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Vibration in deformed nuclei

✓Low-frequency K=0+ and 2+ modes; 
beta- and gamma-vibrations

✓K-splitting of giant dipole resonance
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What can we see in charge-exchange modes?
How about an effect of neutron excess?



Roles of neutron excess:

π ν

many p-h (2qp) excitations

quest for collective modes unique in neutron-rich nuclei

✓ Strongly collective GTGR?

✓ “Super allowed” GTGR?

carrying large strength
begin

S− − S+ = 3(N − Z)

end

1

×

H. Sagawa et al., PLB303(1993)215
only in light nuclei close to the neutron drip line?
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Hartree-Fock-Bogoliubov (HFB) like equation

“s.p.” hamiltonian and pair potential:

response to the weak external field        :

transition matrix elements:

w/ Skyrme + pairing energy-density functional
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Nuclear DFT for vibrational motion

QRPA:
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1. 背 景 
 陽子と中性子から構成される原子核は、球形やラグビーボール型に変形した形状など
様々な形状をとり、陽子数や中性子数に関する魔法数とも密接に関連しています。良く
知られているのが魔法数と球形の関係で、陽子数及び中性子数の一方もしくは両方が２、
８、２０、２８、４０、５０などの魔法数になると球形となります。変形した形状にお
いても、変形魔法数と呼ばれる魔法数が存在し、陽子数及び中性子数が変形魔法数にな
ると大きく変形した状態で安定化する事が知られています。 
 自然界に存在する安定なジルコニウム同位体 90Zr（ジルコニウム-９０）では、陽子
数４０と中性子数５０が魔法数であり、その形状は球形となります（図１）。90Zr に中
性子を１０個加えて中性子数を６０にすると、大変形領域に入って球形は急激に変化し、
さらに中性子を加えると中性子数６４まで緩やかに変形度が大きくなることが知られ 

 
図１ 原子核図表。横軸が中性子数、縦軸が陽子数。青線で囲まれた領域は大変形領域であり、
境界の点線部は推測である。赤２重線は、本研究によりジルコニウム（Zr）同位体に発見され
た中性子の変形魔法数６４である。黒２重線は魔法数（球形）を、緑２重線は Zr 同位体を表す。
紫の四角は元素合成の経路を示している。色付けされている領域は、β崩壊の半減期が測定さ
れている領域である。黒は安定な原子核で、青は半減期が長く、赤は短い。 
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The spin and parity of the parent nucleus 106
39 Y67 are

possibly 2þ or 3þ, because the ground states of 99;101Y
are indicated to have the same proton configuration,
5=2þ[422], as 101;103;105Nb [18–20] and the spin and parity
of 10841 Nb67 is suggested to be 2

þ or 3þ [21]. The 4þ1 and the
second 2þ (2þ2 ) states of

106Zr are likely to be populated in
the ! decay of 106Y by comparison with the population of
the 4þ1 and 2þ2 states of 108Mo in the ! decay of 108Nb [21].
If the 324 keV " ray is the transition to the 2þ1 state, the
excited-state energy is 477 keV. Since Eð2þ1 Þ of 106Zr is
slightly larger than that of 104Zr (Fig. 2), Eð4þ1 Þ is expected
to increase gradually and to be 450–500 keV. The energies
of the 4þ1 and 2þ2 states of 106Zr are predicted by using the
interacting boson model [22]. The parameters of the inter-
acting boson model are obtained from a least-squares fit to
the known level energies of 108Mo, 110Ru, and 112Pd along
the isotonic chain (N ¼ 66). The largest deviations be-
tween the experimental and theoretical Eð4þ1 Þ and Eð2þ2 Þ
are 34 keVand 76 keV, respectively. The Eð4þ1 Þ and Eð2þ2 Þ
of 106Zr are extrapolated to be 455 keV and 618 keV,
respectively. Therefore, the excited states at 477 keV and
607 keV were tentatively assigned as the 4þ1 and 2þ2 states
in 106Zr, respectively. The transition from the 2þ2 state to
the 2þ1 state is expected, but no "-ray peak at 455 keV was
observed due to the low statistics.

The " rays emitted from a new isomeric state of 108Zr
were observed within 4 #s after the implantation of 108Zr
as shown in Fig. 1(b). Five "-ray peaks at energies of 174,
279, 348, 478, and 606 keV were unambiguously mea-
sured. A half-life of 620% 150 ns was derived from the
sum of time spectra for these five " rays. Some low-
intensity "-ray peaks from the 108Zr isomer might not
have been identified, and no information on "-" coinci-
dences was obtained due to the low statistics. Nevertheless,
it can be estimated that the energy of the isomeric state
is likely more than 1 MeV. The ground-state band is
populated up to 4þ; thus, the spin is likely more than or

equal to 4. Before discussing possible structures of the
observed isomer, low-lying states of 108Zr are discussed.
If a spherical ground state would appear around 110Zr

due to the predicted N ¼ 70 subshell gap [7], then Eð2þ1 Þ
would have to suddenly increase and R4=2 drop to & 2.
However, Eð2þ1 Þ of 106Zr is similar to that of Zr isotopes
with A ¼ 100–104, which are well deformed with !2 ¼
0:355ð10Þ, 0.43(4), and 0.47(7) for A ¼ 100, 102, and 104,
respectively [4,5]. Because the "-ray energies of 174 and
348 keV in 108Zr are slightly larger than those of 152 and
324 keV in 106Zr and the relevant energies smoothly
change from 100Zr to 108Zr (Fig. 2), the 174 and 348 keV
" rays were tentatively assigned as the transitions from the
2þ1 state to the ground state and from the 4þ1 state to the 2þ1
state, respectively. R4=2 gradually changes with values of
2.57, 3.15, 3.25, 3.13, and 3.00 for A ¼ 100, 102, 104, 106,
and 108, respectively. Values of R4=2, which is close to 3.3
for a rigid rotor, indicate the rotational character of a
deformed nucleus. The ground state of 108Zr is most likely
as deformed as 106Zr. Therefore, the spherical subshell gap
at N ¼ 70 seems not to be large enough to change the
ground state of 108Zr to spherical shape.
The structural evolution around the neutron-rich Zr iso-

topes can be visualized using 1=Eð2þ1 Þ [14]. Figure 3 shows
1=Eð2þ1 Þ as a function of the neutron number. The values of
1=Eð2þ1 Þ suddenly increase at N ¼ 60 for Kr, Sr, Zr, and
Mo isotopes because of the onset of deformation. 1=Eð2þ1 Þ
reaches a maximum at N ¼ 64 for both Zr and Mo iso-
topes. Another remarkable behavior at N ¼ 64 has been
observed for Mo isotopes. Hua et al. observed a band
crossing due to the rotation alignment of an h11=2 neutron
pair [23]. The shift of the band crossing to higher rotational
frequency in 106Mo is interpreted as a consequence of the
deformed subshell closure at N ¼ 64. The maximum of
1=Eð2þ1 Þ at N ¼ 64 can also be interpreted as being due
to the deformed subshell closure at N ¼ 64 with !2 &
0:47ð7Þ [5] for 104Zr.
The r-process path between A ¼ 110 and A ¼ 125 may

be affected by the weakening of the spin-orbit force, which
is associated with the neutron skin [24]. The harmonic-
oscillator-like doubly magic nucleus of 110Zr [24] or the
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Deformation of Zr isotopes in neutron-rich region



 spherical magic number

neutron number

spherical magic number

pr
ot

on
 n

um
be

r

spherical

deformed

deformed 
magic number

The spin and parity of the parent nucleus 106
39 Y67 are

possibly 2þ or 3þ, because the ground states of 99;101Y
are indicated to have the same proton configuration,
5=2þ[422], as 101;103;105Nb [18–20] and the spin and parity
of 10841 Nb67 is suggested to be 2

þ or 3þ [21]. The 4þ1 and the
second 2þ (2þ2 ) states of

106Zr are likely to be populated in
the ! decay of 106Y by comparison with the population of
the 4þ1 and 2þ2 states of 108Mo in the ! decay of 108Nb [21].
If the 324 keV " ray is the transition to the 2þ1 state, the
excited-state energy is 477 keV. Since Eð2þ1 Þ of 106Zr is
slightly larger than that of 104Zr (Fig. 2), Eð4þ1 Þ is expected
to increase gradually and to be 450–500 keV. The energies
of the 4þ1 and 2þ2 states of 106Zr are predicted by using the
interacting boson model [22]. The parameters of the inter-
acting boson model are obtained from a least-squares fit to
the known level energies of 108Mo, 110Ru, and 112Pd along
the isotonic chain (N ¼ 66). The largest deviations be-
tween the experimental and theoretical Eð4þ1 Þ and Eð2þ2 Þ
are 34 keVand 76 keV, respectively. The Eð4þ1 Þ and Eð2þ2 Þ
of 106Zr are extrapolated to be 455 keV and 618 keV,
respectively. Therefore, the excited states at 477 keV and
607 keV were tentatively assigned as the 4þ1 and 2þ2 states
in 106Zr, respectively. The transition from the 2þ2 state to
the 2þ1 state is expected, but no "-ray peak at 455 keV was
observed due to the low statistics.

The " rays emitted from a new isomeric state of 108Zr
were observed within 4 #s after the implantation of 108Zr
as shown in Fig. 1(b). Five "-ray peaks at energies of 174,
279, 348, 478, and 606 keV were unambiguously mea-
sured. A half-life of 620% 150 ns was derived from the
sum of time spectra for these five " rays. Some low-
intensity "-ray peaks from the 108Zr isomer might not
have been identified, and no information on "-" coinci-
dences was obtained due to the low statistics. Nevertheless,
it can be estimated that the energy of the isomeric state
is likely more than 1 MeV. The ground-state band is
populated up to 4þ; thus, the spin is likely more than or

equal to 4. Before discussing possible structures of the
observed isomer, low-lying states of 108Zr are discussed.
If a spherical ground state would appear around 110Zr

due to the predicted N ¼ 70 subshell gap [7], then Eð2þ1 Þ
would have to suddenly increase and R4=2 drop to & 2.
However, Eð2þ1 Þ of 106Zr is similar to that of Zr isotopes
with A ¼ 100–104, which are well deformed with !2 ¼
0:355ð10Þ, 0.43(4), and 0.47(7) for A ¼ 100, 102, and 104,
respectively [4,5]. Because the "-ray energies of 174 and
348 keV in 108Zr are slightly larger than those of 152 and
324 keV in 106Zr and the relevant energies smoothly
change from 100Zr to 108Zr (Fig. 2), the 174 and 348 keV
" rays were tentatively assigned as the transitions from the
2þ1 state to the ground state and from the 4þ1 state to the 2þ1
state, respectively. R4=2 gradually changes with values of
2.57, 3.15, 3.25, 3.13, and 3.00 for A ¼ 100, 102, 104, 106,
and 108, respectively. Values of R4=2, which is close to 3.3
for a rigid rotor, indicate the rotational character of a
deformed nucleus. The ground state of 108Zr is most likely
as deformed as 106Zr. Therefore, the spherical subshell gap
at N ¼ 70 seems not to be large enough to change the
ground state of 108Zr to spherical shape.
The structural evolution around the neutron-rich Zr iso-

topes can be visualized using 1=Eð2þ1 Þ [14]. Figure 3 shows
1=Eð2þ1 Þ as a function of the neutron number. The values of
1=Eð2þ1 Þ suddenly increase at N ¼ 60 for Kr, Sr, Zr, and
Mo isotopes because of the onset of deformation. 1=Eð2þ1 Þ
reaches a maximum at N ¼ 64 for both Zr and Mo iso-
topes. Another remarkable behavior at N ¼ 64 has been
observed for Mo isotopes. Hua et al. observed a band
crossing due to the rotation alignment of an h11=2 neutron
pair [23]. The shift of the band crossing to higher rotational
frequency in 106Mo is interpreted as a consequence of the
deformed subshell closure at N ¼ 64. The maximum of
1=Eð2þ1 Þ at N ¼ 64 can also be interpreted as being due
to the deformed subshell closure at N ¼ 64 with !2 &
0:47ð7Þ [5] for 104Zr.
The r-process path between A ¼ 110 and A ¼ 125 may

be affected by the weakening of the spin-orbit force, which
is associated with the neutron skin [24]. The harmonic-
oscillator-like doubly magic nucleus of 110Zr [24] or the
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FIG. 1. (Color online) Two-neutron separation energies for the
neutron-rich zirconium isotopes. The drip line is located where the
separation energy becomes zero. The 122Zr isotope is the last stable
nucleus against two-neutron emission.

Calculations performed with the HFB-2D-THO code used 20
transformed harmonic oscillator shells. Figure 1 shows the
calculated two-neutron separation energies for the zirconium
isotope chain. The two-neutron separation energy is defined as

S2n(Z,N ) = Ebind(Z,N ) − Ebind(Z,N − 2). (4)

Note that in using this equation, all binding energies must be
entered with a positive sign. The position of the two-neutron
drip line is defined by the condition S2n(Z,N ) = 0, and nuclei
with negative two-neutron separation energy are unstable
against the emission of two neutrons. As one can see, both
methods (HFB-2D-THO and HFB-2D-LATTICE) are in excellent
agreement for the two-neutron separation energy for the entire
isotope chain. Particularly, the 122Zr isotope is predicted in
both calculations as the drip-line nucleus. In addition, we
also give a comparison with the latest experimental data,
available only up to the isotope 110Zr [17]. As shown on Fig. 1,
the separation energy values obtained from the experiment are
somewhat larger than the theoretical calculations although the
trend remains the same.

In Fig. 2, we compare the intrinsic proton and neutron
quadrupole moments calculated with the LATTICE code and
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FIG. 2. (Color online) Intrinsic quadrupole moments for protons
and neutrons.
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FIG. 3. (Color online) Mass quadrupole parameter β2 comparison
for neutrons. Calculations by Lalazissis et al. [19], HFB-2D-LATTICE,
and Möller et al. [18] (FRDM) (β2 total is shown).

the THO code. Available experimental data [16] are also given.
Generally, we observe a nearly perfect agreement between the
two codes as well as with the experiment. The deformations
(for neutrons ) in terms of the deformation parameter β2 for
those nuclei, namely, for the 102−112Zr isotopes range from
β2 = 0.42 to β2 = 0.47. Both the basis-spline lattice code and
the HFB-2D-THO code predict the 112Zr isotope to have the
largest ground state deformation. For mass numbers larger
than 112, we observe a transition to spherical ground state
shape. This phenomenon had been also found in calculations
performed by Möller et al. [18] [finite range droplet model
calculations (FRDM)] and in relativistic mean-field calcula-
tions by Lalazissis et al. [19]. We depict this comparison in
Fig. 3 . Experimental deformations for protons are available
for two isotopes, 102Zr and 104Zr [16]. Calculations agree
with the experiment reasonably well and give β2 values
of 0.42, 0.43; while the experiment predicts β102

2 = 0.42,
β104

2 = 0.45.
In Fig. 4, we compare the root-mean-square radii of protons

and neutrons predicted by the LATTICE code and the THO
code. Both codes give nearly identical results for the whole
isotope chain. Only one experimental data point is available,
the proton rms radius of 102Zr [12]. The experiment yields a
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β-decay half-lives in neutron-rich Zr isotopes

KTUYþ GT2 model is shown in Fig. 4(b). It is noted that
the results display very little or even no systematic depen-
dence, and generally provide a better description of the
data across this mass region than the FRDMþ QRPA
model does. Below A ¼ 102, the KTUYþ GT2 calcula-
tion overestimates some of the experimental results by a
factor of about 2; however, it should be noted that the
magnitude of the experimental uncertainties of the half-
life for Kr isotopes is rather large. Figure 4(c) shows test
results of the FRDMþ GT2 model, rather than FRDMþ
QRPA, to extract differences in the treatment of the
!-strength functions. Much smaller deviations, predicted
by the FRDMþ GT2 model, suggest that the GT2 suc-
ceeds in capturing the essence of !-strength functions.
Figure 4(d) shows the difference between QFRDM

! and

QKTUY
! as a function of atomic number. A suppressed

odd-even staggering is clearly evident, but the FRDM
model predicts a Q! value of about 1 MeV less than that
of the KTUY model at A # 110. A small enhancement in
the FRDMþ GT2 predictions, by a factor of 2 or so around
A ¼ 110, may be explained by the underestimation of
Q! values in the FRDM calculation. The data suggest
that one of the main problems associated with !-decay
half-life predictions is related to uncertainties involved
with binding-energy calculations and!-strength functions.

As discussed by Möller et al. [1], the sum of the half-
lives of the r-process nuclei up to the midmass region, i.e.,
around A ¼ 130, determines the rate of r-matter flow at

N ¼ 82. Following this prescription, the relatively short
half-lives of the Zr and Nb isotopes deduced in the present
study suggest a further speeding up of the classical
r process, and shed light on the issue concerning the low
production rates of elements beyond the second r-process
peak. The results presented here also make an impact on
the abundances of nuclei at the second peak, since the peak
position and shape in the solar abundances around
A ¼ 110–140 can be reproduced better by decreasing the
half-life of the r-process nuclei by a factor of 2 to 3 [2].
In summary, the !-decay half-lives of the very neutron-

rich nuclides 97–100Kr, 97–102Rb, 100–105Sr, 103–108Y,
106–110Zr, 109–112Nb, 112–115Mo, and 115–117Tc, all of which
lie close to the astrophysical r-process path, have been
measured (for 18 nuclei) or their uncertainties have been
reduced significantly. The results suggest a systematic
enhancement of the !-decay rates of the Zr and Nb iso-
topes by a factor of 2 or more around A ¼ 110with respect
to the predictions of the FRDMþ QRPA model. The
results also indicate a shorter time scale for matter flow
from the r-process seeds to the heavy nuclei. More satis-
factory predictions of the half-lives from the KTUYþ
GT2 model, which employs larger Q! values, highlights

the importance of measuring the half-lives and masses of
very exotic nuclei, since such knowledge ultimately leads
to a decrease in the uncertainty of predicted nuclear abun-
dances around the second r-process peak.
This experiment was carried out at the RIBF operated by

RIKEN Nishina Center, RIKEN and CNS, University of
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KTUYþ GT2 model is shown in Fig. 4(b). It is noted that
the results display very little or even no systematic depen-
dence, and generally provide a better description of the
data across this mass region than the FRDMþ QRPA
model does. Below A ¼ 102, the KTUYþ GT2 calcula-
tion overestimates some of the experimental results by a
factor of about 2; however, it should be noted that the
magnitude of the experimental uncertainties of the half-
life for Kr isotopes is rather large. Figure 4(c) shows test
results of the FRDMþ GT2 model, rather than FRDMþ
QRPA, to extract differences in the treatment of the
!-strength functions. Much smaller deviations, predicted
by the FRDMþ GT2 model, suggest that the GT2 suc-
ceeds in capturing the essence of !-strength functions.
Figure 4(d) shows the difference between QFRDM

! and

QKTUY
! as a function of atomic number. A suppressed

odd-even staggering is clearly evident, but the FRDM
model predicts a Q! value of about 1 MeV less than that
of the KTUY model at A # 110. A small enhancement in
the FRDMþ GT2 predictions, by a factor of 2 or so around
A ¼ 110, may be explained by the underestimation of
Q! values in the FRDM calculation. The data suggest
that one of the main problems associated with !-decay
half-life predictions is related to uncertainties involved
with binding-energy calculations and!-strength functions.

As discussed by Möller et al. [1], the sum of the half-
lives of the r-process nuclei up to the midmass region, i.e.,
around A ¼ 130, determines the rate of r-matter flow at

N ¼ 82. Following this prescription, the relatively short
half-lives of the Zr and Nb isotopes deduced in the present
study suggest a further speeding up of the classical
r process, and shed light on the issue concerning the low
production rates of elements beyond the second r-process
peak. The results presented here also make an impact on
the abundances of nuclei at the second peak, since the peak
position and shape in the solar abundances around
A ¼ 110–140 can be reproduced better by decreasing the
half-life of the r-process nuclei by a factor of 2 to 3 [2].
In summary, the !-decay half-lives of the very neutron-

rich nuclides 97–100Kr, 97–102Rb, 100–105Sr, 103–108Y,
106–110Zr, 109–112Nb, 112–115Mo, and 115–117Tc, all of which
lie close to the astrophysical r-process path, have been
measured (for 18 nuclei) or their uncertainties have been
reduced significantly. The results suggest a systematic
enhancement of the !-decay rates of the Zr and Nb iso-
topes by a factor of 2 or more around A ¼ 110with respect
to the predictions of the FRDMþ QRPA model. The
results also indicate a shorter time scale for matter flow
from the r-process seeds to the heavy nuclei. More satis-
factory predictions of the half-lives from the KTUYþ
GT2 model, which employs larger Q! values, highlights

the importance of measuring the half-lives and masses of
very exotic nuclei, since such knowledge ultimately leads
to a decrease in the uncertainty of predicted nuclear abun-
dances around the second r-process peak.
This experiment was carried out at the RIBF operated by

RIKEN Nishina Center, RIKEN and CNS, University of
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(bottom) odd-Z (e) Rb, (f) Y, (g) Nb, and (h) Tc. Filled circles
and open triangles represent results from the present work and
previous studies, respectively. The respective solid and dotted
lines are predictions from the FRDMþ QRPAmodels, while the
dashed lines are from the KTUYþ GT2.
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Deformation effect on GTGR
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Beta-decay half-lives of Zr isotopes w/ T=0 pairing int.
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Deformation effect:  
low-lying GT strengths relevant to beta-decay
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Summary
Nuclear DFT applied for spin-isospin response 

Deformation: fragmentation of the GT strength distribution

both GTGR and low-lying states

Neutron excess: strong collectivity of GTGR
enhanced strength and large energy shift

preferable for evaluation of β-decay rate in the QRPA
β-decay rate of deformed neutron-rich Zr isotopes well described


