbative theoit§U(2)]

2
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Wess-Zumino-Witten action pescribing the chiral anomaly cf.t’ — 2y

Syzw = fd4 (AB+2A )]B

(Auxiliary) gauge field of Ug(1) Gauge field of Ugy(1)
(W,0)



Chiral anomaly in the magnetic field

D. T. Son, M. A. Stephanov, PRD 77, 014021 (2008)
Chiral perturbative theoit§U(2)]

2
L= f—“tr(D“ZT DMZ)+ tr(MZ + H c.) D,2=0,3+ied |03 ]

4 2=exp(”¢ ) 16+zrn) (0% +att= 12)

f.
Wess-Zumino-Witten action pescribing the chiral anomaly cf.t’ — 2y

S, = fd4 (AB N 2A )]B Baryon current <1p_y “w>

J. Goldstone, F. Wilczek,
Linear sigma model PRL 47, 986 (1981)
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Chiral anomaly in the magnetic field

D. T. Son, M. A. Stephanov, PRD 77, 014021 (2008)
Chiral perturbative theoit§U(2)]

2
L= f—“tr(D“ZT DMZ)+ tr(MZ + H c.) D,2=0,3+ied |03 ]

4 2=exp(nf¢ ) : — o +itn”) (02+#=fnz)

Wess-Zumino-Witten action pescribing the chiral anomaly cf.t’ — 2y

Sz == [d"x (AB N 2A )]B Baryon current <1p_y “w>

J. Goldstone, F. Wilczek,
Linear sigma model PRL 47, 986 (1981)

(Do +iy T WV\G

j‘> If the mesons take the form of the DCDW-type in the magnetic field, X @

eb. .
O0=f cosqz,n’=f singz |S,,, = M qfd4 Magnetization




About 6O (1)

The contribution of lowest Landau level

sQ1),LLL _
e i 1 Contribution of anomaly
1),LLL _ LLL LLL LLry) , [N
5QI(L ). — / — Ep,e ) Q(Ep € )9( Ep € ) {47‘(‘ UH]
€= :tl
o0 - o 5 X (e )
= /

Contribution of valence quarks

The property of Q)
5O — 59(1) LLL 4 sl Ly sQ(ALLs  mmp  Odd-function about g

q—even
N.uq _Magnetization
m— o0 or p<m-—q/2,T=0: s = — 4;-2 “~ derived from chiral anomaly
(no contribution of valence quarks) D. T. Son, M. A. Stephanov,

PRD 77, 014021 (2008)
m— 0 : 600 — 0 g-independent m) physically correct



Anomaly due to the spectral asymmetry

Anomalous particle numbek. J. Niemi, G. W. Semenoff, Phys. Rep. 135, 99 (1986)
Fermion field expanded about the eigenfunctiogs(i )= Zbkcpk ) )+ Z dtopS(r)
Hep, = MG,

The particle number is defined avoiding the divergence Energy eigenvalue

- fdr@f (b ()]

=Z< b, )- Z<M __fdr(chkﬁ o) Z(pu ())

=N, —= Z sign(Ag) Positive energy Negative energy

This does not vanish if the energy spectrum is asymmetric

cf. Baryon number of the pion cloud in the chiral bag model
M. Rho, Phys. Rep. 240, 1 (1994)



The case that the energy spectrum can be asymmetric
Ly =1P_\£D +uy’ + G((1 +y°T %(l‘)+ (1 -y, %(ry )JP T G‘A(r}z
where A(r)= Q)+ i<1p_iy T >

=) EOM: 6‘ -(_iV+QA)—GyOL(1+y51:3%(r)+(1—Y5173 X(FYJ)Pk = }%(A)Pk

transformationy — iy %y’

A, (A(r ))% -N (A(r)* ]

Therefore, it is a necessary condition of the asymmetric spectrum
that A(r) is complex number.




Component of the magnetization

In the homogeneous phase

o 1 ? ? ? ?
Gordon id. |y 'y = P Ea“ -id" —io" @V +10, )]’
m

M, =- aQ(M’T’BW = ey 3y ) = ﬁkw_zixay“’ J+{Wo’y >
B=0

0B :
orbit spin

S ~fdx4lp_y *eBx
In the DCDW phase

Landau diamagnetism _ .
Pauli paramagnetism

_ 1 I.s L2 ?) s 12 ?)
Modified Gordon id. YY"y = 2—11) T Fi0" —id"e" ¥ —ic™ QY *i0, +1i0, e" qz)]
m

M, = 2;Kx2mayx> (%0 7'%)+ (%0 iy qxy)  where X =e" Ay

The magnetization is constituted by the orbit and spin contribution described
by X
and the additional term.

X on R ) ~C0Sqz  vanishes after the spatial average




Gordon identity

Dirac eq. : (i(ﬂ —m)p =0

Subtracting the both sides

=)

! w_\(”@i—’mﬂ) = ()

i IP_QéL-I‘-WI)“IP =0

- 2m\py " +1p_Q“i3:_—jib:Vj“«); =0 Yy =g" —io™]

In the DCDW phase

Dirac eq. : @'9 _ meiquZ}; = ()
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Lifshitz point & D DK (0,-a,~FE)
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Lifshitz point D DHEX (a,-a, FH)

a, )(m4 +m2q2]

(m6 +3m’q’ +%m2q4)+ ?

YA A

2R IHERZ R

-0.006 -0.004 -0.002 0 0.002



Lifshitz point D DHEX (a,-a, FH)
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