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Introduction
2|

7 Quark and/or hadronic matter at finite density

—low density" " *hadronic phase : chiral broken phase

—high density* = quark—gluon or color sup‘prconducting phase

: chiral symmetric phase:

1 Possibility of quark spin polarization ?

- Spontaneous quark magnetization ?
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We expect that the spin polarization leads to spontaneous magnetization.

Consider a possibility of spontaneous spin polarization

in quark matter at high baryon density




Introduction

o1 We show *--

By using the NJL model with tensor—type four—point interaction between
quarks (if there exists the tensor—type four—point interaction) ,
D quark spin polarization may occurs at high density quark matter
even in chiral symmetric phase (quark mass is zero),
cf. pseudovector interaction
(cf, E.Nakano, T.Maruyama and T.Tatsumi, PRD 68 (2003) 105001)
— spin polarization disappears in chiral symmetric phase
due to quarks being massless (SMaedan, PTP 118 (2007) 729)
D spontaneous magnetization may occurs at high density quark matter

due to quark spin polarization and anomalous magnetic moment of quark



Spin polarized phase —— two—flavor case

- Consider high density (and low temperature) quark matter in
two—flavor

Is the spin polarized phase occurs
at high density ?

1 Model used here is the NJL model with tensor—type interaction :

L = yiy“d,y +G; ((W o -)— GTT (e P

1.2 - = g3 0
Here, ’y'yl—z iy = z( 0 03)

Then, <l//7/ 4 Tl//> #0 — quark spin polarization occurs

o Hereafter, U =1,V =2 are taken into account.



Mean field approximation

5
-1 Lagrangian density under the mean field approximation :
- M 2 F 2
L [ “8 M)y —-Flw2.w)- —
MFA W(7/ )W ('7” 3W) 1G, 26,

Here, M =-2G, <Jt//>, dynamical quark mass (chiral cond.)
F=-G, <9;23W>’ spin polarized (tensor) condensate

1 Energy eigenvalue :

I% \/ps (\/p1+p2+M2+77F)2 (77=i1)




Thermdynamic potential
e [

o Thermodynamic potential
Q=H-uN-TS

= EW L 2 2
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Thermdynamic potential
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Thermdynamic potentlal o
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Phase diagram
9

Fhase diagram
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1 In the region with low temperature and large chemical potential, the spin
polarized phase (F = 0) may be realized.

1 The order of the phase transition is of the second order from normal
quark matter to the spin polarized phase.



Spontaneous Magnetization



Spontaneous magnetization

- Consider high density (and zero temperature) quark matter in
two—flavor

Does the spin polarization leads to

The spontaneous magnetization ?

1 Tensor—type four—point interaction in the NJL model

with the anomalous magnetic moment of quark :

LAI\/I M

| — y
— L—EWAVW F. v

€

2mp

=3.15x107Y GeV/T

M, :
,uAl:( j v M, =185u, wy=-097u,; py=

( R.G.Felipe, A.P.Martinez, H.P.Rojas and M.Orsaria, Phys. Rev. C 77 (2008), 015807.)



Spontaneous magnetization

-1 Let us adopt the mean field approximation under the external

tic field B : ({ww)=0
magnetic fie (ww)=0) -

LAM M
2G,

MFA — Jiyﬂ Dﬂl// _J(F +,UAB)Z3‘// -

L

D, =0, +iQA,, A :(o,iy,—ix,ojz(o,—ii), (M =0)

Q=0Q; =§e for (f =)u-quark or —%e for (f =)d-quark

o Energy eigenvalue

_ 2
EE)Z?f,V:\/(FfJFm/Z‘Qf‘Bv) +p2 . v=012 - for n=1

v=12-- forn=-1

~

F,=F+u,B




Spontaneous magnetization

71 Thermodynamic potential :

()

=3T B 2 ol Z N('Ef +77\/2Qf5v)2+p§—ﬂ}+222
f T

272. f=U,d,7]=i 272. v=vmi‘r:7

—Pr

E;,, <u)

1 Spontaneous magnetization M can be derived by the

thermodynamic relation:

B [Cimal

M =

oD F o
— = + for O<u<F| .
Bl 26 (a4 + 110) HET [
oo i
— =y, + for F> =
aB B=0 472- (ﬂu ﬂd ) “ ::::d!:'- i :: 045 0150 155
Spontant Mlnsmetizat
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Spontaneous magnetization

14|
-1 Application : Magnetic field of hybrid compact star

— magnetic flux density

- [ m 3r(m-r) a2
B= ——+ , =47 x10"" N/A
4%[ rs s (ﬂo )
2 2Mr?
z:IuO _M3+3ZLVI Xﬂ”rs =ty ——3
47\ R R 3 3R

RV

el 100G




Summary
S [

o We have shown ¢

D tensor—type four—point interaction between quarks leads to
— the spin polarization of quark matter in the region of high baryon

density and low temperature

D spontaneous magnetization may occur due to the anomalous magnetic

moment of quark under the existence of the quark spin polarization



Back up
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Spin polarization versus
color superconducting phase



Spin polarized phase —— two—flavor case

7 Tensor—type four—point interaction in the NJL) model :

G

L =yiy"d,p+Gq ((c;w)z +“')—7T

G Z((WU/STZ ANy X@V |7/5T2/1Al//) )

A=2,57

(wr s 2w Ny 2w )+-)

o Energy eigenvalue :
E 1/g + A
o —\/Ps ( P1+pz +77|:)2

A=A, =A;=4A; =G <J i7/5z-2/1Al//>




Phase diagram
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Possible phases
under the strong external magnetic field



Possible phases under strong external magnetic field

Consider high density (and zero temperature) quark matter in
two—flavor under the strong external magnetic field

[ What phases do appear ? ]

The case of
(i) Tensor—type four—point interaction in the NJL model

with the anomalous magnetic moment of quark :

eB=0.597 GeV? (~m?) el
AEA : q___h‘_"""-u:____
| oo (P 0 without AMM
e S S o @F =0)

. T (F O with AMM)
Only Lowest Landau Level contribu |

[TH [T



Possible phases under strong external magnetic field

n The case of

(ii) Pseudovector—type four—point interaction in the NJL

model
with-the anomal agneti ! ent of \quark :
L=yiy ”ayw+G(((usij T— ntflm ysy TW \w %ml//)+---)
— /. M2 U?
LM —uliv” D —M v —Uy Sy — —
MEA l//(7/ p )// W Ly 4G, ZGp

U = Gp<t//+23w>

Eg%V=J4QJBV+GﬂJ+JBEIEFf  v=012 forn=1

v=L12,--- fornp=-1



Possible phases under strong external magnetic field

o Only Lowest Landau Level contributes
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Origin of the tensor—type four—point
Interaction between quarks



Two—gluon exchange

Gauge interaction : LgtCD =gy (X)7“ A, (X)w(x)

Two—gluon exchange : fourth—order perturbation

4 int 4 int 4 int 4 int o
jd xLQCD(X)Id y LQCD(y)Id Z LQCD(Z).[d UL W=g"x-

Proper two—gluon exchange diagram : (c) and (d)




Two—gluon exchange
26

o “Approximation’ to NJL model :

— d4p 1ij —ip(x-y 1 4
<l//i(x)l//j(y)>z.[i(2ﬂ_)4 M—qe ( ):M@j& (X-y)

R o e ER RO R S

i(27) pitie
d ) p guv —ip(x-y) 1 ab 4
~ =—_5%q, 5 (x—
Ii(zyz)“—l\/lge iM? G0 (X=Y)

1 Two—gluon exchange to four—point interaction :

X



Two—gluon exchange

oz
o “Approximation” to NJL model :

jd xLNJL—g“jd“xjd“yjd“zjd“u(L(c)+L(d))
= [a* X( LGy vy, + 26y wwj

89454(0)(ZTaTa]

2npn 4
MQMQ

G, =



Interplay between spin polarization and
color superconductivity
at zero temperature



Interplay between spin polarization and

color superconductivity
29

-1 Lagrangian density with 2—flavor color superconductivity

L= EO + [-"T + ﬁc
Le=— Y ((Wism2Aar) (W ismeAat) + (V12X at”) (D T2 A at)))
A=25.7
. G - 1% o . 14 .
Ly=ypiy"ow ., L =—Z((W“7 T WYL Ty V/)+(WI757‘7 w)(w%nw))

7 Mean field approximation

LME — g4 cME 4 M

MF F? 7
L7 = —F(YXg731)) — el (F = —G(X3730))
CMF:—— Z (A ?I'y57'2)\A—|—hc)—3A2

¢ 2 o 2G,

A=25.7
na
AA = A*A = —GC(WZ’Y5T2/\A¢> , A = AQ = A5 = A’r



Interplay between spin polarization and

color superconductivity
30

-1 Hamiltonian formalism

Hurp — pN = Ko + HFE + HME
Ko=v(—v-V — py)t,
HMF — _pMF HMF — _pMF

-1 Hamiltonian for quark and antiquark

HMF - H’N = Z [(p T /‘L)CIJ’I]TQCP??TCY o (p + M)éLnTaép??TOf]
pnTo

2 2
VP +p G
+ F Z qu- [% (CI)T]TO:CP—”?TQ + CI’”’?T@CP_”TQ) —

P3 /4
o

. il
Cpn'ra Cpnra + Cpn'f‘acp"]"rﬂ’)

2 /
pnaa o’ TT
F? 3A2
V. — :
* 2G T 2G .

+1 ---isospin (¢, =+1), « ---color

where 7 = +1 -.- h@llClty , T

A P -t - -
+ = (Cpn'rac pnT'al + CpnTac pnTal + C—pnr'a’Cpnra + C—pn’?"a’Cp?]‘TC\f)quECEOf’O!”ETT’



Mean Field Approximation — for color-
superconducting gap A and spin polarization F

Mean field approximation

Hvr — #N Z [(E(n] ,[L) Pr]'rcfap]",'rﬂ (Em} + :u') pr}raaﬂi‘ifﬂ]
pnTa

~T

o Z .
* 2 f P']Tﬂf ”—pnr o ™ U@ _pyrar T 1-C- |€atar€cv e

pnttiac’a”
+ V- i + V- 347
2G 2G.

2 2 2
{ﬂ:)_ _pt+ne _ P, + P
N S S

Ag=AY =G (Viysmra¥), A=Ar=As5=Ag

Fr = —G<g723z'kw>

a,,. '+ Ppositive energy states, a,,. - hegative energy states

Quark matter - -+ positive energy particles are retained



Interplay between spin polarization and

color superconductivity

32|
1 BCS state for positive energy particles

P)=eh) %)= Hapm>

pnm

K
_ P P’?
S_ Z 9 Z apﬂm —Pﬂffl 050!0! gﬂ'¢f T Z Z apnm -pnr'a’ gaaa ETT¢T
pn(sl(o”)w) aa'e"r’ gé’”ép aa'a"rr'

h _ ( =K
where KPU K—pﬂ’ KPU K‘pﬂ
and - \@Kpn .0 \@Kpﬂ

sin@_ = Sinfl,. =———

o T e



Interplay between spin polarization and
color superconductivity

33|
- Variational equations determine 6 (K)
0 0
(V|Hypp — puN|P) =0, —(V|Hpyp — uN|P) =0
o7/ 06y,

o Thermodynamic potential

O(AF, ) =—(®O|H, - iN| D)

1
v
) {2(85”—ﬂ)—\/(gé”)—ﬂ)2+3A2f(n)z}




Interplay between spin polarization and

color superconductivity
S

Gap equation

0
OA

<(D| H e —uN |(D>
1 f ()’ 1
Ao L — =0
Namely, V Zi \/ () _lu)z 1+ 3A% f (77)2 Gc




Numerical results

— for interplay between spin polarization and 2SC

Occupation number for 2SC phase

N, Np
1.0 1.0
0.8 : 0.8;
| Lambda=0.631 GeV I
0.6l mu=0.30 GeV ! 0.6 mu=0.442 GeV E
0.4 | 0.4
" k I \
0 0.1 0.2 0.3 0.4 0.5 0.6 0 0.1 0.2 0.3 0.4 0.5 0.6
P [GeV] P [GeV]

Usual cutoff A =0.631 GeV is valid for this calculation

AJGeV ]G/ GeV 2] G,/ GeV2
0.631 20.0 6.6




Numerical results

— for interplay between spin polarization and 2SC

PressureP vs chemical potentigl

p [GeV*4]
0.008 p [GeV 4]

ﬁ 0.0024] —— SP (Delta=0)
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Parameters used here
A / GeV | G / GeV 2 G / GeV 2
0.631 20.0 6.0




Numerical results

— for interplay between spin polarization and 2SC

o Thermodynamic potential

thermodynamw potentla (mu=0 40 GeV) thermodynamic potential (mu=0.42GeV) thermodynamic potential (mu=0.45GeV)
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Qualitative understanding
— qualitative feature of thermodynamic
potential



Qualitative understanding

— qualitative feature of thermodynamic potential
39

1 Relation to fermi surface

U
O = —J Ndg oc—u* | Noc IdSpG(y— p)j :normal quark matter

®=—[Ndgoc—p® |N ocfdspe(y—g), e=\/(F—\/ P+ p§)2+ pfil

. . . :spin polarized phase
In spin polarized phase*=* F #0 | fermi suraface has following form
(\/ P+ P, - F)z +pg = 4’ i torus(majour radius :F, minor radius: 1)

—
—

volume of torus:

27° 1°F (F:—G’Lﬁ]

27




Numerical results — for spin polarization
40|

- Relation to fermi surface
p[GeV4]

0.010 [ /
0.008 | : &

0 . “(full polarization)

F'<u, then, ep= elt)

0.006 | p
0.004| F'>pu, then, ep= eé_)

0.002f \&
[ FX0 . (partial polarization)

0 5 10 15 20 25 rhoy/ rho,
p3 p3 p3

E1(>_)= mu EI(,_)= mu

R Ep = mu P - LT -
; / i / { ; //
: : : L ;!
E( )= mu e | TY—s—™/™ T

No Polarization Partial Polarization

Full Polarization



Interplay between spin polarization and
color—flavor locked phase
at zero temperature



Stability of spin polarized phase

—— three—flavor case
ca b

1 High density (and low temperature) quark matter in three—
flavor:

— color—flavor locked (CFL) phase may exist

Is the spin polarized phase survives ]

at high density against CFL phase ?



Interplay between spin polarization and

color superconductivity
43

-1 Lagrangian density with 3—flavor color superconductivity

I G v o Gc - c —C. c
L=WI7“8ﬂw——(W“7 /’tit//XW,,w’tEl//)+—(ww5/1a/1kf v iy A
4 2

-1 Mean field approximation
L=yiy*o,w+L" +LJ"

LM == SR (2, ikw)—— S F/

k=3,8 k38

23:_i7/172:(%3 :j’ F3:_G<Jz323fw>’ Fsz_G<stﬂgW>
3

1 « [—c. . 1 2
LV == > }((Aak(w |7/51a/1§z//)+ h.c.)+E\Aak\ J



Interplay between spin polarization and

color superconductivity
S

- Hamiltonian formalism
Huyp — pN = Ko + HPE + HME

Ko =¢(=v-V = )¢,
HMF _ _pMF  MF _ _pMF

-1 Hamiltonian for quark and antiquark

1 3N’
H=H,—uN+V +Vyp +V -—(F +F)+V -
0o M CFL SP ZG(S 8) e

c

Ho =N = 3 (bl =1)65,Conme = (Pl 165 o]

pnra

~ ~

~+
CFL Z Z Z( pnm pnm pnf'a'cpﬂm +Cpf7mc pnr'a’ +C—pnr'a'cpnm )gaa'a"grr'¢p

pn aa'a" r'

=Y F, /P pz( c CorraC )—77—p3 (c+ c CooC )
| | prra~p-nra " Vppra”p-nra |p| prra~pnra | Ypnra” pnra
prra

where o
n=+1--helicity, r=u,d,s--flavor, « ---color (¢, =—¢, =1)



Mean Field Approximation — for color-

superconducting gap A without spin polarization F (=0)
E N s

Mean field approximation for quasi-particle operators

3N
Hep = Ho =N +Vep +V G

c

_1 Zl%p —\/55 + 4N —8\/55 +A2_+ > |E +4A2d;;1dp;1+29: gx+Ndl d
a=2 |

2 o AL
- . . ,
||Z:[98 ~JE2 14N -85t + N +||Z 1/5;+4A2d|;;1dp;1+22: gr+Ad).d . +V-§é
pl<u pl<ul a= i c

Ep = p_lu’ a _G Z< —-pna't' pnar> aaa z'rr ¢p’ A= A1u _AZd ZABS

praa'rr

Thermodynamic potential for F=0

4 . N
b, = _<HCFL>

V
z[gg _[FZvan 8 [N +Az]+_ bz, - Je7ax -7 |
|pl<u

\ p>ﬂ

",




Mean Field Approximation — for spin polarized

gap F without CFL condensate A (=0)
e 4

Thermodynamic potential for A=0

{ 0, =58 Sl ablu-tt)e L +F:>J

r=u,d,s

[ 1 1 2
(77) \/ps (F +77 p1+p2)2 Z[ EFBJé‘m—F(_Fg‘Fﬁng&d_ﬁFsé‘zs

Gap equations for ®, (CFL), @&, (SP)

0y _ o o 0P 00
oF, OF,




Numerical results

— for interplay between spin polarization and CFL
1 Pressure P vs chemical potential 1
p[GeV*?]
0.005?
0.004
0.003?

0.002f ==

0.001 |

1 Parameters used here
A / GeV | G / GeV 2 G, / GeV 2
0.631 20.0 6.6




Order of phase transition

— second order perturbation on CFL phase with respect to SP term

Hamiltonian under consideration

2 12
H=Hc +Hgp, HSP:ZFT\/pl i CpneaC

p?]TO{ p—?]TO!
p|

Here, Hep Is regarded as perturbation term
First order perturbation =0

Second order perturbation

£ =Z<q’”;0‘>_<‘ Eichw

E,; ground state energy , |i);intermediate (excited) state, E; ;excited state energy



Order of phase transition

— second order perturbation on CFL phase with respect to SP term

Thermodynamic potﬁntial .
O=p,+—E__+—I|F +F/’
0 V corr ZG ( 3 8 )

1 1
=D, +| C+— |F +| ¢y +— |F;
0 (3 26)3 (8 26)8

0.40 0.015734 0.0076297
0.42 0.014873 0.0060047
0.44 0.014015 0.0043828
0.4558 0.0133487 0.0031934
0.46 0.013174 0.0027882
0.48 0.012367 0.0012519

coefficients of F; and Fg are always positive

— A#0, F,=F =0 is local minimum



Order of phase transition

— second order perturbation on CFL phase with respect to SP term

_ 50 |
o Thus, A#0 and F,=F, =0 === gtable

Then, the phase transition may be the first order
p[GeV*]
0.005

0.004

0.003 |

0.002 |

0.001 |

0 I S TS S S B S S R

baryon number density divided by normal nuclear density



Each and total helicity

Helicity of each flavor for F >0, F <0, F_<0

3 h 3 h 3 h
S,=——Fu?-=, S, =—|F,|u?-=, S =—]|F,|u*-=,
% u 472_ u:u 2 d 472_‘ d‘/u 2 S 47Z" s‘/u 2
o4
g
S 2
5 0f
ol S
N
Total helicity (spin) is zero becaubg~ \/§F8 Is satisfied.

Then,F, =-2F, and F, = F, is obtained.



Effective potential approach



Model — NJL model
=N

1 Nambu—Jona—Lasinio model with tensor—type interaction
L=Lxin+Ls+ Ly +Lr

Liin = iy 01

Ls = —Gs[(V¥)? + (PinsT)?]

Ly = -Gy [y 7Y)° + (Vs 7))

Ly = =Gr[(vy" 7" T)? + (Pirsy " ¥)?]

At high baryon density, chiral symmetry is restored

— (py)=0 . quarks are massless
and then, (sMaedan, PTP 118 (2007) 729 )
— —3— .
— <l//}/57/” Tl//> =0 : pseudovector condensate is zero

due to quark being massless



Model — tensor interaction
s P

1 Tensor interaction is retained : | = Lkin + |_T

3 a )
L =ipy" Ot — - (VY 7) (V1 TY)

12 v _ (o3 0
Here, 17/ __?’23__3( 0 03)

Then, <177/17/2?w> #0  — quark spin polarization occurs

o Hereafter, u =1,V =2 are taken into account.



Effective potential — for spin polarization
55|

o Generating functional Z

_ _ a _
7 / DYDY exp [z / d*z (wiq/“auwr §(¢237k¢)(¢237k¢))]

o Inserting “auxiliary field” F (: —G<ﬂ3rkw>)
1= /DFk exp [—%/d’% (F,zC + G(I;E?,Tk?ﬁ)) G (Fk + G(¢237k¢))]

Then, finally

F? 1 1
Z x fDFk exp ifd4$ (-% + Etr In (—pg + Eé_)Q) + Etr In (—pg + eé‘HQ))]

2
eéi) _ \/((Fm) ++/p? +pg) + p? : single—particle energy




Effective potential — for spin polarization

56
-1 Effective potential :V[F] P[P
Z =exp (:II'[F]) , VIF] = _fd4:19
o1 At finite density, introduce chemical potential : 4«
Lo L+ upy’y
Then, finaIIy
2 2
viF = 2 o, / dF/ \/p1 +p2 I F+\/p§+p29(p_
€p
where

1 for up quark
—1 for down quark

Fym— Frg = F71 | T:{



Effective potential — for spin polarization

-1 Effective potential :V[F]

F—pu<\/pi+ps<F+u (for e,é_))a

0<\pi+pi<u—F  (for )

o~

+)

—)

Thus, F'<u, then, ep =c¢€

?

F'>pu, then, ep =c¢€

g~Eali

-1 Thermodynamic relation : pressure P

: quark number density Pq

p=-VII], Pq = agLF]




Effective potential — for spin polarization
s 4

1 Thermodynamic relation : pressure [

. quark number density o,

OV | F]
Op




Numerical results — for spin polarization

59 |
o Effective potential : V[F]
V[GeV*]
0.020 ¢ mu=0.1 [GeV]  mu=0.3 [GeV]
0.015 mu=mu,,
0.010 *
| mu=0.5 [GeV]

0.005 | /

0.000 e — . F[GeV]
’ 0.2 04 06— 08 1.0

-0.005 |

-0.010 _\ - —mus06 [GeV]

-0.015"

-1 Parameters used here
G=20GeV™>
(with vaccume polarization, G =11.1GeV? with cutoff A =0.631GeV )



Numerical results — for spin polarization

Pressure vs chemical potential or baryon number density

p [GeV*] Foi> mu p [GeV*]
0.010 '

7 : 0.010 | /
0.008 | ' 0.008 | . K

I (full polarization)
0.006|

0.006 |
0.004 0.004|
0.002] 0.002 | y
I Fx0 (partial polarization)
0 0.2 0.;4 06 olsmu[GeV] 0 5 10 15 20 2 rhoy/ ‘rhoo
Critical density
G/ GeV=2 | per/po | per /| GeV
15 5.34 0.468
20 347 | 0.406 (0, =0.17 fm™)
25 2.48 0.363




