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Background
• TheK+ consists of a quark-antiquark pair with

spin-0

• The EM form factors and PDFs play a key role in
revealing the internal structure of hadrons

• New data from COMPASS, JLAB 12 GeV for
PDFs and FFs will be coming soon
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NJL Model
• The NJL model is built mimicking QCD

symmetries properties[Prog. Part. Nucl. Phys.
27 (1991) 195]
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• The NJL model is built mimicking QCD

symmetries properties[Prog. Part. Nucl. Phys.
27 (1991) 195]

• Therefore the NJL Lagrangian must fulfill the
QCD symmetries

SNJL = SU(3)c ⊗ SU(Nf )V ⊗ SU(Nf )A,

⊗ U(1)V ⊗ C ⊗ P ⊗ T ,(2)
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NJL Model
• The NJL model is built mimicking QCD

symmetries properties[Prog. Part. Nucl. Phys.
27 (1991) 195]

• Therefore the NJL Lagrangian must fulfill the
QCD symmetries

SNJL = SU(3)c ⊗ SU(Nf )V ⊗ SU(Nf )A,

⊗ U(1)V ⊗ C ⊗ P ⊗ T ,(3)

• The NJL model is non-renormalizable, therefore
→ it removes by using proper time regularization
scheme.
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NJL Model
The effective Lagrangian density of SU(2) flavour
NJL model is

LNJL = ψ̄(i∂/−m)ψ +
∑

α

Gα(ψ̄Γαψ)2,

(4)

where

Γα = [1, γ5, γ
µ, γ5γ

µ, σµν] ,(5)
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NJL Model
The NJL model is non-renormalizable→ must be
regularized→ Proper Time Regularization (PTR)
scheme.

1

Xn
=

1

(n− 1)!

∫ ∞

0

dττn−1e−τX ,

→
1

(n− 1)!

∫ 1

Λ2
IR

1

Λ2
UV

dττn−1e−τX ,(6)

• We needΛUV to render the theory finite
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NJL Model
The NJL model is non-renormalizable→ must be
regularized→ Proper Time Regularization (PTR)
scheme.

1

Xn
=

1

(n− 1)!

∫ ∞

0

dττn−1e−τX ,

→
1

(n− 1)!

∫ 1

Λ2
IR

1

Λ2
UV

dττn−1e−τX ,(7)

• We needΛUV to render the theory finite
• ΛIR plays an important role, preventing quarks

going on their mass shell→ confinement.
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NJL Model
The Feynman diagram for dynamical mass (gap
equation) of the NJL model :

= +

• NJL gap equation can be written as

S−1(k) = S−1
0 (k) − Σ(k),

S−1
0 (k) = [k/−m],

Σ(k) =
∑

j

∫

d4l

(2π)4
Tr

[

S(l)Ω̄j
]

Ωj,(8)
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NJL Model
• Based on self-energy equation, the dynamical

(constituent) quark mass is expressed

M = m+ 48iGπM

∫

d4p

(2π)4

1

p2 −M 2 + iǫ
,

= m+
3GπM

π2

∫ 1

Λ2
IR

1

Λ2
UV

dτ

τ 2
e−τM2

,(9)

whereGπ → pion coupling constant, m→ current
quark mass
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Bethe-Salpeter Equation (BSE)
In the NJL model T-Matrix can be expressed

T (q)αβ,γδ = Kαβ,γδ +

∫

d4k

(2π)4
Kαβ,λǫS(q + k)ǫǫ′,

× S(k)λλ′T (q)ǫ′λ′,γδ′,(10)

T (q)i
αβ,γδ = (γ5τi)αβ

2iGπ

1 − 2GπΠK(q2)
(γ5τi)γδ,

(11)

=T + T

α γ

β δ

α

β

γ

δ

α

β

λ
′

λ

ǫ
′

ǫ

γ

δ
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Bethe-Salpeter Equation (BSE)
From T-matrix, the kaon mass is determined (NC is
color numbers,S1 andS2 are the propagator for quark
1 and 2 respectively)

1 − 2GπΠK(q2 = m2
K) = 0.(12)

where bubble graph is defined as

ΠK
ps(k

2) = −2iNC

∫

d4p

(2π)4
tr[γ5S2(p+

k

2
),

× γ5S1(p−
k

2
)],(13)
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Bethe-Salpeter Equation (BSE)
Shortly the kaon mass is expressed as

m2
K = −

[

m2

M2
+
m1

M1

]

1

16iGNCI21
+ (M2 −M1)

2.

(14)

I21 = 4

∫

d4p

(2π)4

∫ 1

0

dx

×
(pµ − kµ(x−

1
2)(M1 −M2) −

1
2kµ(M1 +M2)

[p2 + k2(x− x2) − xM 2
2 + (x− 1)M 2

1 ]2

(15)
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Kaon Form Factor
The matrix element of the EM current is expressed

J µ,i,j
K+ (k, k′) = 〈Kj(k)|J µ|K i(k′)〉,

= (k + k′)µFK+(Q2)(16)

whereFK+(Q2) is the kaon form factor.

+
k′

q = k′ − k

k k′ k

q = k′ − k
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Kaon Form Factor
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= (k + k′)µFK+(Q2)(17)
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Kaon Form Factor
The total kaon form factor from the Feynman diagram
( CK+ = 2iNCg

2
Kqq̄ is constant ):

J µ,i,j
K+ (k, k′) = euΛ

µ
1(k, k

′)fρ + esΛ
µ
2(−k,−k

′)fφ,

Λµ
1(k, k

′) = CK+

∫

d4p

(2π)4
Tr[γ5S1(p+ k′)γµ

× S1(p+ k)γ5S2(p)],

Λµ
2(−k,−k

′) = CK+

∫

d4p

(2π)4
Tr[γ5S2(p− k)γµ,

× S2(p− k′)γ5S1(p)].(18)

wherefi = mi

mi+Q2 wherei = ρ, φ .
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PDFs
• The quark distributions of theK+ is

qK(x) = p+

∫

dξ−

2π
eixp+ξ−,

× 〈p, s|ψ̄q(0)γ
+ψq(ξ

−)|p, s〉c,

(19)

Kaon Elastic Form Factor and Parton Distribution Functions– p. 15/27



PDFs
• The quark distributions of theK+ is

qK(x) = p+

∫

dξ−

2π
eixp+ξ−,

× 〈p, s|ψ̄q(0)γ
+ψq(ξ

−)|p, s〉c,

(21)

• The moment of the PDFs can be written as

〈xn−1qK〉 =

∫ 1

0

dxxn−1qK(x).

(22)
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PDFs
• The moments of the PDFs must satisfy the
Baryon Number andMomentum Sum Rules

〈uK(x) − ūK(x)〉 = 1,

〈s̄(x) − s(x)〉 = 1,

〈xuK(x) + xs̄K〉 = 1.

(23)
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PDFs
• The moments of the PDFs must satisfy the
Baryon Number andMomentum Sum Rules

〈uK(x) − ūK(x)〉 = 1,

〈s̄(x) − s(x)〉 = 1,

〈xuK(x) + xs̄K〉 = 1.

(24)

• The first and the second lines are baryon number
sum rules and the third line is the momentum
sum rule.
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Kaon PDFs in NJL model
The valence quark distributions ofK+ constituents
are formulated as

uK+ = ΛK(x, k2), s̄K+ = ΛK(x, k2),

ΛK(x, k2) = −2iNCg
2
Kqq

∂

∂p2

∫

d4q

(2π)4
δ

(

x−
q−
k−

)

,

× Tr[γ5S1(q)γ5S2(q − k)].

(25)
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Results and Discussions
The form factors of the quark constituents in theK+
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Results and Discussions
The form factors of the quark constituents in theK+

and show dramatic differences
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Results and Discussions
The form factors of the quark constituents in theK+
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Results and Discussions
The ratio of theK+ andπ+ form factors
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Results and Discussions
The valence quark distribution of each quark
constituent in theK+

• The valenceu ands̄ quark distribution of the
Kaon forQ0 =0.16GeV 2 and their evolution for
the NLO,Q2 = 5GeV 2

0 0.2 0.4 0.6 0.8 1

x

0

0.5

1

x
q

K
+

(x
)

(u,K+),Q2
0 = 0.16 GeV 2

NLO, Q2 = 5 GeV 2

0 0.2 0.4 0.6 0.8 1

x

0

0.5

1

x
q

K
+

(x
)

(s̄,K+),Q2
0 = 0.16 GeV 2

NLO, Q2 = 5 GeV 2

Kaon Elastic Form Factor and Parton Distribution Functions– p. 23/27



Result and Discussion
The valence quark distributions of each quark
constituent in theK+

• The valence quark distribution of the Kaon for
their evolution in the NLO,Q2 = 5GeV 2
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Result and Discussion
The valence quark distributions of each quark
constituent in theK+

• Ratio of the valence quark distributions of the
Kaon for their evolution in the NLO,Q2 = 5
GeV 2
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Conclusion
• The form factor and PDFs of theK+ are

computed in NJL model using the PTR scheme
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Conclusion
• The form factor and PDFs of theK+ are

computed in NJL model using the PTR scheme
• The form factor of theK+ agree with the

experimental data
• Theu ands̄ quark contributions to the kaon form

factor show significant differences
• The valence up quark distributions of theπ+

shows good agreement with experimental data
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Backup Slide
Fitting parameters are obtained from NJL model :

• ΛUV = 644.874 MeV,Gπ = 0.0000190MeV 2,
mu ormd = 16.4311 MeV,ms = 355.882 MeV

• Ms = 610.539 MeV,gπqq̄ = 4.22529,gKqq̄ =
4.57046,fK = 97.3529 MeV

• mπ = 140 MeV,fπ = 93 MeV,mK = 495
MeV,ΛIR = 240 MeV,Mu orMd = 400 MeV

• and we choosemφ = 1.020GeV and
mρ = 0.770GeV .
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