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Plan of the Talk

=

® \We start with a digression about Effective-Actions and Generalized Nambu Jona-Lasinio
formalisms. In the Heavy Quark limit, they are shown to coincide. We obtain an NJL
derivation of the known result of QCD sum rules.
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Plan of the Talk

® \We start with a digression about Effective-Actions and Generalized Nambu Jona-Lasinio
formalisms. In the Heavy Quark limit, they are shown to coincide. We obtain an NJL
derivation of the known result of QCD sum rules.

® Next, we summarize the highlights of the GNJL formalism, namely how to use
Valatin-Bogoliubov pseudo-unitary transformations to obtain exact solution for fermion
condensates. A concrete example of a Mass-Gap equation is given. Multiple
solutions-one for each Landau level-are given.
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Plan of the Talk

® \We start with a digression about Effective-Actions and Generalized Nambu Jona-Lasinio
formalisms. In the Heavy Quark limit, they are shown to coincide. We obtain an NJL
derivation of the known result of QCD sum rules.

® Next, we summarize the highlights of the GNJL formalism, namely how to use
Valatin-Bogoliubov pseudo-unitary transformations to obtain exact solution for fermion
condensates. A concrete example of a Mass-Gap equation is given. Multiple
solutions-one for each Landau level-are given.

® e briefly discuss the phenomenological implication of the Mass-Gap equation in the
low energy domain of hadronic physics and show how it unifies, in the same vision, so
diverse phenomena like N-N repulsive cores, pion masses, hadronic scattering, notably
7w — 7 scattering lengths.
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Plan of the Talk

=

We start with a digression about Effective-Actions and Generalized Nambu Jona-Lasinio
formalisms. In the Heavy Quark limit, they are shown to coincide. We obtain an NJL
derivation of the known result of QCD sum rules.

Next, we summarize the highlights of the GNJL formalism, namely how to use
Valatin-Bogoliubov pseudo-unitary transformations to obtain exact solution for fermion
condensates. A concrete example of a Mass-Gap equation is given. Multiple
solutions-one for each Landau level-are given.

We briefly discuss the phenomenological implication of the Mass-Gap equation in the
low energy domain of hadronic physics and show how it unifies, in the same vision, so
diverse phenomena like N-N repulsive cores, pion masses, hadronic scattering, notably
7w — 7 scattering lengths.

Finally we discuss the possibility of a gravity stabilized domains—extra solutions of mass
gap equation. A Tolman-Oppenheimer-Volkoff calculation of gravitationally stable such
domains will be presented.
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Effective Action-a simple example: Small loops

® An NJL-type model (P. Bicudo, N. Brambilla, J.E.ET.R., A. Vairo, '98):

5= [ Pontutmut g [ i@ (@ AL@ALW) W)

Y

where j = Yy, T and <g2AZ(az)Ag(y)> ~ %:ckyp<gQFﬁ>\Fybp>.
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Effective Action-a simple example: Small loops

® An NJL-type model (P. Bicudo, N. Brambilla, J.E.FT.R., A. Vairo, '98):

_ / B+ Y+ / J (@) (G AL (@) AL (y)) 12 (1)

'Y
where j& = 4y, T and (g2 Af (x) AL (y)) =~ z2rYp(9° Fi\FLp)-

® Bosonization of the four-quark interaction

2
<92Aa (x)A )> = TAYp - 48(§VG2 > 1) '5ab(5uv5>\p — duplav)

goes via an auxiliary Abelian-like field A, (x) = Lx,n%F,,, where F,, and n® are

5
constant, and n%nb = §°,
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Effective Action-a simple example: Small loops

® An NJL-type model (P. Bicudo, N. Brambilla, J.E.FT.R., A. Vairo, '98):

_ / B+ Y+ / J (@) (G AL (@) AL (y)) 12 (1)

'Y
where j& = 4y, T and (g2 Af (x) AL (y)) =~ z2rYp(9° Fi\FLp)-

® Bosonization of the four-quark interaction

(2 A8 (@) AL (3)) = (G2) b (505n, — 5
x TrYp - 48(N2 1) ( urOXp mp Au)

goes via an auxiliary Abelian-like field A7 (z) = Lx,n%F,,, where F,, and n® are

5
constant, and n%nb = §°,

® The resulting one-loop Euler—Heisenberg—-Schwinger Lagrangian in the A7, -field,

D M o) —M?s
tr In 22 pl Al + = —2N¢ - tr (TT?) - / ds ° 5 [abs2 cot(as) coth(bs) — 1],
YuOu + M 0 (47s)
where a? — b2 = E2 — H?, ab = |EH], can be expanded at large M in the number of
a l; . . - a8<(Fay)2>
external A¢%-lines = an NJL-based derivation of <¢¢>heavy; No—g = —Ne - —5 571
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Going beyond the Gaussian approximation

=

® In the infinite current quark mass limit both approaches: the Generalized
Nambu,Jona-Lasinio (GNJL) and Effective Action coincide.
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Going beyond the Gaussian approximation

=

® In the infinite current quark mass limit both approaches: the Generalized
Nambu,Jona-Lasinio (GNJL) and Effective Action coincide.

® Going outside this limit requires the relaxation of either the constancy of F,,, or (and) to
abandon the gaussian approximation in the cumulant expansion. We have the following

picture
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Going beyond the Gaussian approximation

=

® In the infinite current quark mass limit both approaches: the Generalized
Nambu,Jona-Lasinio (GNJL) and Effective Action coincide.

® Going outside this limit requires the relaxation of either the constancy of F,,, or (and) to
abandon the gaussian approximation in the cumulant expansion. We have the following

picture
GNJL Effecti
Action'
% Heavy Quark Limi
m
L0 Chiral Limit
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Going beyond the Gaussian approximation

=

® In the infinite current quark mass limit both approaches: the Generalized
Nambu,Jona-Lasinio (GNJL) and Effective Action coincide.

® Going outside this limit requires the relaxation of either the constancy of F,,, or (and) to
abandon the gaussian approximation in the cumulant expansion. We have the following

picture

GNJL Effective
Ac%on

% Heavy Quark Limi

One Gluon <92AZ (m)Ag (y)> fy'u — const. Smallloops Area Square Law

m

L0 Chiral Limit
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Going beyond the Gaussian approximation

=

® In the infinite current quark mass limit both approaches: the Generalized
Nambu,Jona-Lasinio (GNJL) and Effective Action coincide.

® Going outside this limit requires the relaxation of either the constancy of F,,, or (and) to
abandon the gaussian approximation in the cumulant expansion. We have the following

picture

GNJL Effective
Action N
® Heavy Quark Limit

One Gluon <g2AZ (m)Ag (y)> fyu, = const. Smallloops Area Square Law
m
fini
ey | K (2,9) Fuu 7 const,.  Lageloops Area Law
0 Chiral Limit

o -

OCD Relics of Astrophvsical Relevance — p. 5/-



Going beyond the Gaussian approximation

=

® In the infinite current quark mass limit both approaches: the Generalized
Nambu,Jona-Lasinio (GNJL) and Effective Action coincide.

® Going outside this limit requires the relaxation of either the constancy of F,,, or (and) to
abandon the gaussian approximation in the cumulant expansion. We have the following

picture

GNJL Effective
Action N
® Heavy Quark Limit

one Gluon | (g2 A% (z)Ab(y)) | Fuu = const. smalloops Area Square Law
m
iggztnzing K'u,y (LB, y) fyu # constl. Largeloops Area Law
2nd. Quantization Surface Dynamics
0 Chiral Limit
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Going beyond the Gaussian approximation

=

® In the infinite current quark mass limit both approaches: the Generalized
Nambu,Jona-Lasinio (GNJL) and Effective Action coincide.

® Going outside this limit requires the relaxation of either the constancy of F,,, or (and) to
abandon the gaussian approximation in the cumulant expansion. We have the following

picture

GNJL

Effective
Action N
® Heavy Quark Limit

One Gluon

Confining
Ansatz

o

(g2 A% (2)AY(y))

KIU/ (:B7 y)

2nd. Quantization

Mass Gap

Low Energy Theorems

Fuu = constl.  smalloops Area Square Law
m
Fuu # const.  Largeloops Area Law

Surface Dynamics
y Lucher terms

L0 Chiral Limit
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NJL- Linking SCSB with confinement: A general strategy.

=

® The two most fundamental nonperturbative phenomena in QCD are SCSB and
confinement. Are they interrelated?
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NJL- Linking SCSB with confinement: A general strategy.

® The two most fundamental nonperturbative phenomena in QCD are SCSB and
confinement. Are they interrelated?

® In Nambu-Jona-Lasinio—type models with confinement:
(P1p) o —<g2(Fﬁy)2> X (vacuum correlation length)

(P. Bicudo, N. Brambilla, J. E. F. T. Ribeiro, and A. Vairo, '98).
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NJL- Linking SCSB with confinement: A general strategy.

-

® The two most fundamental nonperturbative phenomena in QCD are SCSB and
confinement. Are they interrelated?

® In Nambu-Jona-Lasinio—type models with confinement:
(Pp) ox =(g*(F5,)?) x (vacuum correlation length)
(P. Bicudo, N. Brambilla, J. E. F. T. Ribeiro, and A. Vairo, '98).
® The starting idea is to get (11 ) from the one-loop quark effective action:
() = — ——(T[A%]),
om

assuming for the Wilson loop entering (I'[A%]) an area law.

o -
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NJL- Linking SCSB with confinement: A general strategy.

- .

o

> d s ar( 12211y o
(F[AZ]):_(2S+1)Nf/ _Se—m2s/ Dz,L/ Dipse I5 d (4 u*z%%)x
0 S P A

X {<tr73 exp {z’g /OS drT? (AZZM — wlﬁwVFSu):| > — Nc} :
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NJL- Linking SCSB with confinement: A general strategy.

- .

o

> d s ar( 12211y o
(F[AZ]>:_(2S+1)Nf/ _Se—m2s/ DzM/ Dipse I5 d (4 u*z%%)x
0 S P A

X {<tr73 exp {z’g /OS drT? (AZ;%M — wuvaﬁu)} > — Nc} :

® Only when [, Dz, [, Dpl---] — % at s — oo, we have a finite quark condensate

s
in the chiral limit:
- 0 > d t
(Yi)) o om /. ?Se_m% : Ci/_n: = —24/7 - const

(T. Banks and A. Casher, '80).

o -
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NJL- Linking SCSB with confinement: A general strategy.

- .

9
> d s ar( 12211y o
(T[A%]) :—(25+1)Nf/ —Se_m28/ DZM/ Dy 0 AT (GEitsvudn)
o S P A
X {<tr73 exp {zg/ drT? (AZZM — wﬂvaﬁu)} > — Nc} :
0
® Only when [, Dz, [, Dpl---] — % at s — oo, we have a finite quark condensate
in the chiral limit:
_ 13, > d t
<¢¢> X e ] fe_m% : Ci/_n: = —2+/7 - const

(T. Banks and A. Casher, '80).

® The second idea; Parametrize via z, (7) the minimal area Sy,in, entering the area law:

(Wlzu]) = <tr77 exp (ig/o dTTaAZ,éM>> — N - e~ (5) Smin_

o -
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Linking SCSB with confinement: A general strategy.

=

® Find an ansatz for Sy, [2,] SO to enable the analytic calculation of (F[AZ]), and impose
the [, Dz, [, Dyl -] — 1/4/s asymptotic behavior = o (s).

o -
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Linking SCSB with confinement: A general strategy.

=

® Find an ansatz for Sy, [2,] SO to enable the analytic calculation of (F[AZ]), and impose
the [, Dz, [, Dyl -] — 1/4/s asymptotic behavior = o (s).

® A cone-shaped surface in 3D can be generalized to 4D as

1 [ 1 s 1
S z—/ dexZ—>Sd:—/ AT|euvrpZr20| = ——= |2 00| = Shin |20,
3d 2 Jo | | 4 2\/50 |;wp p| 4\/§‘u‘ mn[u]

where X, (s) = e uap J§ dT22%p.
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Linking SCSB with confinement: A general strategy.

=

® Find an ansatz for Sy, [2,] SO to enable the analytic calculation of (F[AZ]), and impose
the [, Dz, [, Dyl -] — 1/4/s asymptotic behavior = o (s).

® A cone-shaped surface in 3D can be generalized to 4D as

1 [? 1 s 1
S :—/ dTZXZ—>Sd=—/ drle )\Z)\Z Z—Ey::Sinz ,
3d 2 Jo | | 4 2\/5 0 |/U/p pl 4\/§‘M‘ m [,u]

where X, (s) = e uap J§ dT22%p.
® The simple exponential ansatz for the Wilson loop at all distances,

o(s)
4+/3’

<W[Zu]>:Nc . e_&|2“y|, where 6(s) =

o -
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Linking SCSB with confinement: A general strategy.

=

Find an ansatz for Snin[2.] SO to enable the analytic calculation of (F[AZ]), and impose
the [, Dz, [, Dyl -] — 1/4/s asymptotic behavior = o (s).

A cone-shaped surface in 3D can be generalized to 4D as

1 [ 1 s 1
S z—/ dexZ—>Sd:—/ AT|euvrpZr20| = ——= |2 00| = Shin |20,
3d 2 Jo | | 4 2\/50 |;wp p| 4\/§‘u‘ mn[u]

where X, (s) = e uap J§ dT22%p.
The simple exponential ansatz for the Wilson loop at all distances,

_a(s)
4+/3’

yields for (I'[A%]) the Euler—Heisenberg-Schwinger Lagrangian in an auxiliary constant

(Wlzu])=Ne - e 71wl where G(s)

452

2 7/2
Abelian field B,,., to be averaged with the weight 1/ (1 — BW) :

-
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Linking SCSB with confinement: A general strategy.

® The quark condensate becomes:

_ N
<¢w>——ﬁ m/ dse ™% . 5% flA(s)],
where

1 (VItA-1)* (5A+4VI+A+6)

A(s) = 55222 and f[A] = 13 A)/2

o -
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Linking SCSB with confinement: A general strategy.

® The quark condensate becomes:

<1Z¢>__3_Nf m/ dse™™"% 57 - f[A(s)),
where
A(s) = —— and f[A] = (VIFA-1)" (5A+4VI+A+6)

25252 (14 A)5/2
® We obtain 5(s) from the condition

3/2

5* - flA] =

at s — 0o, where og = const.

o -
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o

Linking SCSB with confinement: A general strategy.

The quark condensate becomes:

() =1 m/ dse™5 .52 . flA(s)],

where
1 vV1+A-1 bA+ 414+ A+6
A(s) = — and f[A] = Vit ) il )
20252 (1+ A)5/2
We obtain 5(s) from the condition
3/2
2. fl[A] =—Y“— at s — oo, where og = const.
Then, we obtain the chiral condensate:
- 3Nf 3/2 3 N 1/3
(Pip) ~ ~ 2373 " 90 —N, N = (250MeV)°= m 2 2y/7 NG ,

-
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Linking SCSB with confinement: A general strategy.

The quark condensate becomes:

<1Z¢>__3_Nf m/ dse™™"% 57 - f[A(s)),
where
A(s) = —— and f[A] = (VIFA-1)" (5A+4VI+A+6)

20252 (1+ A)5/2
We obtain &(s) from the condition

3/2

52 . f[A] — 0

at s — 0o, where og = const.

Then, we obtain the chiral condensate:

@W):—fé\f; o3 2= N, N = (250 MeV)?= mzz\/%(
T

N 1/3
3NmeaX> ’

It is possible to obtain reasonable values for the constituent quark mass m = 460 MeV
while reproducing, at the same time, the heavy-quark limit of the squared area law.
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NJL-A simple example: Vacuum Structure in Strong Magnetic fields

o .

The Hamiltonian of a relativistic fermion in an external field A, has the following form in 2+1
dimensions:

H = / P §(x) [~irI D;j +m] b(x)

o -
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NJL-A simple example: Vacuum Structure in Strong Magnetic fields

o .

The Hamiltonian of a relativistic fermion in an external field A, has the following form in 2+1
dimensions:

H = /d2x Y(z) [—iv! Dj +m] ¥ (x),

® Choose A, = —By §,1, where B > 0 is the magnetic field strength

o -

OCD Relics of Astronhvsical Relevance — p. 10/



NJL-A simple example: Vacuum Structure in Strong Magnetic fields

o .

The Hamiltonian of a relativistic fermion in an external field A, has the following form in 2+1
dimensions:

H = /d2x P (x) [—i*ijj + m| Y(z),
® Choose A, = —By §,1, where B > 0 is the magnetic field strength

® This constitutes a demonstration model for the more complicated 3+1 dimensions

o -
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NJL-A simple example: Vacuum Structure in Strong Magnetic fields

=

The Hamiltonian of a relativistic fermion in an external field A, has the following form in 2+1
dimensions:

°

H = /d2x P (x) [—i*ijj + m| Y(z),

Choose A,, = —By .1, where B > 0 is the magnetic field strength
This constitutes a demonstration model for the more complicated 3+1 dimensions

Let us use a Bogoliubov-Valatin transformation to obtain the known results

eB]
2

Y

O[T (@)Y (x)0)p = —

E, = \/m2 + 2n|eB)|

with n standing for the Landau levels

-
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A simple case for Valatin-Bogoliubov Transformations

We need just three steps to construct the wave-function of a particle in a magnetic field.
From,

{u p) ap 4 v(p) T_p}eip.x

9=% it

o -
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A simple case for Valatin-Bogoliubov Transformations

We need just three steps to construct the wave-function of a particle in a magnetic field.

From,
b } ip-x
u a —|—V e
=3 @{ (p) ap +v(p) bT
1 _py + 1Py
E,+ ) E -+
N u(p) = 2pEpm Py — 1Dz ;V(p) = 2pEpm Ep +m
Ep +m

® {af ap} ={bh by } =0y, 85,0, Ep=/m?+ P2

The u and v spinors are the solutions of the Dirac equation for positive and negative energy

respectively. (with cos ¢ = EQPE+ ™ sing = Ep—m )
P

-
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A simple case for Valatin-Bogoliubov Transformations

We need just three steps to construct the wave-function of a particle in a magnetic field.
From,

2L m {u(®) ap +v(p) bl f

1 _ Dy + 1pa
[|Ep+ : Ep+ -
N u(p) = 2prrn Dy — 1Pz ;V(p) — 2PEpm Ep +m
Ep +m 1
® {af ap} ={bh by } =0y, 85,0, Ep=/m?+ P2
The u and v spinors are the solutions of the Dirac equation for positive and negative energy

respectively. (with cos ¢ = EQPE+ ™ sing = Ep—m )
P

® Step 1: perform the following canonical transformation,

ap ap U u(p)
- = Ry (p) =R} (p)
f ¢ f . ¢
b! b 0 v(p)
cos ¢ —sin ¢ (py + 1Pz .
® Ry@)=| By ) D=y
sin ¢ (Py — iPz) Cos ¢

OCD Relics of Astrophvsical Relevance — p. 11/~



A simple example of a non-trivial vacuum

® The vacuum associated to the new operators @ and b is given by
0) = S|0) = [, (cos ¢ + sin g apb! )|0)

® 4,00)=0 , bpl0) =0

o -
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| J

A simple example of a non-trivial vacuum

The vacuum associated to the new operators & and b is given by
0) = S|0) = [, (cos ¢ + sin g apb! )|0)

apl0) =0, Bpl0) =0

i — 1 T ip-x ;
We should think of ¢ (x) %j i {u(p) ap + v(p) b_p} e as an inner

product between the Hilbert space spanned by the spinors {u, v} and the Fock space
generated by {a, b}

It is invariant under V-B transformations: any rotation in the Fock space must engender a
counter-rotation in the Hilbert space.

-

OCD Relics of Astronhvsical Relevance — p. 12/



| J

A simple example of a non-trivial vacuum

The vacuum associated to the new operators & and b is given by
0) = S|0) = [, (cos ¢ + sin g apb! )|0)

apl0) =0, Bpl0) =0

We should think of (x) = > Ll = {u(p) ap + v(p) bT_p} elP* as an inner
p X

product between the Hilbert space spanned by the spinors {u, v} and the Fock space
generated by {a, b}

It is invariant under V-B transformations: any rotation in the Fock space must engender a
counter-rotation in the Hilbert space.

Choose ¢ as to ensure that the new spinors @ and ¥ are momentum independent:

1
{ap,bp} = S{a,b}S

0 1
U = [ ] , U= [ ] so that all the momentum dependence of ¥ is stored in
0

-
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Landau Levels

® Use the Landau level representation

® Use ¢Py¥ — ¢~ il*papy /o7 > e 1"wn (&) wn(fpy)
wn(z) = (27nl/7) " 2e=2" /12 0, (2)

I =+/leB|, £= 4 +Ipy

o -
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Landau Levels

® Use the Landau level representation

® Use eiPv¥ = e~ PaPy /2 570 1 inw,, (€) wn (£py)
wn(z) = (27nl/7) " 2e=2" /12 0, (2)
L= \/@7 §= % + Ipz

® The wave function can now be written in the following way:

$(@) = 5 = {inp, (0) anp, + tnp, (1) B, } €77
npx

(i n n(€py) 0 a
o Aa Pz _ invarg | wn(Upy P
bl ] 2 p, VIy [ 0 —wn_1(Epy) Al

n—prx

i) | | wa® 0 i
Unpg (?J) 0 Wn—1 (ﬁ)

od}
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Landau Levels

® Use the Landau level representation

® Use ¢Py¥ — ¢~ il*papy /o7 > e 1"wn (&) wn(fpy)

wn(z) = (27nl/7) " 2e=2" /12 0, (2)

I =+/leB|, £= 4 +Ipy

® The wave function can now be written in the following way:
V@) = 5 e { g () Gnp, +00p. () D]y, peo

an n wn (Lpy) 0 a
.. ) Pz — Z 7 2l ) B P
i bib_px vy 0 —wn—1({py) bT_p
tnp@) | _ [ wn® 0 i
by (8) 0 dwn1(€) | |

® The new operators satisfy the anticommutation relations:
{al,,pm,an/p;} = {bjlpm7bn/p;} = 5nn’ 6p:cp;/,;

® The vacuum is invariant under this change of basis, i.e., énp, [0) =0 , bnp, [0) =0

o -
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An example of Mass Gap Equation

There are several approaches one can use:

® 1-consider the Ward identity or;
® 2-get rid of anomalous Bogoliubov terms or;
® 3-Derive it as the condition for the vacuum energy to be a minimum or;

® 4-use a Dyson equation for the fermion propagator,

Here we use 2. We have with cos 0,, = ,/EQ?”LEj , sinf, = EQ”E_m
n n

o -
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An example of Mass Gap Equation

There are several approaches one can use:

® 1-consider the Ward identity or;
® 2-get rid of anomalous Bogoliubov terms or;
® 3-Derive it as the condition for the vacuum energy to be a minimum or;

® 4-use a Dyson equation for the fermion propagator,

Here we use 2. We have with cos 0,, = ,/EQ?”LEj , sinf, = EQ”E_m
n n

® Third step Ry, = oo o

sin 0, cos 0,

o -
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An example of Mass Gap Equation

There are several approaches one can use:

® 1-consider the Ward identity or;
® 2-get rid of anomalous Bogoliubov terms or;
® 3-Derive it as the condition for the vacuum energy to be a minimum or;

® 4-use a Dyson equation for the fermion propagator,

Here we use 2. We have with cos 0,, = ,/EQ?”LEj , sinfp =,/ EQ”E_m
n n

cosf,, —sinb,

® Third step Ry, =
sin 0, cos 0,

B Setting the the anomalous terms in the Hamiltonian to zero finds 6,,. We can obtain the

(¢mcosfy +sinfz/+/2)sinfg =0, n=0,

following mass gap equations,
¢fmsin260, —v2ncos20, =0, n >0,

® For any n have the following solution: tan 26,, = —V27;|€B|, E, = \/m? + 2n|eB]

o -
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Vacuum Condensates and 3+1
Let us construct the vacuum state in a magnetic field |0) 5 , annihilated by the operators

anp, and bnp, :

'. a’npx|O>B =0 ’ bnpm‘0>B =0

o -
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Vacuum Condensates and 3+1

Let us construct the vacuum state in a magnetic field |0) 5 , annihilated by the operators
anp, and bnp, :

'. a’npx|O>B — O ) bnpm‘0>B — 0

® 0)p =TI, ,, (cosbn +sinb, dhp. b )|0)

n—prx

o -
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Vacuum Condensates and 3+1

Let us construct the vacuum state in a magnetic field |0) 5 , annihilated by the operators
anp, and bnp, :

'. a’npx‘O>B =0 ) bnpm‘O>B =0
® 0)p =TI, ,, (cosbn +sinb, ity I;L_pm)|(~))

® finally we come to the problem of dynamical symmetry breaking in the presence of the

magnetic field.
We obtaing (0] (2)(x)[|0) g = _%

® A fermion condensate occurs even in the absence of any additional interaction between
fermions. This is an inherent property of the 2+1 dimensional Dirac theory in an external

magnetic field.

o -
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Vacuum Condensates and 3+1

Let us construct the vacuum state in a magnetic field |0) 5 , annihilated by the operators
anp, and bnp, :

'. a’npx‘O>B =0 ) bnpm‘O>B =0

® 0)p =TI, ,, (cosbn +sinb, dhp. b )|0)

n—prx

® finally we come to the problem of dynamical symmetry breaking in the presence of the

magnetic field.
We obtaing (0] (2)(x)[|0) g = _%

® A fermion condensate occurs even in the absence of any additional interaction between

fermions. This is an inherent property of the 2+1 dimensional Dirac theory in an external
magnetic field.

® In 3+1 Dimensions with quartic interactions we can perform these very same 3-steps.

o -
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A class of Hamiltonians

Consider now the simplest Hamiltonian containing the ladder-Dyson-Schwinger machinery
for chiral symmetry.
In any case most of the results presented here do not depend on the kernel choice

H— /d3x gt (x) (—z’&f_ﬁ) q(x) —I—/ dSq;QdSyJZ(a:)KZS(CC —y)J2(y)

o -
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A class of Hamiltonians

Consider now the simplest Hamiltonian containing the ladder-Dyson-Schwinger machinery
for chiral symmetry.
In any case most of the results presented here do not depend on the kernel choice

_ 3. 43

H = /dgzc gt (x) (—i&f V) q(x) —I—/ d 2d ng(m)KZg(CC —y)J2(y)
With,
& Ji(x) =q(x)yu 5 a(@)

o Kﬁg@ —y) = ‘SCLbK/w“E> - ?D

o -
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A class of Hamiltonians

Consider now the simplest Hamiltonian containing the ladder-Dyson-Schwinger machinery
for chiral symmetry.
In any case most of the results presented here do not depend on the kernel choice

— 333 3
H = /d3:c qt () (—z’a V) q(x) + / %JZ(@“)KZS(CU —9)Jo(y)
With,
® Jo(z) = glx)yu 2 q()

o Kﬁg@ —y) = (SOLbK/u/“E> - 7|)

This class of Hamiltonians has rich phenomenological consequences enabling us to study a
variety of hadronic phenomena controlled by global symmetries

® Reproduces in a non-trivial manner the low energy properties of pion physics like, for
instance, m — 7 Weinberg results for the scattering lengths together with Oakes-Renner,
Goldberger-Treiman....

® Possesses the mechanism of pole-doubling in what concerns scalar decays

L (Unitarization). J
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Bogoliubov Transformations

We can rotate the creation and annihilation Fock space operators. It is canonical !

9
|6 >= Fxp {@\(J{ — @0} 0 >

Q@) =3 [ Epee) M, 0.6, (- 7)
cf

o -
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Bogoliubov Transformations

We can rotate the creation and annihilation Fock space operators. It is canonical !

9
0 >= Exp {@\(J{ — @0} 0 >

Q@) =3 [ Epee) M, 0.6, (- 7)
cf

With, the 3 Py Coupling (Parity +):

M (6,6) — 3w Z [ 1 1 |0 ] y [ 1/2 1//2 ‘,,:J ]ylml(e,qb)

myms | U M 0

-
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Bogoliubov Transformations

We can rotate the creation and annihilation Fock space operators. It is canonical !

9
0 >= Exp {@\(J{ — @0} 0 >

Q@) =3 [ Epee) M, 0.6, (- 7)
cf

With, the 3 Py Coupling (Parity +):

m; Mg S S

Ms,s/ (97¢) :_\/8_7T Z [ 1 1 :2 ] % [ 1/2 1/,2 \’r‘i ]ylml(97¢)

mims

The functions ®(p) classify the infinite set of possible Fock spaces:

Fock Space

o -
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Fock Space

The Fock space operators transform like, /chs(ﬁ) = S/l;cfs S—1 so that,

o -
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Fock Space

The Fock space operators transform like, /b\cfs(?) = S/b\cfs S—1 so that,
b B coSs @ —singoM_ s b
;ﬁ | sin oM*, coso d+ ,

S

o -
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Fock Space

The Fock space operators transform like, chs(?) = S@Cfs S—1 so that,

b B coSs @ —sinpM _ s
;fL | sin OM* , cos¢ |,

® Then we can consider the fermion field ¥ ¢.(z’) as an inner product between the Hilbert
space spanned by the spinors {u,v} and the Fock space spanned by the operators {EE}:

SHNIS

Uro(@) = [ % [0slp) beso(F) + uslp) dfy ()] 7 7

o -
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Fock Space

The Fock space operators transform like, chs(?) = Sgcfs S—1 so that,
b B coSs @ —singoM_ s b
;fL | sin oM*, coso d+ ,

® Then we can consider the fermion field ¥ ¢.(z’) as an inner product between the Hilbert
space spanned by the spinors {u,v} and the Fock space spanned by the operators {EE}:

Uro(@) = [ % [0slp) beso(F) + uslp) dfy ()] 7 7

® So that requiring invariance of \Iffc(?)under the Fock space rotations, is tantamount to
require a counter-rotation of the spinors u and v,

U cos @ —singpM™, U
SS

v sinpM_ +  cos¢ v

o -
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Fock Space

The Fock space operators transform like, chs(?) = Sgcfs S—1 so that,
b B coSs @ —singoM_ s b
;fL | sin oM*, coso d+ ,

S S

® Then we can consider the fermion field ¥ ¢.(z’) as an inner product between the Hilbert
space spanned by the spinors {u,v} and the Fock space spanned by the operators {EE}:

Uro(@) = [ % [0slp) beso(F) + uslp) dfy ()] 7 7

® So that requiring invariance of \Iffc(?)under the Fock space rotations, is tantamount to
require a counter-rotation of the spinors u and v,

U cos @ —singpM™, U
SS

v sinpM_ +  cos¢ v

® The {u,v}, contain now the information on the angle ¢(p).

o -
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Renormalized fermion propagators

Variation in ¢ is the same as to cut the fermion propagators S,

o -
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Renormalized fermion propagators

Variation in ¢ is the same as to cut the fermion propagators S,

o -
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Renormalized fermion propagators

Variation in ¢ is the same as to cut the fermion propagators S,

(- D=

& r (p,p)—vwr’&f(;l 17K (9)$ +Tu® +a,p+q)QS® +q)

® i(p—p)HTulp,p)=S""1®)—-S"'(p)

® \ith the full propagator being,

_ /N ( H:)_ — (3 e
S S i 50@/50 i SOESO S L S i 502 S
So

S

S = S0+ SoxS, S~ (po,P) = S; *(po,P) — 2(P)

o -
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Renormalized fermion propagators

Variation in ¢ is the same as to cut the fermion propagators S,

(- D=

& r (p,p)—vwr’&f(;l 17K (9)$ +Tu® +a,p+q)QS® +q)

® i(p—p)HTulp,p)=S""1®)—-S"'(p)

® \ith the full propagator being,

_ /N ( H:)_ — (3 e
S S i 50@/50 i SOESO S L S i 502 S
So

S

S = S0+ SoxS, S~ (po,P) = S; *(po,P) — 2(P)

o -
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Quasi-Classicalregime andh expansions

® The equation for the mass operator X is non-linear,
iS(@) =h [ 5 h)4 V(5= k)0 T

(ko k) E(’f)

o -
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Quasi-Classicalregime andh expansions

® The equation for the mass operator X is non-linear,
ZE(@ =h f (27 h)4v(p k)70 _1(l~c k) Z(k)

B the Fourier transform of the linear potential o|Z]| is (with L. Glozman and A. Nefediev):
= [d3ze" e o|Z| = 8”pih4 = KV (p),
where V (p) does not contain .

o -
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Quasi-Classicalregime andh expansions

® The equation for the mass operator X is non-linear,
iS(@) =h [ 5 h)4 V(5 — k)0 T

(ko k) E(k)
B the Fourier transform of the linear potential o|Z]| is (with L. Glozman and A. Nefediev):
= [d3ze" e o|Z| = 87rp‘7f4 = KV (p),
where V (p) does not contain .

dk 1
O e find: iX(p) = h[ 2m)% V(p k)% Sg * (ko k) — z(k)

Each loop brings an extra power of A.

o -
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Quasi-Classicalregime andh expansions

The equation for the mass operator X is non-linear,
iS(@) =h [ 5 h)4 V(5= k)0 T

(ko k) E(k)

the Fourier transform of the linear potential o|Z| is (with L. Glozman and A. Nefediev):
= [d3ze" e o|Z| = 8”pih4 = KV (p),

where V (p) does not contain .

d*k 1
we find: iX(p) = A [ 2m)% V(5 ~ k) So (koK) —n(R) |

Each loop brings an extra power of A.

Parametrize (), in the form, () = [A, — m] + (p)[Bp — pl,
to obtain the dressed—quark Green'’s function: S~ (p, po) = Yopo — (Vﬁ’)Bp — Ap.

-

OCD Relics of Astronhvsical Relevance — p. 20/7



Quasi-Classicalregime andh expansions

The equation for the mass operator X2 is non-linear,
zz(ﬁ) =h f @nh)3 V(P k)'YO _1

(ko k) E(k)

the Fourier transform of the linear potential o|Z| is (with L. Glozman and A. Nefediev):
= [ dPoet' ola] = — 519kt = piV(p),

where V (p) does not contain .

dtk 1
we find: iX(p) = h [ 2m)% V(p - k)VO Sg L (ko,k)— z(k)

Each loop brings an extra power of A.

Parametrize (), in the form, () = [A, — m] + (p)[Bp — pl,
to obtain the dressed—quark Green'’s function: S~ (p, po) = Yopo — (Vﬁ’)Bp — Ap.

The functions A, and B,, represent the scalar part and the space—vectorial part of the
effective Dirac operator.

: A
Finally tan ¢, = B_Z
Yp—oo — 0: only the vectorial part survives

-
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Breakdown of the expansion fory, in powers of i

® The mass gap equation A, cos ¢, — Bp sin ¢, = 0, with
3 A_’i» ~ .
A, =m+ L 5/ (S I)cg V(F — k) sin ¢y, By, =p+ 35 L f (%)3 (pk)V (P — k) cos v

o -
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Breakdown of the expansion fory, in powers of i

® The mass gap equation A, cos ¢, — Bp sin ¢, = 0, with

A

3 Ao
Ap =m + hf (g ’)“3V(p k)singr, Bp=p+ hf (%)3 (pk)V (p — k) cos @

® For free particles the chiral angle reduces to the free Foldy angle, go( ) — arctan %,

which diagonalizes the free Dirac Hamiltonian H = ap + Bm

=

-
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Breakdown of the expansion fory, in powers of i

The mass gap equation A, cos ¢p — By sin ¢, = 0, with

A

Ap =m+ hf(g I)€3V(p k)smsOka By =p+ hf(%)g, 1572)‘7(}3’— E)Cosgpk

For free particles the chiral angle reduces to the free Foldy angle, go( ) — arctan %,
which diagonalizes the free Dirac Hamiltonian H = ap + Bm

The mass gap in full (rm = 0) first,

pesin g, — me? cos o, = & 5/ (gilfg V(p— E) [COS @Y sin @, — (f)’E) sin g, cos gop} :

-
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Breakdown of the expansion fory, in powers of i

The mass gap equation A, cos ¢p — By sin ¢, = 0, with
3 ", — ') . Q:’ Sy — 5
Ap:m—i—%f%‘/(p—k)smgpk, B, =p+ hf (%)3 (pk)V (p'— k) cos v

For free particles the chiral angle reduces to the free Foldy angle, go( ) — arctan %,
which diagonalizes the free Dirac Hamiltonian H = ap + Bm

The mass gap in full (rm = 0) first,

A
—

. 3 g —_ - . 2’ .
pcsin g, — mc? cos g, = % 1l %V(p — k) [COS @k sin p, — (pk) sin @g, cos gop} :
1-Introduce dimensionless variables in the integral, p = ucx and k= ey,

2-define 1 such that the resulting equation does not contain any scale at all. We have
n = v ohe/c? and expand ¢, in low—momentum,

~ ——constpC ...= & _ const—£5
Spp 0 2 T 2 \/ahc+

-
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Breakdown of the expansion fory, in powers of i

The mass gap equation A, cos ¢p — By sin ¢, = 0, with
3 ", — ') . Q:’ Sy — 5
Ap:m—|—%f%‘/(p—k)smgpk, B, =p+ hf (%)3 (pk)V (p'— k) cos v

For free particles the chiral angle reduces to the free Foldy angle, go( ) — arctan %,
which diagonalizes the free Dirac Hamiltonian H = ap + Bm

The mass gap in full (rm = 0) first,

A
—

. 3 g —_ - . 2’ .
pcsin g, — mc? cos g, = % 1l %V(p — k) [COS @k sin p, — (pk) sin @g, cos gop} :
1-Introduce dimensionless variables in the integral, p = ucx and k= ey,

2-define 1 such that the resulting equation does not contain any scale at all. We have
n = v ohe/c? and expand ¢, in low—momentum,

~ ——constpC ...= T _ const—££
op =05 + 2 Vo T

As h vanishes, the chiral angle approaches the trivial solution ¢, = 0 for all p’s and, in
the limit of ~ — 0, we cease to have a low—momentum expansion of ¢,,.

-
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Breakdown of the expansion fory, in powers of i

The mass gap equation A, cos ¢p — By sin ¢, = 0, with
3 ", — ') . Q:’ Sy — 5
Ap:m—i—%f%‘/(p—k)smgpk, B, =p+ hf (%)3 (pk)V (p'— k) cos v

For free particles the chiral angle reduces to the free Foldy angle, go( ) — arctan %,
which diagonalizes the free Dirac Hamiltonian H = ap + Bm

The mass gap in full (rm = 0) first,

A
—

. 3 g —_ - . 2’ .
pcsin g, — mc? cos g, = % 1l %V(p — k) [COS @k sin p, — (pk) sin @g, cos gop} :
1-Introduce dimensionless variables in the integral, p = ucx and k= ey,

2-define 1 such that the resulting equation does not contain any scale at all. We have
n = v ohe/c? and expand ¢, in low—momentum,

~ ——constpC ...= & _ const—£5
Spp 0 2 T 2 \/ahc+

As h vanishes, the chiral angle approaches the trivial solution ¢, = 0 for all p’s and, in
the limit of ~ — 0, we cease to have a low—momentum expansion of ¢,,.

We cannot build an action S out of the string tension o and the speed of light ¢ to obtain
. 2
an expansion ¢, = & x f1(p) + £z x fa(p) + . ..
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h expansions:m # 0

. . . . 2.3 ]
® \With m # 0 things change: the classical action S ~ “—= we have an expansion

parameter (fnhC;Q and the mass—gap admits a solution in the form of a “perturbative"

series in powers of £, o, = 5.°° (U—hc>n fr ().

n=0 \ (mc2)2 mc

o -
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h expansions:m # 0

. . . . 2.3 ]
® With m # 0 things change: the classical action S ~ —=—; we have an expansion

parameter (frfé;? and the mass—gap admits a solution in the form of a “perturbative"

series in powers of £, o, = 5.°° (U—hc)n fr (2) .

n=0 \ (mc2)2 mc

» To sum it up: we have two different regimes according to the parameter m/+/c: The
spontaneous breaking of chiral symmetry is relevant for m < /o, with heavy quark
physics relevant for the opposite

o -
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Summary on V.B. transformations

The true vacuum, with the minimal vacuum energy, contains an infinite set of strongly
correlated 3 Py quark-antiquark pairs

® [0[g]) = S,[0)0 = eQ0—R0]0)g

o -
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Summary on V.B. transformations

The true vacuum, with the minimal vacuum energy, contains an infinite set of strongly
correlated 3 Py quark-antiquark pairs

® [0[g]) = S,[0)0 = eQ0—R0]0)g

® (0l¢)) =TT [0y + J5v/@iCh + 3@l | 10)o

o -
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Summary on V.B. transformations

The true vacuum, with the minimal vacuum energy, contains an infinite set of strongly
correlated 3 Py quark-antiquark pairs

® [0¢]) = S4[0)0 = 20~ R0|0)g
® (0¢]) =T |vTop + Z5v@C) + 3v/@5C57 | 0%

p

— cos? £2 — 2g5in2 22 cog2 £2 — gint 22
® wp, = cos 5> Wip = 28In” 5= cos® 5=, wgp = sin” 5

o -
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Summary on V.B. transformations

The true vacuum, with the minimal vacuum energy, contains an infinite set of strongly
correlated 3 Py quark-antiquark pairs

® [0[g]) = S,[0)0 = eQ0—R0]0)g

® (0¢]) =T |vTop + Z5v@C) + 3v/@5C57 | 0%

p

4 Pp

2 ¥%p w2p = sin N

2 %p ¥p
2 )

) COS

5 Wip = 2sin

® (0¢]l0fe]) = T, (wop +wip +wap) = 1, (0[g]|0)0 = exp [V 5, In (cos> )] — 0

V —c0

o -
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Summary on V.B. transformations

The true vacuum, with the minimal vacuum energy, contains an infinite set of strongly
correlated 3 Py quark-antiquark pairs

® [0[g]) = S,[0)0 = eQ0—R0]0)g

0l¢]) = IT |v/@op + J5 @150} + 5 @3CH | 10)0

p

4 Pp

2 %p ’LUQp:SiH N

2

2 ¥p

wip = 28In cos” 5=,

(0Lell0lg]) = T, (wop +wip +wsp) = 1, (0[]0)0 = exp [V T, In (cos® 22)] — 0

V —c0

® o o o
5
||

The V.B. transformations constitute an Abelian Group:

b b
Se | | P T R | RielRiel = Rigrel

o -
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Summary on V.B. transformations

The true vacuum, with the minimal vacuum energy, contains an infinite set of strongly
correlated 3 Py quark-antiquark pairs

® [0[g]) = S,[0)0 = eQ0—R0]0)g

2
® (0[¢]) = I1 |v/@op + Z5vTCH + 3v@2CH | 10)
p
® wo, = cos? L2, wi, = 2sin? 2 cos? £, wy, = sin® £2
® (0[4)l0le]) =TT, (wop +wip +w2p) = 1, 0l][0)o = exp |V 32, In (cos? )| — 0
® The V.B. transformations constitute an Abelian Group:
bt bt
Se | | P T R | RielRiel = Rigrel

Regardless of the particular form of the K, (x, y) these class of models have
phenomenologically nice features:

1. For massless quarks it possesses a massless pion. (As an instance of the Mass Gap )

2. It is at least qualitatively successful in describing hadronic scattering, namely the issue
of m — 7 scattering: (The Adler zeros)
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The piOﬂZAn example of Mass Gap

b, s B0+ Q)

Eik)+Elk)
h Lm;; {K) qJ_}

-0

Phys.Rev.D65:076008,2002.
P. Bicudo, S. Cotanch, F. Llanes-Estrada, P. Maris, JEFTR, A. Szczepaniak

FIG. 1. Pion Salpeter equation. In terms of the Dirac matrices 3 and &, the projection operators for the quar]x propagator,
with momentum k, are AT = {1+ =m(g)3 + cos{@)o - k}-"? and denoted in the figure by {+,—}. Note that & iz consistent
with the normalization condition, Eq. ([}, and should contain the cluster propagators obtamned after integrating the guark
propagator energy, E,. This is the reason the propagator cuts are displayed in the Agure. Two such cluster propagators are

needed for the two @7 s but only one 1s generated per integration loop. This necessitates multiplying and dividing the diagrams
by the missing cluster propagator leading to the factors +m, + E, + E; appearing in the diagram.

-
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EXxotic versus non-exotiCi-r scattering

A pictorial description of the Weinberg formula for the scattering lengths of pions. We have,

mﬂ m
m v
\ WH I W mﬂ_’

N
Wy

o -
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EXxotic versus non-exotiCi-r scattering

A pictorial description of the Weinberg formula for the scattering lengths of pions. We have,

mﬂ m
m +
\ WH I W mﬂ_’

N
Wy

| Attractive

o -
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EXxotic versus non-exotiCi-r scattering

A pictorial description of the Weinberg formula for the scattering lengths of pions. We have,

mﬂ m
m +
\ WH I W mﬂ_’

N
Wy

| Attractive

o -
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EXxotic versus non-exotiCi-r scattering

A pictorial description of the Weinberg formula for the scattering lengths of pions. We have,
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Macroscopic properties of a replica-filled domain

® The full internal-energy density e(T') = evac(T) + €, (T). of a macroscopic domain
whose quantum states are built on top of a replica goes as follows
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Macroscopic properties of a replica-filled domain

® The full internal-energy density e(T') = evac(T) + €, (T). of a macroscopic domain
whose quantum states are built on top of a replica goes as follows

O .. (T)=cr(T)—eo(T) : the difference of the internal-energy density of the excited
vacuum, corresponding to a replica state inside the domain, and the internal-energy
density of the unexcited vacuum outside the domain
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Macroscopic properties of a replica-filled domain

® The full internal-energy density e(T') = evac(T) + €, (T). of a macroscopic domain
whose quantum states are built on top of a replica goes as follows

O .. (T)=cr(T)—eo(T) : the difference of the internal-energy density of the excited
vacuum, corresponding to a replica state inside the domain, and the internal-energy
density of the unexcited vacuum outside the domain

® The internal-energy density of the unexcited vacuum has the form

1 b

M) =7 "33 (G?). + (mu + ma) ().,
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Macroscopic properties of a replica-filled domain

The full internal-energy density (T") = evac(T) + € (7T'). of a macroscopic domain
whose quantum states are built on top of a replica goes as follows

evac(T) = er(T) — eo(T) : the difference of the internal-energy density of the excited
vacuum, corresponding to a replica state inside the domain, and the internal-energy
density of the unexcited vacuum outside the domain

The internal-energy density of the unexcited vacuum has the form

1

eo(T) = + {— ’

3272

(62} + (o ma) (50)

Use the known temperature-dependent gluonic and chiral condensates, which at
temperatures T' < m, of interest read

(6 = (6 - 20Ty (T2), (o) = (o) [1 - s ().
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Macroscopic properties of a replica-filled domain

The full internal-energy density (T") = evac(T) + € (7T'). of a macroscopic domain
whose quantum states are built on top of a replica goes as follows

evac(T) = er(T) — eo(T) : the difference of the internal-energy density of the excited
vacuum, corresponding to a replica state inside the domain, and the internal-energy
density of the unexcited vacuum outside the domain

The internal-energy density of the unexcited vacuum has the form

1

eo(T) = + {— ’

3272

(62} + (o ma) (50)

Use the known temperature-dependent gluonic and chiral condensates, which at
temperatures T' < m, of interest read

(6 = (6 - 20Ty (T2), (o) = (o) [1 - s ().

Using the Gell-Mann—Oakes—Renner relation we have

co(T) = e0(0) + 22T g (=,

where we used the expansion S, () = Ky (ne)
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Macroscopic properties of a replica-filled domain

® For the internal-energy density of the excited vacuum (GMOR rules), we must have an
expression similar:
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® For the internal-energy density of the excited vacuum (GMOR rules), we must have an
expression similar:
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Macroscopic properties of a replica-filled domain

For the internal-energy density of the excited vacuum (GMOR rules), we must have an
expression similar:

82 T
o) = e+ 2 [y (Tm) —mi sy (22)].

Neglect the outer temperature with respect to the temperature inside the domain (
neglect the outer pressure). Then the pressure of the relativistic pionic gas inside the
domain reads:
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Macroscopic properties of a replica-filled domain

For the internal-energy density of the excited vacuum (GMOR rules), we must have an
expression similar:

82 T
o) = e+ 2 [y (Tm) —mi sy (22)].

Neglect the outer temperature with respect to the temperature inside the domain (
neglect the outer pressure). Then the pressure of the relativistic pionic gas inside the
domain reads:

3m2 T2 m
7) = Ml g, (M),
pr(T) o2 2 T

Use standard thermodynamics ¢, (T') = pog—}T) — pr(T). to obtain at temperatures

T<<m7r
3Tm?3 mar
e(T) ~¢e — ™K (—)
(T) 872 L\
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Macroscopic properties of a replica-filled domain

® For the internal-energy density of the excited vacuum (GMOR rules), we must have an
expression similar:

872 T
9o
et = I o5 (75) s ()]

® Neglect the outer temperature with respect to the temperature inside the domain (
neglect the outer pressure). Then the pressure of the relativistic pionic gas inside the
domain reads:

3m2 T2 m

7) = Ml g, (M),

pr(T) o2 2 T
® Use standard thermodynamics €, (T) = pog—}T) — pr(T). to obtain at temperatures
T < myg

3Tm?3 mar

e(T) ~e— K (—) :
M=e- g K7

mrp, = 250 MeV, (YPip)g = —(100 MeV)3, &~ (250 MeV)?%, m, = 140 MeV we plot
these quantities. Up to the temperatures ~ 20 MeV we can disregard hadronic contributions

o -

OCD Relics of Astronhvsical Relevance — p. 27/



Macroscopic properties of a replica-filled domain
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Macroscopic properties of a replica-filled domain
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Macroscopic properties of a replica-filled domain
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Macroscopic properties of a replica-filled domain
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The mass of a replica-filled domain grows with
the volume as ¢ x V()| so that the problem of
stability with respect to the gravitational collapse
becomes relevant.
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the volume as ¢ x V()| so that the problem of
stability with respect to the gravitational collapse
becomes relevant.
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Gravitational field of a spherical object with constant enegy density

® Assume that the matter forming a star is a perfect fluid: This implies the
energy-momentum tensor of the form T = (p + e)utu” — pgh¥, with u*(z) being the
four-velocity of the fluid, such that g,,, u*u” = 1.
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Gravitational field of a spherical object with constant enegy density

® Assume that the matter forming a star is a perfect fluid: This implies the
energy-momentum tensor of the form T = (p + e)utu” — pgh¥, with u*(z) being the
four-velocity of the fluid, such that g,,, u*u” = 1.

® In the local rest frame of the fluid, where u,, = (1/go0, 0), the energy-momentum tensor
is diagonal:

", = (p+ e)utu, — pd* , = diag (e, —p, —p, —p).
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Gravitational field of a spherical object with constant enegy density

f.o

Assume that the matter forming a star is a perfect fluid: This implies the
energy-momentum tensor of the form T = (p + e)utu” — pgh¥, with u*(z) being the
four-velocity of the fluid, such that g,,, u*u” = 1.

In the local rest frame of the fluid, where uv,, = (1/900, 0), the energy-momentum tensor
is diagonal:

", = (p+ e)utu, — pd* , = diag (e, —p, —p, —p).

Outside the star we get the Schwarzschild metric

a(r) = —=b(r) = In ( — T—g)
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Gravitational field of a spherical object with constant enegy density

® Assume that the matter forming a star is a perfect fluid: This implies the
energy-momentum tensor of the form T = (p + e)utu” — pgh¥, with u*(z) being the
four-velocity of the fluid, such that g,,, u*u” = 1.

® In the local rest frame of the fluid, where u,, = (1/go0, 0), the energy-momentum tensor
is diagonal:

", = (p+ e)utu, — pd* , = diag (e, —p, —p, —p).

® Outside the star we get the Schwarzschild metric

a(r) = —=b(r) = In ( — T—g)

Tr

® Forr < R, we have M(r) = 4 [ dr'r’?¢(r’). The Einstein equation
Ry — 2R = 8rGTY ( can be written as

b /b 1 1
e_(___)+_=87ra€.

r dr r r2
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Gravitational field of a spherical object with constant enegy density

® Assume that the matter forming a star is a perfect fluid: This implies the

o

energy-momentum tensor of the form T = (p + e)utu” — pgh¥, with u*(z) being the
four-velocity of the fluid, such that g,,, u*u” = 1.

In the local rest frame of the fluid, where uv,, = (1/900, 0), the energy-momentum tensor
is diagonal:
T, = (p + e)ufuy, — pot , = diag (e, —p, —p, —p).

Outside the star we get the Schwarzschild metric

a(r) = —=b(r) = In ( — T—g)

Tr

For r < R, we have M(r) = 4 [ dr'r"?¢(r’). The Einstein equation
Ry — 2R = 8rGTY ( can be written as

b /b 1 1
e_<___)+_=87ra€.

r dr r r2

The function a(r) inside the star can be found from the covariant conservation of the
energy-momentum tensor, V,,T#" = 0,

~0up - 9" + O [(p + )utu’] + (p + ) (T4, w u? + TK ,uv) =0,
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Gravitational field of a spherical object with constant enegy density

® Assume an hydrostatic-equilibrium condition, yielding

Oul(p + e)uru?] = do[(p + €)uu’] = 0. We get dli}% = -2 %.
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Gravitational field of a spherical object with constant enegy density

® Assume an hydrostatic-equilibrium condition, yielding

Oul(p + e)uru?] = do[(p + €)uu’] = 0. We get dh;% = -2 %.

® The solution is goo(r) = goo(R) - exp [2 IR dr dl;/Td;'] L goo(R) =1— "2

a(r) = Ingoo(r). b(r) and a(r) interpolate smoothly » < R and » > R.

. We have

=

-
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Gravitational field of a spherical object with constant enegy density

® Assume an hydrostatic-equilibrium condition, yielding

Oul(p + e)uru?] = do[(p + €)uu’] = 0. We get dh;% = -2 %.

® The solution is goo(r) = goo(R) - exp [2 er dr’ d];/Td:] , goo(R) =1 — %, We have

a(r) = Ingoo(r). b(r) and a(r) interpolate smoothly » < R and » > R.

® The equation for p(r) can be obtained from the Einstein equation
R'1 — 2R =8nGT! 1, thatis

d 1 1
a — e? (— —|—87rG’rp> — —.
r

dr r
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Gravitational field of a spherical object with constant enegy density

® Assume an hydrostatic-equilibrium condition, yielding

Oul(p + e)uru?] = do[(p + €)uu’] = 0. We get dh;% = -2 %.

® The solution is goo(r) = goo(R) - exp [2 fTR dr’ d];/Td:] , goo(R) =1 — %, We have

a(r) = Ingoo(r). b(r) and a(r) interpolate smoothly » < R and » > R.

® The equation for p(r) can be obtained from the Einstein equation
R'1 — 2R =8rGT" 1, thatis

d 1 1
2ot <— —|—87rGrp> — —.
dr r r
® That yields the so-called Tolman—-Oppenheimer—Volkoff equation for p(r):

dp  GeM 26 M\ ~1 D < 47T’r‘3p>
— = 1 — 1 — 1 )
dr r2 < r ) ( + g) + M

Together with % = 4mr2e and the equation of state, they form a set of three equations
for the three unknown functions: p, ¢, and M.
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Gravitational field of a spherical object with constant enegy density

® Assume an hydrostatic-equilibrium condition, yielding

Oul(p + e)urur] = 8o[(p + €)uluP] = 0. We get 412900 — g dpidr,

® The solution is goo(r) = goo(R) - exp [2 fTR dr’ d];/Td:] , goo(R) =1 — %, We have

a(r) = Ingoo(r). b(r) and a(r) interpolate smoothly » < R and » > R.

® The equation for p(r) can be obtained from the Einstein equation
R'1 — 2R =8rGT" 1, thatis

d 1 1
2ot <— —|—87rGrp> — —.
dr r r
® That yields the so-called Tolman—-Oppenheimer—Volkoff equation for p(r):

dp  GeM 26 M\ ~1 D < 47T’r‘3p>
— = 1 — 1 — 1 )
dr r2 < r ) ( + g) + M

Together with % = 4mr2e and the equation of state, they form a set of three equations
for the three unknown functions: p, ¢, and M.

B |n the particular case € = const with the boundary condition p(R) = 0 we can define an

. . . . 1
upper limit for the star radius: R < —=
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Conclusions

® \We put forward a conjecture that the domains of coherently excited pions could have
been created in the early Universe.
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Conclusions

We put forward a conjecture that the domains of coherently excited pions could have
been created in the early Universe.

Such domains are hot (as the estimates made in this paper remain valid up to
temperatures of order 20 MeV) and stable against the gravitational collapse up to the
maximum radius of about 14 km
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Conclusions

® We put forward a conjecture that the domains of coherently excited pions could have
been created in the early Universe.

® Such domains are hot (as the estimates made in this paper remain valid up to
temperatures of order 20 MeV) and stable against the gravitational collapse up to the
maximum radius of about 14 km

® Moreover, since the decay width of the coherent pionic states into photons is quite small
" 2
['(r — yy) - %ﬁégﬁ TZ;W ~ (.17 eV these domains cannot evaporate by means of the
™R
electromagnetic radiation
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Conclusions

We put forward a conjecture that the domains of coherently excited pions could have
been created in the early Universe.

Such domains are hot (as the estimates made in this paper remain valid up to
temperatures of order 20 MeV) and stable against the gravitational collapse up to the
maximum radius of about 14 km

Moreover, since the decay width of the coherent pionic states into photons is quite small
" 2
['(r — yy) - %ﬁég TZ;W ~ (.17 eV these domains cannot evaporate by means of the
™R
electromagnetic radiation

Since one can also argue for the stability of the coherent pionic states against the strong
and weak decays, such encapsulated domains can have had a chance to survive till the
present time, remaining however dark to external observers.

-

-
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