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•  Large amplitude collective motion 
– Determination of optimal reaction path 
–  “Macroscopic” quantities (potential, mass) 
– ASCC method 

•  Reaction path, potential, and inertial mass 
– Symmetric reaction: 8Be ßà α+α  
– Symmetric reaction: 32S ßà 16O+16O 
– Asymmetric reaction: 20Ne ßà 16O+α  
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Microscopic determination of 
reaction path	

•  RGM 
– Assuming the “cluster configurations” 

•  GCM 
– Assuming the “generator coordinates” 

•  TDHF 
– An initial state produces a reaction path. 
– Not applicable to sub-barrier reaction. 



Adiabatic Self-consistent Collective 
Coordinate (ASCC) method	

Matsuo, Nakatsukasa, Matsuyanagi,  PTP 103, 959 (2000) 

Generators for canonical variables (𝑞,𝑝) 
are self-consistently constructed. 
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ASCC method	
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&

'
(−B(q)P̂(q) Ψ(q) = 0

(2nd)  δ Ψ(q) ĤM (q), P̂(q) i%
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“Moving mean-field equation” 

“Moving RPA equation”  

Matsuo, Nakatsukasa, Matsuyanagi,  PTP 103, 959 (2000) 
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Collective Hamiltonian	
Iden%fica%on	of	collec%ve	canonical	variables;		(𝑞,𝑝)	
Determina%on	of	the	op%mal	reac%on	path	
Determina%on	of	collec%ve	mass	
Construc%on	of	a	collec%ve	Hamiltonian	
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Coordinate transformation; (𝑞,𝑝)→(𝑅,𝑃) 



3D real space representation 

X [ fm ] 
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m
 ] 

Wen,	Nakatsukasa,	arXiv:	1608.02294	
Wen,	Washiyama,	Ni,	Nakatsukasa,		
Acta	Phys.	Pol.	B	Proc.	Suppl.	8,	637	(2015) 

•  3D	space	discre%zed	in	laTce	
• BKN	func%onal	
• Moving	mean-field	eq.:	
Imaginary-%me	method	

• Moving	RPA	eq.：	Finite	
amplitude	method	(PRC	76,	
024318	(2007)	)	



8Be: Canonical generators 
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FIG. 1. (Color online) Calculated translational mass of the ↵
particle in units of nucleon’s mass m, as functions of adoptd
mesh size h.

with various mesh sizes h = 0.5 ⇠ 1.4 fm. Note that
the ground state of the system is a trivial solution of the
ASCC equation (6). We can clearly identify the three
translational modes for x, y, and z directions, degener-
ated in energy at !com  1 MeV. Using smaller mesh
size, the eigenfrequency of the translational motion ap-
proaches to zero. There are no low-lying excited states in
the ↵ particle because of its compact and doubly-closed
characters. The calculated energy of the lowest excited
state is larger than 20 MeV.

Using Eqs. (19) and (22) with R as the center of mass,
we calculate the inertial mass of the translational motion
of the ↵ particle. Figure 1 shows the results calculated
with di↵erent mesh size h of the 3D grid. Since this is
the trivial center-of-mass motion of the total system, this
should equal the total mass,M = Am with A = 4. As the
mesh size decreases, the total mass certainly converges to
the value of 4m. In the follwoing, we adopt the mesh size
h = 0.8 fm.

2. Relative motion of two ↵ particles in 8Be

Figure 2 shows the calculated eigenfrequencies for the
ground state of 8Be and the two well separated ↵’s at
distance R = 7.2 fm. Since the ground state of 8Be
is deformed, there appear the rotational modes of exci-
tation as the zero modes, in addition to the three in-
dependent modes of the translational motion. Because
of the axial symmetry of the ground state, the rota-
tion about the symmetry axis (z axis) does not ap-
pear. In Fig. 2 the calculation produces two rotational
modes of excitation around 2.8 MeV with large transi-
tion matrix element of the K = 1 quadrupole operator,
Q̂2±1 ⌘ R

r2Y2±1(r̂) ̂†(~r) ̂(~r)d~r. The finite energy of
these rotational modes comes from the finite mesh size
discretizing the space. Besides these five zero modes,
the lowest mode of excitation turns out to have a sizable
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FIG. 2. (Color online) Calculated eigenfrequencies for the
ground state of 8Be (left column) and the two well-separated
↵’s at distance R = 7.2 fm (right column). The three modes
of translational motion and two modes of rotational motion
are shown by thin lines, while the thick line indicates the
K = 0 quadrupole oscillation.
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FIG. 3. (Color online) The density distribution ⇢(~r) for 8Be
in the upper panels, and the transition density �⇢(~r) of the
lowest mode of excitation in the lower panels. The left panels
show those at the ground state and the right at R = 7.2 fm.
Those on the y � z plane are plotted.

transition strength of the K = 0 quadrupole operator
Q̂20 ⌘ R

r2Y20(r̂) ̂†(~r) ̂(~r)d~r. This mode corresponds
to the elongation of 8Be. The transition density is given
by
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The left panels of Fig. 3 show the density profile of 8Be
and the transition density �⇢(r) corresponding to the low-
est RPA normal mode. We can see an elongated struc-
ture along the z direction in the ground state. The lowest
mode of excitation corresponds to the change of its elon-
gation (�-vibration).
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8Be: Collective potential 
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FIG. 4. (Color online) Potential energy as a function of the
relative distance R. The solid (blue) line corresponds to V (R)
on the ASCC collective path, while the dashed (red) line
shows 4e2/R+ 2E↵ for reference.

We also perform the same calculation for the state in
which two ↵ particles are located far away, at the rel-
ative distance R = 7.2 fm. In the right panel of Fig.
3, we clearly see that the two ↵ particles are well sepa-
rated, and the quadrupole mode in fact corresponds to
the translational motion of the ↵ particles in the opposite
directions, namely, the relative motion of two ↵’s. The
excitation energy almost vanishes for this normal mode
(Fig. 2).

B. Results of the ASCC method

In Sec. III A 2, we show that the the lowest quadrupole
mode of excitation at the ground state of 8Be may change
its character and lead to the relative motion of two ↵’s
at the asymptotic region. We adopt this mode as the
generators (Q̂(q), P̂ (q)) of the collective variables (q, p),
then, construct the collective path.

1. Collective path, potential, and inertial mass

We successfully derive the collective path {| (q)i; q =
0, �q, 2�q, · · · } connecting the ground state of 8Be into the
well-separated two ↵ particles. The inertial mass M(q)
is taken as unity and the collective potential is calcu-
lated according to Eq. (9). Then, according to Sec. II B,
the collective coordinate q is mapped onto the relative
distance R ⌘ h (q)|R̂| (q)i with Eq. (18). Figure 4
shows the obtained potential energy along the ASCC
collective path. As a reference, we also show the pure
Coulomb potential between two ↵ particles at distance
R, 4e2/R+2E

↵

, where E
↵

is the calculated ground state
energy of the isolated ↵ particle. Apparently, it asymp-
totically approaches the pure Coulomb potential. As two
↵’s get closer, the potential starts to deviate from the
Coulomb potential at R < 6 fm and finally reaches the
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FIG. 5. (Color online) !2 in Eq. (13) and @2V/@q2 of the
ASCC calculation as a function of relative distance R.

ground state of 8Be. The ground state is at R = 3.54
fm, and the top of the Coulumb barrier is at R = 6.6
fm. Note that the path is determined self-consistently
without any a priori assumption.
With this calculated potential, we may check the self-

consistency of the ASCC potential and the eigenfre-
quency. If the collective path perfectly follows the di-
rection defined by the local generators (Q̂(p), P̂ (q)) at
each point of q, the second derivative of the potential
d2V/dq2 should coincide with the eigenfrequency !2 of
the moving RPA equation. The almost perfect agree-
ment between these is shown in Fig. 5.
For the region of R < 3.5 fm, there exists some discrep-

ancy between d2V/dq2 and !2. In this region, the 8Be
nucleus has even more compact shapes than the ground
state, then, the coordinate q and R become almost or-
thogonal to each other, losing the one-to-one correspon-
dence between them. In other words, the states | (q)i
change as q gets smaller, but keep R = h (q)|R̂| (q)i al-
most constant. In addition, the moving RPA frequency !
becomes larger than the particle threshold energy, enter-
ing in the continuum. Thus, in this region of R < 3.5 fm,
the results somewhat depend on the adopted box size.
Figure 6 shows the obtained inertial mass M(R) as a

function of R for the scattering between two ↵’s As the
two ↵’s are far away, the ASCC inertial mass asymp-
totically produces the exact reduced mass of 2m. This
means that the collective coordinate q becomes parallel
to the relative distance R, even though we do not assume
so. At R < 3.54 fm, the value of inertial mass M(R) in-
creases. This is due to the decrease of the factor dR/dq
in Eq. (19). Making the sytem even more compact than
the ground state, M(R) rises up drastically, which means
that the coordinates q and R become almost orthogonal.

2. Phase shift for ↵� ↵ scattering

The ASCC calculation provides us the collective
Hamiltonian along the optimal reaction path. Using this,
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FIG. 6. (Color online) Inertial mass in units of the nucleon’s
mass m for the collective path of ↵ + ↵ $8Be, as a function
of the relative distance R.
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FIG. 7. (Color online) Nuclear phase shift for the scattering
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The solid lines indicate the results obtained with the ASCC
inertial massM(R), while the dashed lines are calculated with
the constant reduced mass 2m.

we demonstrate the calculation of nuclear phase shift. We
should take this result in a qualitative sense, because of
a schematic nature of the BKN interaction.

Using the collective potential V (R) and the inertial
mass M(R) obtained in the ASCC calculation, the nu-
clear phase shift for the angular momentum L at incident
energy E is calculated in the WKB approximation as [41]

�
L

(E) =

Z 1

R0

k(R)dR�
Z 1

Rc

k
c

(R)dR, (42)

with

k2(R) = 2M(R)

(

E � V (R)�
�

L+ 1
2

�2

4mR2

)

,

k2
c

(R) = 4m

(

E � 4e2

R
�

�

L+ 1
2

�2

4mR2

)

, (43)

where k(R) and k
c

(R) are the wave numbers in the
radial motion with and without the nuclear potential.

R0 and Rc are the outer turning points for the po-
tentials V (R) and 4e2/R, respectively, i.e. k(R0) =
k
c

(R
c

) = 0. The centrifugal potential is approximated
as (L + 1/2)2/(2µR2) with the reduced mass µ = 2m
and the semiclassical approximation for L(L+ 1).
Figure 7 shows the calculated nuclear phase shifts for

the scattering between two ↵’s. The dashed line is calcu-
lated with the same potential V (R) but with the constant
reduced mass, M(R) ! µ = 2m. We can see the promi-
nent increase of the nuclear phase shift caused by the
coordinate-dependent ASCC inertial mass M(R). We
should remark that the energy of the resonance in 8Be is
not reproduced with the BKN interaction. In fact, the
present calculation leads to the stable ground state for
8Be; E8Be < 2E

↵

. Thus, we should regard this result
as a quatlitative one. Nevertheless, the basic features of
phase shifts for the ↵�↵ scattering are reproduced. This
demonstrates the usefulness of the requantization using
the ASCC calculation.

C. Comparison with other approaches

We compare the present ASCC results with those ob-
tained with other approaches: (i) CHF + cranking in-
ertia, (ii) CHF + local RPA, and (iii) ATDHF. We
adopt the same model space as the ASCC calculations
for these calculations. For the constraint operators of
CHF calculation in (i) and (ii), we adopt the K = 0
mass quadrupole operator Q̂20 and the relative distance
R̂.

1. CHF + cranking inertia

Since 8Be is the simplest system and has a promi-
nent ↵ + ↵ structure even at the ground state, the
collective path can be approximated by more conven-
tional CHF calculations with a constraint operator as
either Q̂20 or R̂. The potential is defined as VCHF(R) =
h CHF(R)|Ĥ| CHF(R)i. For the inertial mass, the In-
glis’s cranking formula is widely used. There are two
kinds of cranking formulae: The original formula is de-
rived by the adiabatic perturbation, which is given for
the 1D collective motion as

MNP
cr (R) = 2

X

m,i

|h'
m

(R)|@/@R|'
i

(R)i|2
e
m

(R)� e
i

(R)
, (44)

where the single-particle states and energies are defined
with respect to hCHF(R) = hHF[⇢]� �(R)Ô as

hCHF(R)|'
µ

(R)i = e
µ

(R))|'
µ

(R)i, µ = i,m. (45)

Note that, depending on choice of the constraint oper-
ator, Ô = (Q̂20, R̂), we obtain slightly di↵erent |'

i

(R)i
even at the same R.
Another formula, which is more frequently used in

many applications and also called the cranking inertial
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FIG. 4. (Color online) Potential energy as a function of the
relative distance R. The solid (blue) line corresponds to V (R)
on the ASCC collective path, while the dashed (red) line
shows 4e2/R+ 2E↵ for reference.

We also perform the same calculation for the state in
which two ↵ particles are located far away, at the rel-
ative distance R = 7.2 fm. In the right panel of Fig.
3, we clearly see that the two ↵ particles are well sepa-
rated, and the quadrupole mode in fact corresponds to
the translational motion of the ↵ particles in the opposite
directions, namely, the relative motion of two ↵’s. The
excitation energy almost vanishes for this normal mode
(Fig. 2).

B. Results of the ASCC method

In Sec. III A 2, we show that the the lowest quadrupole
mode of excitation at the ground state of 8Be may change
its character and lead to the relative motion of two ↵’s
at the asymptotic region. We adopt this mode as the
generators (Q̂(q), P̂ (q)) of the collective variables (q, p),
then, construct the collective path.

1. Collective path, potential, and inertial mass
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0, �q, 2�q, · · · } connecting the ground state of 8Be into the
well-separated two ↵ particles. The inertial mass M(q)
is taken as unity and the collective potential is calcu-
lated according to Eq. (9). Then, according to Sec. II B,
the collective coordinate q is mapped onto the relative
distance R ⌘ h (q)|R̂| (q)i with Eq. (18). Figure 4
shows the obtained potential energy along the ASCC
collective path. As a reference, we also show the pure
Coulomb potential between two ↵ particles at distance
R, 4e2/R+2E

↵

, where E
↵

is the calculated ground state
energy of the isolated ↵ particle. Apparently, it asymp-
totically approaches the pure Coulomb potential. As two
↵’s get closer, the potential starts to deviate from the
Coulomb potential at R < 6 fm and finally reaches the
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ASCC calculation as a function of relative distance R.

ground state of 8Be. The ground state is at R = 3.54
fm, and the top of the Coulumb barrier is at R = 6.6
fm. Note that the path is determined self-consistently
without any a priori assumption.
With this calculated potential, we may check the self-

consistency of the ASCC potential and the eigenfre-
quency. If the collective path perfectly follows the di-
rection defined by the local generators (Q̂(p), P̂ (q)) at
each point of q, the second derivative of the potential
d2V/dq2 should coincide with the eigenfrequency !2 of
the moving RPA equation. The almost perfect agree-
ment between these is shown in Fig. 5.
For the region of R < 3.5 fm, there exists some discrep-

ancy between d2V/dq2 and !2. In this region, the 8Be
nucleus has even more compact shapes than the ground
state, then, the coordinate q and R become almost or-
thogonal to each other, losing the one-to-one correspon-
dence between them. In other words, the states | (q)i
change as q gets smaller, but keep R = h (q)|R̂| (q)i al-
most constant. In addition, the moving RPA frequency !
becomes larger than the particle threshold energy, enter-
ing in the continuum. Thus, in this region of R < 3.5 fm,
the results somewhat depend on the adopted box size.
Figure 6 shows the obtained inertial mass M(R) as a

function of R for the scattering between two ↵’s As the
two ↵’s are far away, the ASCC inertial mass asymp-
totically produces the exact reduced mass of 2m. This
means that the collective coordinate q becomes parallel
to the relative distance R, even though we do not assume
so. At R < 3.54 fm, the value of inertial mass M(R) in-
creases. This is due to the decrease of the factor dR/dq
in Eq. (19). Making the sytem even more compact than
the ground state, M(R) rises up drastically, which means
that the coordinates q and R become almost orthogonal.

2. Phase shift for ↵� ↵ scattering

The ASCC calculation provides us the collective
Hamiltonian along the optimal reaction path. Using this,
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we demonstrate the calculation of nuclear phase shift. We
should take this result in a qualitative sense, because of
a schematic nature of the BKN interaction.

Using the collective potential V (R) and the inertial
mass M(R) obtained in the ASCC calculation, the nu-
clear phase shift for the angular momentum L at incident
energy E is calculated in the WKB approximation as [41]

�
L

(E) =

Z 1

R0

k(R)dR�
Z 1

Rc

k
c

(R)dR, (42)

with

k2(R) = 2M(R)

(

E � V (R)�
�

L+ 1
2

�2

4mR2

)

,

k2
c

(R) = 4m

(

E � 4e2

R
�

�

L+ 1
2

�2

4mR2

)

, (43)

where k(R) and k
c

(R) are the wave numbers in the
radial motion with and without the nuclear potential.

R0 and Rc are the outer turning points for the po-
tentials V (R) and 4e2/R, respectively, i.e. k(R0) =
k
c

(R
c

) = 0. The centrifugal potential is approximated
as (L + 1/2)2/(2µR2) with the reduced mass µ = 2m
and the semiclassical approximation for L(L+ 1).
Figure 7 shows the calculated nuclear phase shifts for

the scattering between two ↵’s. The dashed line is calcu-
lated with the same potential V (R) but with the constant
reduced mass, M(R) ! µ = 2m. We can see the promi-
nent increase of the nuclear phase shift caused by the
coordinate-dependent ASCC inertial mass M(R). We
should remark that the energy of the resonance in 8Be is
not reproduced with the BKN interaction. In fact, the
present calculation leads to the stable ground state for
8Be; E8Be < 2E

↵

. Thus, we should regard this result
as a quatlitative one. Nevertheless, the basic features of
phase shifts for the ↵�↵ scattering are reproduced. This
demonstrates the usefulness of the requantization using
the ASCC calculation.

C. Comparison with other approaches

We compare the present ASCC results with those ob-
tained with other approaches: (i) CHF + cranking in-
ertia, (ii) CHF + local RPA, and (iii) ATDHF. We
adopt the same model space as the ASCC calculations
for these calculations. For the constraint operators of
CHF calculation in (i) and (ii), we adopt the K = 0
mass quadrupole operator Q̂20 and the relative distance
R̂.

1. CHF + cranking inertia

Since 8Be is the simplest system and has a promi-
nent ↵ + ↵ structure even at the ground state, the
collective path can be approximated by more conven-
tional CHF calculations with a constraint operator as
either Q̂20 or R̂. The potential is defined as VCHF(R) =
h CHF(R)|Ĥ| CHF(R)i. For the inertial mass, the In-
glis’s cranking formula is widely used. There are two
kinds of cranking formulae: The original formula is de-
rived by the adiabatic perturbation, which is given for
the 1D collective motion as

MNP
cr (R) = 2

X

m,i

|h'
m

(R)|@/@R|'
i

(R)i|2
e
m

(R)� e
i

(R)
, (44)

where the single-particle states and energies are defined
with respect to hCHF(R) = hHF[⇢]� �(R)Ô as

hCHF(R)|'
µ

(R)i = e
µ

(R))|'
µ

(R)i, µ = i,m. (45)

Note that, depending on choice of the constraint oper-
ator, Ô = (Q̂20, R̂), we obtain slightly di↵erent |'

i

(R)i
even at the same R.
Another formula, which is more frequently used in

many applications and also called the cranking inertial
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we demonstrate the calculation of nuclear phase shift. We
should take this result in a qualitative sense, because of
a schematic nature of the BKN interaction.

Using the collective potential V (R) and the inertial
mass M(R) obtained in the ASCC calculation, the nu-
clear phase shift for the angular momentum L at incident
energy E is calculated in the WKB approximation as [41]
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where k(R) and k
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(R) are the wave numbers in the
radial motion with and without the nuclear potential.

R0 and Rc are the outer turning points for the po-
tentials V (R) and 4e2/R, respectively, i.e. k(R0) =
k
c

(R
c

) = 0. The centrifugal potential is approximated
as (L + 1/2)2/(2µR2) with the reduced mass µ = 2m
and the semiclassical approximation for L(L+ 1).
Figure 7 shows the calculated nuclear phase shifts for

the scattering between two ↵’s. The dashed line is calcu-
lated with the same potential V (R) but with the constant
reduced mass, M(R) ! µ = 2m. We can see the promi-
nent increase of the nuclear phase shift caused by the
coordinate-dependent ASCC inertial mass M(R). We
should remark that the energy of the resonance in 8Be is
not reproduced with the BKN interaction. In fact, the
present calculation leads to the stable ground state for
8Be; E8Be < 2E
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. Thus, we should regard this result
as a quatlitative one. Nevertheless, the basic features of
phase shifts for the ↵�↵ scattering are reproduced. This
demonstrates the usefulness of the requantization using
the ASCC calculation.

C. Comparison with other approaches

We compare the present ASCC results with those ob-
tained with other approaches: (i) CHF + cranking in-
ertia, (ii) CHF + local RPA, and (iii) ATDHF. We
adopt the same model space as the ASCC calculations
for these calculations. For the constraint operators of
CHF calculation in (i) and (ii), we adopt the K = 0
mass quadrupole operator Q̂20 and the relative distance
R̂.

1. CHF + cranking inertia

Since 8Be is the simplest system and has a promi-
nent ↵ + ↵ structure even at the ground state, the
collective path can be approximated by more conven-
tional CHF calculations with a constraint operator as
either Q̂20 or R̂. The potential is defined as VCHF(R) =
h CHF(R)|Ĥ| CHF(R)i. For the inertial mass, the In-
glis’s cranking formula is widely used. There are two
kinds of cranking formulae: The original formula is de-
rived by the adiabatic perturbation, which is given for
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should take this result in a qualitative sense, because of
a schematic nature of the BKN interaction.

Using the collective potential V (R) and the inertial
mass M(R) obtained in the ASCC calculation, the nu-
clear phase shift for the angular momentum L at incident
energy E is calculated in the WKB approximation as [41]
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where k(R) and k
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(R) are the wave numbers in the
radial motion with and without the nuclear potential.

R0 and Rc are the outer turning points for the po-
tentials V (R) and 4e2/R, respectively, i.e. k(R0) =
k
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(R
c

) = 0. The centrifugal potential is approximated
as (L + 1/2)2/(2µR2) with the reduced mass µ = 2m
and the semiclassical approximation for L(L+ 1).
Figure 7 shows the calculated nuclear phase shifts for

the scattering between two ↵’s. The dashed line is calcu-
lated with the same potential V (R) but with the constant
reduced mass, M(R) ! µ = 2m. We can see the promi-
nent increase of the nuclear phase shift caused by the
coordinate-dependent ASCC inertial mass M(R). We
should remark that the energy of the resonance in 8Be is
not reproduced with the BKN interaction. In fact, the
present calculation leads to the stable ground state for
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. Thus, we should regard this result
as a quatlitative one. Nevertheless, the basic features of
phase shifts for the ↵�↵ scattering are reproduced. This
demonstrates the usefulness of the requantization using
the ASCC calculation.
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We compare the present ASCC results with those ob-
tained with other approaches: (i) CHF + cranking in-
ertia, (ii) CHF + local RPA, and (iii) ATDHF. We
adopt the same model space as the ASCC calculations
for these calculations. For the constraint operators of
CHF calculation in (i) and (ii), we adopt the K = 0
mass quadrupole operator Q̂20 and the relative distance
R̂.

1. CHF + cranking inertia

Since 8Be is the simplest system and has a promi-
nent ↵ + ↵ structure even at the ground state, the
collective path can be approximated by more conven-
tional CHF calculations with a constraint operator as
either Q̂20 or R̂. The potential is defined as VCHF(R) =
h CHF(R)|Ĥ| CHF(R)i. For the inertial mass, the In-
glis’s cranking formula is widely used. There are two
kinds of cranking formulae: The original formula is de-
rived by the adiabatic perturbation, which is given for
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FIG. 8. (Color online) The collective potential obtained with
the CHF calculation. The solid (blue) and dashed (red) lines

indicate the results with constraints on Q̂20 and R̂, respec-
tively.

mass, is derived, by assuming the separable interaction
and taking the adiabatic limit of the RPA inertial mass,

MP
cr(R) =

1

2

n

S(1)(R)
o�1

S(3)(R)
n

S(1)(R)
o�1

, (46)

with

S(k)(R) =
X

m,i

|h'
m

(R)|R̂|'
i

(R)i|2
{e

m

(R)� e
i

(R)}k . (47)

The residual fields induced by the density fluctuation is
neglected in both of these cranking formulae. According
to Ref. [42], we call the former one in Eq. (44) “non-
perturbative” cranking inertia and the latter in Eq. (46)
“perturbative” one. The method of CHF + cranking
inertia has been widely used for many applications, in-
cluding studies of nuclear structure [43–51] and fission
dynamics [42, 52, 53].

The obtained potentials with di↵erent constraint op-
erators are shown in Fig. 8. The two constraints Q̂20

and R̂ give very similar potential surfaces, which is also
close to the ASCC result. On the other hand, the iner-
tial masses are more sensitive to the di↵erence. In Fig. 9,
we show the perturbative and non-perturbative cranking
inertial masses based on the states obtained with CHF
calculations with di↵erent constraint operators. We in-
clude all the single-particle states in the model space for
the calculation of Eqs. (44) and (47). They present sig-
nificant variations, especially in the region where two ↵’s
stick together into one nucleus. First of all, they are
larger than the ASCC inertia. The second, the non-
perturbative and perturbative cranking inertial masses
are significantly di↵erent. For instance, the calculations
with Q̂20 constraint suggest prominent peak structure

in MNP(P)
cr (R). However, the peak positions are very

di↵erent. It should be noted that the present results
should not be generalized to other energy density func-
tionals, because the BKN interaction has no time-odd
mean fields.
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FIG. 9. (Color online) Cranking inertial mass based on
the CHF state. The solid and dashed lines indicate the re-
sults with constraints on R̂ and Q̂20, respectively. The non-
perturbative and perturbative cranking inertial masses are
shown with thin and thick lines, respectively.

Since there are neither e↵ective mass nor time-odd
mean field in the BKN interaction, we expect that in the
asymptotic region the exact translational mass Am can
be reproduced. This turns out to be true for MNP

cr (R),
which reduces to the exact value 2m, while MP

cr(R) ap-
proaches to 2m much slower than MNP

cr (R) and might
converge to a larger value. In fact, for a single ↵ parti-
cle, the translational mass is calculated as MP

cr = 4.16m.
The same kind of deviation is presented in the asymptotic
value of the reduced mass in Fig. 9.

2. CHF + local RPA

Since the cranking inertial mass has known weak
points, namely, missing residual correlations and adia-
batic assumption. The problem becomes particularly se-
rious when the time-odd mean fields play a role as resid-
ual fields. Although the BKN interaction adopted in this
paper does not have the time-odd components, it may be
useful to investigate the significance of the residual e↵ect.
In order to take into account the residual e↵ect, we

adopt the method called “CHF + local RPA”. This is de-
fined by replacing Ĥmv(q) in the ASCC equations (6), (7),
and (8), with the constrained Hamiltonian, Ĥ 0 ⌘ Ĥ��Ô,
where Ô is an adopted constraint operator. In other
words, the collective path is defined by hand, but the in-
ertial mass is defined by the RPA equations with Ĥ 0. The
calculated inertial mass Mlrpa(q) for the motion along
the coordinate q, can be mapped onto the variable R,
Mlrpq(R), assuming the one-to-one correspondence ex-
ists between q and R. This is done exactly in the same
way as the ASCC (Sec. II B). However, the consistency
between the generators, Q̂(q) and P̂ (q), and the collective
path {| (q)i} is lost. This method of CHF + local RPA
has been applied to studies of nuclear structure with the
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we demonstrate the calculation of nuclear phase shift. We
should take this result in a qualitative sense, because of
a schematic nature of the BKN interaction.

Using the collective potential V (R) and the inertial
mass M(R) obtained in the ASCC calculation, the nu-
clear phase shift for the angular momentum L at incident
energy E is calculated in the WKB approximation as [41]
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where k(R) and k
c

(R) are the wave numbers in the
radial motion with and without the nuclear potential.

R0 and Rc are the outer turning points for the po-
tentials V (R) and 4e2/R, respectively, i.e. k(R0) =
k
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) = 0. The centrifugal potential is approximated
as (L + 1/2)2/(2µR2) with the reduced mass µ = 2m
and the semiclassical approximation for L(L+ 1).
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nent ↵ + ↵ structure even at the ground state, the
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Note that, depending on choice of the constraint oper-
ator, Ô = (Q̂20, R̂), we obtain slightly di↵erent |'

i

(R)i
even at the same R.
Another formula, which is more frequently used in

many applications and also called the cranking inertial
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FIG. 8. (Color online) The collective potential obtained with
the CHF calculation. The solid (blue) and dashed (red) lines

indicate the results with constraints on Q̂20 and R̂, respec-
tively.

mass, is derived, by assuming the separable interaction
and taking the adiabatic limit of the RPA inertial mass,

MP
cr(R) =

1

2

n

S(1)(R)
o�1

S(3)(R)
n

S(1)(R)
o�1

, (46)

with

S(k)(R) =
X

m,i

|h'
m

(R)|R̂|'
i

(R)i|2
{e

m

(R)� e
i

(R)}k . (47)

The residual fields induced by the density fluctuation is
neglected in both of these cranking formulae. According
to Ref. [42], we call the former one in Eq. (44) “non-
perturbative” cranking inertia and the latter in Eq. (46)
“perturbative” one. The method of CHF + cranking
inertia has been widely used for many applications, in-
cluding studies of nuclear structure [43–51] and fission
dynamics [42, 52, 53].

The obtained potentials with di↵erent constraint op-
erators are shown in Fig. 8. The two constraints Q̂20

and R̂ give very similar potential surfaces, which is also
close to the ASCC result. On the other hand, the iner-
tial masses are more sensitive to the di↵erence. In Fig. 9,
we show the perturbative and non-perturbative cranking
inertial masses based on the states obtained with CHF
calculations with di↵erent constraint operators. We in-
clude all the single-particle states in the model space for
the calculation of Eqs. (44) and (47). They present sig-
nificant variations, especially in the region where two ↵’s
stick together into one nucleus. First of all, they are
larger than the ASCC inertia. The second, the non-
perturbative and perturbative cranking inertial masses
are significantly di↵erent. For instance, the calculations
with Q̂20 constraint suggest prominent peak structure

in MNP(P)
cr (R). However, the peak positions are very

di↵erent. It should be noted that the present results
should not be generalized to other energy density func-
tionals, because the BKN interaction has no time-odd
mean fields.
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Since there are neither e↵ective mass nor time-odd
mean field in the BKN interaction, we expect that in the
asymptotic region the exact translational mass Am can
be reproduced. This turns out to be true for MNP

cr (R),
which reduces to the exact value 2m, while MP

cr(R) ap-
proaches to 2m much slower than MNP

cr (R) and might
converge to a larger value. In fact, for a single ↵ parti-
cle, the translational mass is calculated as MP

cr = 4.16m.
The same kind of deviation is presented in the asymptotic
value of the reduced mass in Fig. 9.

2. CHF + local RPA

Since the cranking inertial mass has known weak
points, namely, missing residual correlations and adia-
batic assumption. The problem becomes particularly se-
rious when the time-odd mean fields play a role as resid-
ual fields. Although the BKN interaction adopted in this
paper does not have the time-odd components, it may be
useful to investigate the significance of the residual e↵ect.
In order to take into account the residual e↵ect, we

adopt the method called “CHF + local RPA”. This is de-
fined by replacing Ĥmv(q) in the ASCC equations (6), (7),
and (8), with the constrained Hamiltonian, Ĥ 0 ⌘ Ĥ��Ô,
where Ô is an adopted constraint operator. In other
words, the collective path is defined by hand, but the in-
ertial mass is defined by the RPA equations with Ĥ 0. The
calculated inertial mass Mlrpa(q) for the motion along
the coordinate q, can be mapped onto the variable R,
Mlrpq(R), assuming the one-to-one correspondence ex-
ists between q and R. This is done exactly in the same
way as the ASCC (Sec. II B). However, the consistency
between the generators, Q̂(q) and P̂ (q), and the collective
path {| (q)i} is lost. This method of CHF + local RPA
has been applied to studies of nuclear structure with the
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mass, is derived, by assuming the separable interaction
and taking the adiabatic limit of the RPA inertial mass,

MP
cr(R) =

1

2

n

S(1)(R)
o�1

S(3)(R)
n

S(1)(R)
o�1

, (46)

with

S(k)(R) =
X

m,i

|h'
m

(R)|R̂|'
i

(R)i|2
{e

m

(R)� e
i

(R)}k . (47)

The residual fields induced by the density fluctuation is
neglected in both of these cranking formulae. According
to Ref. [42], we call the former one in Eq. (44) “non-
perturbative” cranking inertia and the latter in Eq. (46)
“perturbative” one. The method of CHF + cranking
inertia has been widely used for many applications, in-
cluding studies of nuclear structure [43–51] and fission
dynamics [42, 52, 53].

The obtained potentials with di↵erent constraint op-
erators are shown in Fig. 8. The two constraints Q̂20

and R̂ give very similar potential surfaces, which is also
close to the ASCC result. On the other hand, the iner-
tial masses are more sensitive to the di↵erence. In Fig. 9,
we show the perturbative and non-perturbative cranking
inertial masses based on the states obtained with CHF
calculations with di↵erent constraint operators. We in-
clude all the single-particle states in the model space for
the calculation of Eqs. (44) and (47). They present sig-
nificant variations, especially in the region where two ↵’s
stick together into one nucleus. First of all, they are
larger than the ASCC inertia. The second, the non-
perturbative and perturbative cranking inertial masses
are significantly di↵erent. For instance, the calculations
with Q̂20 constraint suggest prominent peak structure

in MNP(P)
cr (R). However, the peak positions are very

di↵erent. It should be noted that the present results
should not be generalized to other energy density func-
tionals, because the BKN interaction has no time-odd
mean fields.
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Since there are neither e↵ective mass nor time-odd
mean field in the BKN interaction, we expect that in the
asymptotic region the exact translational mass Am can
be reproduced. This turns out to be true for MNP

cr (R),
which reduces to the exact value 2m, while MP

cr(R) ap-
proaches to 2m much slower than MNP

cr (R) and might
converge to a larger value. In fact, for a single ↵ parti-
cle, the translational mass is calculated as MP

cr = 4.16m.
The same kind of deviation is presented in the asymptotic
value of the reduced mass in Fig. 9.

2. CHF + local RPA

Since the cranking inertial mass has known weak
points, namely, missing residual correlations and adia-
batic assumption. The problem becomes particularly se-
rious when the time-odd mean fields play a role as resid-
ual fields. Although the BKN interaction adopted in this
paper does not have the time-odd components, it may be
useful to investigate the significance of the residual e↵ect.
In order to take into account the residual e↵ect, we

adopt the method called “CHF + local RPA”. This is de-
fined by replacing Ĥmv(q) in the ASCC equations (6), (7),
and (8), with the constrained Hamiltonian, Ĥ 0 ⌘ Ĥ��Ô,
where Ô is an adopted constraint operator. In other
words, the collective path is defined by hand, but the in-
ertial mass is defined by the RPA equations with Ĥ 0. The
calculated inertial mass Mlrpa(q) for the motion along
the coordinate q, can be mapped onto the variable R,
Mlrpq(R), assuming the one-to-one correspondence ex-
ists between q and R. This is done exactly in the same
way as the ASCC (Sec. II B). However, the consistency
between the generators, Q̂(q) and P̂ (q), and the collective
path {| (q)i} is lost. This method of CHF + local RPA
has been applied to studies of nuclear structure with thePerturbative cranking formula 
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Summary 
•  Reaction path and inertial mass 

–  Scattering/fusion/fission reaction 
–  Determination of the reaction path 
–  Inertial mass with proper account of time-odd effects  (different from the 

cranking/GOA inertia) 
•  Applications 

–  Symmetric mode: α+α ßà 8Be 
•  Reaction path: Quadrupole vib. into rel. motion between two α’s 

–  Symmetric mode: 16O + 16O ßà 32S(SD) 
•  Reaction path: Two 16O’s into the superdeformed 32S 
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•  Reaction path: Octupole vib. into 16O + α 
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ATDHF method 
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FIG. 8. (Color online) The collective potential obtained with
the CHF calculation. The solid (blue) and dashed (red) lines

indicate the results with constraints on Q̂20 and R̂, respec-
tively.

mass, is derived, by assuming the separable interaction
and taking the adiabatic limit of the RPA inertial mass,

MP
cr(R) =

1

2

n

S(1)(R)
o�1

S(3)(R)
n

S(1)(R)
o�1

, (46)

with

S(k)(R) =
X

m,i

|h'
m

(R)|R̂|'
i

(R)i|2
{e

m

(R)� e
i

(R)}k . (47)

The residual fields induced by the density fluctuation is
neglected in both of these cranking formulae. According
to Ref. [42], we call the former one in Eq. (44) “non-
perturbative” cranking inertia and the latter in Eq. (46)
“perturbative” one. The method of CHF + cranking
inertia has been widely used for many applications, in-
cluding studies of nuclear structure [43–51] and fission
dynamics [42, 52, 53].

The obtained potentials with di↵erent constraint op-
erators are shown in Fig. 8. The two constraints Q̂20

and R̂ give very similar potential surfaces, which is also
close to the ASCC result. On the other hand, the iner-
tial masses are more sensitive to the di↵erence. In Fig. 9,
we show the perturbative and non-perturbative cranking
inertial masses based on the states obtained with CHF
calculations with di↵erent constraint operators. We in-
clude all the single-particle states in the model space for
the calculation of Eqs. (44) and (47). They present sig-
nificant variations, especially in the region where two ↵’s
stick together into one nucleus. First of all, they are
larger than the ASCC inertia. The second, the non-
perturbative and perturbative cranking inertial masses
are significantly di↵erent. For instance, the calculations
with Q̂20 constraint suggest prominent peak structure

in MNP(P)
cr (R). However, the peak positions are very

di↵erent. It should be noted that the present results
should not be generalized to other energy density func-
tionals, because the BKN interaction has no time-odd
mean fields.
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Since there are neither e↵ective mass nor time-odd
mean field in the BKN interaction, we expect that in the
asymptotic region the exact translational mass Am can
be reproduced. This turns out to be true for MNP

cr (R),
which reduces to the exact value 2m, while MP

cr(R) ap-
proaches to 2m much slower than MNP

cr (R) and might
converge to a larger value. In fact, for a single ↵ parti-
cle, the translational mass is calculated as MP

cr = 4.16m.
The same kind of deviation is presented in the asymptotic
value of the reduced mass in Fig. 9.

2. CHF + local RPA

Since the cranking inertial mass has known weak
points, namely, missing residual correlations and adia-
batic assumption. The problem becomes particularly se-
rious when the time-odd mean fields play a role as resid-
ual fields. Although the BKN interaction adopted in this
paper does not have the time-odd components, it may be
useful to investigate the significance of the residual e↵ect.
In order to take into account the residual e↵ect, we

adopt the method called “CHF + local RPA”. This is de-
fined by replacing Ĥmv(q) in the ASCC equations (6), (7),
and (8), with the constrained Hamiltonian, Ĥ 0 ⌘ Ĥ��Ô,
where Ô is an adopted constraint operator. In other
words, the collective path is defined by hand, but the in-
ertial mass is defined by the RPA equations with Ĥ 0. The
calculated inertial mass Mlrpa(q) for the motion along
the coordinate q, can be mapped onto the variable R,
Mlrpq(R), assuming the one-to-one correspondence ex-
ists between q and R. This is done exactly in the same
way as the ASCC (Sec. II B). However, the consistency
between the generators, Q̂(q) and P̂ (q), and the collective
path {| (q)i} is lost. This method of CHF + local RPA
has been applied to studies of nuclear structure with the

12

gives the ATDHF collective path. The solutions with
di↵erent initial conditions of | (0)i produce di↵erent col-
lective paths. The envelope curve of all these trajectories
is regarded as the final solution of the adiabatic collective
path.

The ATDHF inertial mass is given by

Matdhf(q) = h (q)|[Q̂(q), [Ĥ, Q̂(q)]]| (q)i�1, (52)

with

Q̂(q) =

✓

@V

@q

◆�1

Ĥph(q) =

✓

@V

@q

◆�1

{hHF(q)}ph .
(53)

According to Eq. (19), the mass with respect to the
relative distance R can be calculated as

Matdhf(R) = Matdhf(q)

✓

dq

dR

◆2

=

✓

dV

dR

◆2

h (q)|[Ĥph(q), [Ĥ, Ĥph(q)]]| (q)i�1.

(54)

Another, even easier, way of calculatingMatdhf(R) is sim-
ply inverting Eq. (51). Using Eqs. (19) and (51), we
obtain

Matdhf(R) =

✓

dq

dR

◆2 "

�q

dV

dq
=

"

�R

dV

dR
. (55)

For the scattering between two ↵’s, we prepare two
↵ particles both at ground states separately, then put
them away at di↵erent distances of R = 4.8, 5.6, 6.4
fm, as the initial conditions for Eq. (50). The potential
surface of the ATDHF trajectories are plotted in Fig. 12,
which shows how the solutions of Eq. (49) with di↵erent
initial conditions converge to a common collective path.
The converged ATDHF potential surface is similar to the
potentials of CHF and ASCC calculations. It should be
noted that we can obtain these fall-line trajectories on the
potential surface which go only from high to low energy
[56]. It becomes numerically unstable if we calculate in
the opposite direction. Thus, we cannot start from the
HF ground state, and it is di�cult to obtain the solution
in a region of R < 3.5 fm, beyond the HF minimum state.

Figure 13 shows the mass parameters based on the
same trajectories in Fig. 12. The inertial masses cal-
culated with Eqs. (54) and (55) roughly produce the
identical results. Near the HF state of R = 3.54 fm, the
inertial mass increases drastically. This is very di↵erent
from the result of the former calculations [15, 56], the
reason of which is currently under investigation. We also
encounter a di�culty to obtain the collective path in the
asymptotic region at large R. A larger model space and
finer mesh size seems to be needed to obtain the potential
in the asymptotic region and to reproduce the reduced
mass 2m. We should also mention that the saddle point
with dV/dR = 0 is extremely di�cult to reach by solving
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FIG. 12. (Color online) The potential energy on the ATDHF
collective path derived by Eq. (50), as a function of relative
distance R. Initial distances between the two alpha particles
are set to be R = 4.8, 5.6, 6.4 fm respectively. The thin (red)
line indicates the result of ASCC method.
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Eq. (50). In the ASCC method, we do not encounter
these di�culties, and are able to obtain the unique reac-
tion path and inertial mass.

IV. SUMMARY

We have applied the ASCC method to the determina-
tion of the nuclear reaction path, the collective poten-
tial, and the collective inertial mass. The 3D coordinate
space representation is adopted for the single-particle
wave functions. Using the imaginary-time method and
the finite-amplitude method, the coupled equations of
the ASCC that consists of the moving HF equation and
the moving RPA equations, are solved iteratively. The
generators are represented in the mixture of the hole or-
bit and the coordinate grid points, such as Q

j

(~r).
The first application has been performed to the sim-
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FIG. 1. (Color online) The RPA frequency ω of the lowest
states with energy below 30 MeV of α. Each state is label by
its non-zero transition matrix element defined in Eq. (18).

ertial mass corresponding the collective excitation char-

acterized by Ω(n)†
RPA. In this subsection, we set the Ψ(q)

in Eqs. (6,7) to be the constrained Hartree Fock(CHF)
states and solve the local RPA equations to calculate
the inertial mass parameter. To be consistent with con-
strained states Ψ(q), the constraint term is included in
the total Hamiltonian Ĥ in Eqs. (6,7).
We show two examples, one is the translational motion

of one α at HF ground state, the other is the relative
motion between two α’s (fission path of 8Be). The cal-
culations are performed in the 3-dimensional coordinate
space. For the one α, the model space is a sphere with dif-
ferent mesh size. For the case of 8Be, the calculation is in
the rectangular box of volume 10×10×16 fm3 with mesh
size 0.8 fm. For the nuclear interaction, the BKN inter-
action [6] is applied. To evaluate the matrix elements in
Eq. (16), we adopt the finite amplitude method (FAM)
method [7, 8], especially the matrix FAM prescription, [9]
which requires only the calculations of the single-particle
Hamiltonian constructed with independent bra and ket
states [7], providing us a high numerical efficiency to solve
the RPA problem.

1. Mass parameter for translational motion of one α

In this case, |Ψ(q)⟩ is the HF ground state of one α par-
ticle. Fig. (1) shows frequency ω of the the lowest several
RPA states, each state is labeled by its non-zero transi-
tion matrix element defined in Eq. (18). Among these
excitation modes, the translational mode along z axis
can be picked out with non-zero value of ⟨0|[ΩRPA, z]|0⟩,
which is degenerated with the other two translational
modes along the x and y axis at about 1 MeV. In the cal-
culation of Fig. (1) the space is discretized with mesh size
equal to 0.8 fm. With finer mesh size, the eigen energy of
translational motion approaches to 0. Due to the com-
pact nature of alpha particle, the next excitation state
is 20 MeV higher than these translational states. Below
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FIG. 2. (Color online) Mass parameter of α particle for trans-
lational motion along x, y and z axis, calculated with different
mesh sizes.

these three degenerated modes, there is one mode with
excitation energy equal to zero, this solution appears due
to our numerical treatment of the particle states, where
the particle state |m⟩ is expressed by coordinate |r⃗⟩ in
the model space, thus the matrix Aminj and Bminj are
replaced with Amr⃗nr⃗ and Bmr⃗nr⃗. This redundance in the
representation of the A and B matrix results in addi-
tional solutions that consists only hole components, we
label this solution as unphysical mode. The number of
unphysical modes is found to be the square of the number
of orbits. In the case of BKN interaction, the number of
orbits is reduced to one fourth of the particle number.

Using Eq. (20) and Eq. (21) we calculate mass pa-
rameter of one alpha particle. Fig. (2) shows the mass
parameters of alpha particle in the translational motion
along x, y and z axis and their dependence on the mesh
size. As the mesh size decrease, the results approaches
to the value of 4 in the unit of nucleon mass. Here the
ground state of α is by default one solution of the ASCC
equation set.

2. Mass parameter of the fission path of 8Be

In the case of the fission path of 8Be, we set |Ψ(q)⟩ to
be the constrained Hartree Fock states, The constraints
are chosen in two different ways, one is the quadrupole
deformation Q20, the other is the relative distance R be-
tween the two α’s, the operator form of R is defined as

R̂ ≡ 2z

A
[θ(z) + θ(−z)] , (22)

where θ(z) is the step function that equal to 1 when z > 0
and 0 at z ≥ 0, the reaction axis is chosen be z axis. At
a large quadrupole deformation or large relative distance
R, the constrained state of 8Be could be seen as two well
separated α’s. The constrained Hartree Fock problem
Eq. (5) is solved iteratively using the imaginary time
evolution method,
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FIG. 1. (Color online) The RPA frequency ω of the lowest
states with energy below 30 MeV of α. Each state is label by
its non-zero transition matrix element defined in Eq. (18).

ertial mass corresponding the collective excitation char-

acterized by Ω(n)†
RPA. In this subsection, we set the Ψ(q)

in Eqs. (6,7) to be the constrained Hartree Fock(CHF)
states and solve the local RPA equations to calculate
the inertial mass parameter. To be consistent with con-
strained states Ψ(q), the constraint term is included in
the total Hamiltonian Ĥ in Eqs. (6,7).
We show two examples, one is the translational motion

of one α at HF ground state, the other is the relative
motion between two α’s (fission path of 8Be). The cal-
culations are performed in the 3-dimensional coordinate
space. For the one α, the model space is a sphere with dif-
ferent mesh size. For the case of 8Be, the calculation is in
the rectangular box of volume 10×10×16 fm3 with mesh
size 0.8 fm. For the nuclear interaction, the BKN inter-
action [6] is applied. To evaluate the matrix elements in
Eq. (16), we adopt the finite amplitude method (FAM)
method [7, 8], especially the matrix FAM prescription, [9]
which requires only the calculations of the single-particle
Hamiltonian constructed with independent bra and ket
states [7], providing us a high numerical efficiency to solve
the RPA problem.

1. Mass parameter for translational motion of one α

In this case, |Ψ(q)⟩ is the HF ground state of one α par-
ticle. Fig. (1) shows frequency ω of the the lowest several
RPA states, each state is labeled by its non-zero transi-
tion matrix element defined in Eq. (18). Among these
excitation modes, the translational mode along z axis
can be picked out with non-zero value of ⟨0|[ΩRPA, z]|0⟩,
which is degenerated with the other two translational
modes along the x and y axis at about 1 MeV. In the cal-
culation of Fig. (1) the space is discretized with mesh size
equal to 0.8 fm. With finer mesh size, the eigen energy of
translational motion approaches to 0. Due to the com-
pact nature of alpha particle, the next excitation state
is 20 MeV higher than these translational states. Below
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FIG. 2. (Color online) Mass parameter of α particle for trans-
lational motion along x, y and z axis, calculated with different
mesh sizes.

these three degenerated modes, there is one mode with
excitation energy equal to zero, this solution appears due
to our numerical treatment of the particle states, where
the particle state |m⟩ is expressed by coordinate |r⃗⟩ in
the model space, thus the matrix Aminj and Bminj are
replaced with Amr⃗nr⃗ and Bmr⃗nr⃗. This redundance in the
representation of the A and B matrix results in addi-
tional solutions that consists only hole components, we
label this solution as unphysical mode. The number of
unphysical modes is found to be the square of the number
of orbits. In the case of BKN interaction, the number of
orbits is reduced to one fourth of the particle number.

Using Eq. (20) and Eq. (21) we calculate mass pa-
rameter of one alpha particle. Fig. (2) shows the mass
parameters of alpha particle in the translational motion
along x, y and z axis and their dependence on the mesh
size. As the mesh size decrease, the results approaches
to the value of 4 in the unit of nucleon mass. Here the
ground state of α is by default one solution of the ASCC
equation set.

2. Mass parameter of the fission path of 8Be

In the case of the fission path of 8Be, we set |Ψ(q)⟩ to
be the constrained Hartree Fock states, The constraints
are chosen in two different ways, one is the quadrupole
deformation Q20, the other is the relative distance R be-
tween the two α’s, the operator form of R is defined as

R̂ ≡ 2z

A
[θ(z) + θ(−z)] , (22)

where θ(z) is the step function that equal to 1 when z > 0
and 0 at z ≥ 0, the reaction axis is chosen be z axis. At
a large quadrupole deformation or large relative distance
R, the constrained state of 8Be could be seen as two well
separated α’s. The constrained Hartree Fock problem
Eq. (5) is solved iteratively using the imaginary time
evolution method,
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20Neßà16O + α	
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16O ß à 12C + α 
•  Constraint operator 

–  LHE generator 
–  IS Quadrupole op. 
–  IS Octupole op. 

•  Different path 

r2Y20

r2Y20 − constrained

r2Y30 − constrained

r2Y20 − constrained

r2Y30 − constrained



Choice of variables (R,P)	
•  R is defined by 

•  P is calculated from current in L & R 
•  This definition is questionable after two 

nuclei touch each other. 
•  Need reliable definition of canonical 

collective variables	

RL RR

R = RR − RL

Space “L” and “R”	
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Finding decoupled canonical variables Assuming the collective variables 
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(map from q to R) 
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