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1. Introduction

current status and homework of nucleon spin problem

1 1
. EAZQ + Ag + Orbital Angular Momenta ?

(1) A :  fairly precisely determined ! (~ 1/3)
(2) Ag . likely to be small , but large uncertainties
4

[What carries the remaining 2/ 3 of nucleon spin ?}

quark OAM ?  gluonspin?  gluon OAM ?
4

To answer this question unambiguously, we cannot avoid to clarify

» What is precise definition of each term of the decomposition ?
» How can we extract individual term by means of direct measurements ?

especially controversy is orbital angular momenta !



2. Model-dependent insight into the OAM inside composite particle

(A) some examples from nuclear physics

« magnetic moments of closed shell 4+ 1 nuclei

e+ g“ j=1+3
HSchmidt %[(l ) %g(s)] j:l—%)

g - orbital g-factor
g(s) . spin g-factor

[ < orbital angular momentum

OAM plays important role, but the concept is model-
dependent, since it holds only within “Shell Model”

magic number

e 1pyy2 2

p—— 1ps/2 4

1s ——- 131/2 2

Shell Model s.p. orbits



* magnetic moment of deuteron (in the simplest approximation)

3 1 .
g = Wp + pn — EPD (,(Lp+,(5n,—§), Pp  D-state probability

S- and D-state probabilities

®@] oo
Pg =/O w?(r)r?dr, Pp =/0 w?(r) r? dr

deuteron w.f. and Schrodinger eq.

S —~
ba(r) = [um + 1j(§r)w(r>] Jie
2
!_s_ﬂ)A + Vcentfral(r) + WBHSOT(T)] wd(r) — Edwd(r)

angular momentum decomposition of deuteron spin

(J3) = (Lz) + (S3)
= EPD+ (PS_EPD) = Ps + Pp = 1!
2 p) '



Several obstacles of this simple thought are

relativistic corrections, meson exchange currents, .....

Most serious is the fact that the D-state probability is not direct observable !

* R.D. Amado, Phys. Rev. C20 (1979) 1473.
» J.L. Friar, Phys. Rev. C20 (1979) 325.

& The “interior” of a bound state w.f. cannot be determined empirically.

& 2-body unitary transformation arising in the theory of meson-exchange
currents can change the D-state probability, while keeping the deuteron
observables intact.

& The D-state probability, for instance, depends on the cutoff A of
short range physics in an effective theory of 2-nucleon system.
« S.K. Bogner et al., Nucl. Phys. A784 (2007) 79.
Y

See the figure in the next page !




Deuteron D-state probability in an effective theory
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Fig. 57. D-state probability Py (left axis), binding energy Ey (lower right axis), and asymptotic D/S-state ratio ny (upper right axis) of the deuteron as a
function of the cutoff [6], starting from (a) the Argonne v;5 [18] and (b) the N*LO NN potential of Ref. |20] using different smooth Vi, regulators. Similar
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(B) examples from nucleon structure

TMD distribution predicted by the Chiral Quark Soliton Model (CQSM)

So far, only the iso-singlet combination of unpolarized TMD was calculated.

FUTd(z k) : M. W., Phys. Rev. D79 (2009) 094028.

A prominent feature of the CQSM prediction is self-evident from the shape of
x-distribution obtained after integrating over the transverse momentum k; .

15

fet ()

A ol 7 valence
A2k
ey = [ = k)
(2)
a dominant role of vacuum-polarized Jof  Positivityof | a(2) = —a(-2)]
Dirac-sea quarks in the small & region ! antiquark dist.
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Test of factorized ansatz (k* ) in dependence of &
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cr =0 guark
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dek k2 f”+d(.}i k)
fdzk j””(.r, k)

.41

(k5 (x)) =

(k% (x)) [GeV7
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0.0

draStiCa”y broken ! S0 05 []%n o5
average transverse momentum (square) for quarks and antiquarks
(k7)€ = 0.224 GeV?,

(k3 )2 = 0.445 GeV?,
antiquarks have larger extension in k| -distribution !

large contribution to the z-component of OAM L, ?
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quark and antiqguark OAM distribution in CQSM
« M.W. and T. Watabe, Phys. Rev. D62 (2000) 0540009.
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o quarks and antiquarks with small Bjorken x carry sizable amount of OAM !

Unfortunately, highly model-dependent statement !



More on the relation between TMD distributions and OAM

« Strong correlation between Sivers function and GPD E(x, &,t)

q(m k%) < e(z, b3 ) : M. Burkardt (2002)
caution !

& naive T-odd Sivers function vanishes without FSI !

& on the other hand, GPD E(x, &, t) exists irrespectively of FSI !

average transverse momentum of an unpol. quark In a transversally pol. target

qyt 2 €] kj S_kL Lg
(kT (z))yr = /d k1 kJ_ f1T(T k7 )
4 "y sk
~ 2 Gt ( Ei g q
~ —I—/de_I (2,b1) =L (€%(2,3))’
gl(x,b3) = %5‘?(:5 b2) : impact parameter rep. of E9(x,£,t)
1L
I‘ff‘j(:z;._bL) . lensing function (effect of FSI due to gluon )

[ Final state interactions mix into the relation in a model-dependent way ! }




A quantity, which has closer connection with OAM in the nucleon

& pretzolosity distribution ( T-even, chiral-odd TMD distribution )

(’ﬁ : S) [M? ?i]
M

O(z,ky,8) o fie k) o+ 17(z, k7)

in MIT bag model (later, also in scalar diquark model)

e H. Avakian et al., Phys. Rev. D78, 114024 (2008).

k3
p{Dtg) = St kD) Pk = gi(x) — ni(@)

/h(l?lq(x) de = Aq — Apq = (axial charge) — (tensor charge)

 pretzolosity gives a measure of relativistic effects or quark OAM !

e it also gives a measure of the deviation from spherical shape of the nucleon !

e G.A. Miller, Phys. Rev. C68, 022201 (2003).



More direct statement is possible in MIT bag model.

e H. Avakian et al., arXiv : Phys. Rev. D81 (2010) 074035.
q __ (1)Lgq — 2k k k
~ LY = fda:th (z) = /d:;c/d Lo i L9, k2)

by measuring pretzolocity - A?};‘f%_@) = quark OAM ?

The above relation can easily be deduced from the previous relation
/ h(ltlr)Lq(:L‘) dr = Aq — A7pq

In fact, from the ground state w.f. of MIT bag model

1/)9.3. — ( fE’T')Xs )

o -7 g(r)xs
we have

Aq = /{[f(,,.)]2 - %[g(?")]2}fr2dr . axial charge
/

{[f(’a")]2 + %[g(?“)]z}'rzdfr . tensor charge



From these

_ _ 2 2 2
Aqg— Apq = 3 f[g(v‘)] r<dr
On the other hand
Lg'? = % — %Aq
= S [{UOP + @R} 2ar — 2 [ {U@R -SR] 2
>
= 2 [LmPr2a <

Angular momentum decomposition of the nucleon spin in MIT bag model

(L3) + %(Z3>

2P—|—1<P 1P)
3 r > \'° 3 F
1 1
S (P Pp) = = |
2(8‘|‘ ) 5

(J3)



& MIT bag model is not a good model of bound state of nearly zero-mass quarks !

e importance of chiral symmetry
e clouds of Goldstone pions
 breakdown of SU(6)-like picture

More serious would be the neglect of gluon degrees of freedom, which are
widely believed to carry sizable amount of nucleon momentum fraction.

& Inany case, one should clearly recognize the fact that, even in much simpler
bound system like the deuteron, the D-state probability or the OAM content is
not direct observable !

& | point out that the OAM, which we were talking about so far, is an
expectation value of “canonical OAM operator” between some Fock-state

eigenvectors !

& The canonical momentum and canonical OAM are fundamental ingredients of
quantum mechanics and quantum field theory. However, whether they
correspond to direct observables is a totally different story !



3. Model-independent extraction of quark & gluon OAM in the nucleon

Two popular decompositions of the nucleon spin

Jaffe-Manohar

common

1 1
Jocp = /wTEEdex Jocp = /¢T§E¢d3w
1
+ /wmxlvwd% + fwTinDwd%
{/

E%x A%d®
+ ./ | :c. — /azx(EaxBQ)d3m
+ /EmmeAmd?’x

Each term is not separately gauge-invariant! ~ No further decomposition of Jj9 !



Two popular decompositions of the nucleon spin (continued)

Jaffe-Manohar Ji
common

different

N

An especially important observation is that, since
L9 = @
one must conclude that

Ag + £9 = J9




New gauge-invariant decomposition by Chen et al.
X.-S. Chen et al., Phys. Rev. Lett. 103, 062001 (2009) ; 100, 232002 (2008).

The basic idea

_AM
AM Aphys + Agm"e
with
F%i/re = oV Apure 8UAgure_ig[AgureaAgure] = 0

and

At (@) = U@) A, (2) U= (@)

pure(m) — U(=) ( pure(m) __3I~L) U_l(x)
Answer

1
Joop = [¥158vds + [¢lax (p—gAme) pds

+ /E“xAphysd?’ + /Eaﬂ(mxv)A
= 81+ 7+ 89 + LY

3
physd T

» Each term is separately gauge-invariant !
* It reduces to the gauge-variant Jaffe-Manohar decomposition in a special gauge !

pr*e = 0, A= Aphyg



Chen et al. also advocated the following decomposition of linear momentum

1 . .
where
V—-1ig Apufrea Dpu’re = V —uig [ Apu’r’ea ]

Dp’u,fr’e
This decomposition is different from the standardly-accepted decomposition
1
Pocp = fszEngd?’x n /E x Bd3z

and they claim that it leads to the following nonstandard prediction for the
asymptotic values of quark and gluon momentum fractions :

lim ()@ = 20y "Z° 082
Q2 — o0 1y + 3n -
29 f
1 =6
im (z)9 = 29 SR RT:
2 1 _ '

However, this claim is probably wrong, as we shall discuss later !



In a recent paper (M.W., Phys. Rev. D81 (2010) 114010), we have shown that the
way of gauge-invariant decomposition of nucleon spin is not necessarily unique,
and proposed another gauge-invariant decomposition :

Jocp = S + LT + S§Y + LY
where 1
q9 — = 3
§1 = f¢ ~Syds
L1 = ]wa(p—gA)d)dSw

SY9 = / E* x A%, . d “potential angular momentum™

L9 — fE“J(::ch)A Bz + /p (@ x A%, ) d3a

e The quark part of our decomposition is common with the Ji decomposition.

phys

* The quark and gluon intrinsic spin parts are common with the Chen decomp.
A crucial difference with the Chen decomp. appears in the orbital parts
LY + L9 = L['T + LY
LI-1Y9 = —(L1-1L'Y = / p% (x X Aphys) Al

The QED correspondent of this term is the orbital angular momentum carried by
electromagnetic field, appearing in the famous Feynman paradox in his textbook.



An arbitrariness of the spin decomposition arises, since this potential angular
momentum term is solely gauge-invariant !

/pa:.r: x A%, A3z = g / V(@) @ % Appys(z) Y(@) d3a
— gauge invariant

since
Aphys(w) — UT(QJ) Aphys(x) U(:B)

WT(x) — (@), wx) = U@)y(x)

This means that one has a freedom to include this potential OAM term into the
quark OAM part in our decomposition, which leads to the Chen decomposition.

L7 (Ours) 4 potential angular momentum
/ Q,Z)TLB X (p—gA)?,de:U + g / Q/)TQJ X A'physd)d353

[ vtex @ -g A pd®s = L'%(Chen)



A short review of the Feynman paradox

. .  of wi
1. Initially, the disk is at rest. pattery coil or wire

2. Shut off the electric current at some moment.

Question

Does the disk begin to rotate, or olastic disk B‘;ﬁ;ged metal
does it continue to be at rest ?

Answer (A)

& Since an electric current is flowing through the coll, there is a magnetic flux
along the axis.

& When the current is stopped, due to the electromagnetic induction, an electric
field along the circumference of a circle is induced.

& Since the charged metal ball receives forces by this electric field, the disk
begins to rotate !



Answer (B)

& Since the disk is initially at rest, its angular momentum is zero.

& Because of the conservation of angular momentum, the disk continue
to be at rest !

2 totally conflicting answers !

[ Feynman’s paradox}

The paradox is resolved, if one takes account of the angular momentum carried
by the electromagnetic field or potential generated by an electric current !

Lem = /TXpAd3r

The answer (A) is correct !



Covariant extension of gauge-invariant decomposition of nucleon spin
« M. W.,, Phys. Rev. D83 (2011) 014012.

covariant generalization of the decomposition has twofold advantages.

(1) Itis essential to prove Lorentz frame-independence of the decomposition.

(2) It generalizes and unifies the nucleon spin decompositions in the market.

Basically, we find two essentially different decompositions (1) and (II) .

Decomposition (1) Decomposition (ll)

Bashinsky-Jaffe

Jaffe-Manohar




The starting point is again the decomposition of gluon field, similar to Chen et al.

AP = AF + Abure

phys

Here, we impose only the following quite general conditions.

wo — v v — —
F[ﬁw e = OF Apure —0 Agure —tg [Agurea pure] = 0
and

() = Uz) AL, (2) U (a)

phys

pure(x) — U(x) ( pu*re(gc) _§ 8“) U_l(x)

phys

« As already mentioned, these conditions are not enough to fix gauge uniquely !

» However, the point of our argument is that we can postpone a concrete
gauge-fixing until later stage, while accomplishing a gauge-invariant
decomposition of A/#** based on the above general conditions only.

Again, we find the way of gauge-invariant decomposition is not unique.

decomposition (1) & decomposition (1)



Gauge-invariant decomposition (I1) : covariant generalization of Chen et al’s

UUA JUDN U7 JUD D
Mocp = MyZgpin + MZ0am + My_gpin + My_oaum
+ boost 4 total divergence
with
Tuv A _ 1 Ao T
MQ—spin Y e ) v v 1)
I A - e\ \ -
Mqlf/OAM 'Qb 'Yu ( r" i Dpu-r’e — XL D;u-r*e ) Q,L'
) A AV UV AN
Mg—spin 2°Tr { P phys FH Aphys}
TP

This decomposition reduces to any ones of Bashinsky-Jaffe, of Chen et al., and
of Jaffe-Manohar, after an appropriate gauge-fixing in a suitable Lorentz frame,
which means that !

They are not recommendable decompositions, however, because the quark and
gluon OAMs in those do not correspond to known experimental observables !



Gauge-invariant decomposition () : our recommendable decomposition

U\ VA UV UV LU
M - Mq spin - M —0OAM + Mg spin T Mg OAM

+ boost + total divergence

q_Spin - pr,i'/')\ //

full covariant derivative

<
i~
<
>

A i . : v A
MSEOAM = PpA*(2¥iDN — 2MiDV)y £ Mq‘tiVOAM
LU A . Tw A
Mg—spin - Mg—spin
A s
M "5 | = My oan| T+ 2Tr[(Da F*) (2" Ay — @™ AV )]

i}

generalized potential OAM term !

The superiority of this decomposition is that the quark and gluon OAMs
In this decomposition can be related to experimental observables !



[Digression] decomposition of linear momentum fraction

e 1" i

(1) standard S (41 iDY 44V i DMy 2 Tr[FHre FY]
+ 59" Tr F2

(2) Jaffe-Manohar %,@ (YHid” ++7i0") ¢ —Tr[FF* 9" Aq + FYY0H Ay ]
+ 5" Tr F2

(3) Chen et al.

J’ (yHi D;gu?‘e + 97 Dﬁhﬂ'e) P = Tr[Fre D;lb;ure Am?ﬁhys + £ Dﬁ“*‘e ﬂ'e;ﬂhys]

b=

+ 5 g Tr F2

(4) Ours

UMDY +47iDMY ey = Tr[FRDY Ag ohys + F Dhure Ag phys )
- — Tr[ Dy FH A;hys + Do F¥® Aghys ]

generalized potential momentum term ! + % g Tr F2




What do these decompositions mean for the momentum sum rule of QCD ?

Take light-cone (LC) gauge (A"‘ =0)

Ah o= 0, Ab,. — 0
Dt = ot —igA™ — ot DF,. = ot —igAt,. — of

FTe = 9T A — 92 AT 4 g[AT, AY] — o1 A°
7++ component in any of the 4 decompositions then reduce to
T = gl oty + Tr(9TA))?

Interaction-dependent part drops in the LC gauge and infinite-momentum frame !

Thus, from - Jaffe -

(Poo |TTF | Po) /2(PE)? = 1

we obtain the standard momentum sumrule of QCD : (z)? + (z)? = 1

Even Chen decomposition gives the standard sum rule, contrary to their claim !




The point is that the difference between
1 -
Tt = 51/;(7""@8“" +~4Ti0T )y : canonical momentum
1 - : : .
Tj"‘ = §¢(7+1D++7+@D+ )y : dynamical momentum
does not appear in the longitudinal momentum sum rule, since AT = 0 !

However, this is not the case for the angular momentum sum rule.

In fact, the difference between

1 -

Mé"ngM — Eqp’y“(a:“iﬁ)‘—l—x’\ié’“)w ©canonical OAM
1 —

Mgf?)AM = E@bf}/”(m“iD}‘—l—w}‘z‘D”)w - dynamical OAM

does not vanish even in LC gauge and IMF, since

12 12 -
M(;F—OAM - M(;i_OAM = gy T (a1 AT — 22 Al)y

physical components, which cannot be transformed
away by any gauge transformation !



This is also clear from a “toy model” analysis of

e M. Burkardt and Hikmat BC, Phys. Rev. D79, 071501 (2009).

Using
scalar diquark model & QED and QCD to order o

they compared the fermion OAMs obtained from Jaffe-Manohar decomposition
and Ji decomposition.

In our terminology, these two fermion OAMs are nothing but

canonical OAM & dynamical OAM
[Their findings]

2 decompositions give the same fermion OAMs in scalar diquark model,
but they do not in QED and QCD (gauge theories).

« x- distribution of fermion OAMs are different even in scalar diquark model.

e In QED and QCD at order o,

L¢(Ji) — Lf(Jaffe-Manohar) = e < 0 : (QED)
T

L1(Ji) — L9(Jaffe-Manohar) =— _;Y_S < 0 : (Qcp)
U

[Unfortunately, these conclusions are heavily model-dependent ! }




An important lesson is that one should clearly distinguish two kinds of OAMs :
canonical OAM (or its nontrivial gauge-invariant extension) & dynamical OAM

the difference of which is nothing spurious, 1.e., physical !

The following shows a power balance of supporters of two kinds of OAMSs :

e N - A

canonical OAM party dynamical OAM party

* Jaffe-Manohar

' o Ji
« Bashinsky-Jaffe < >
e Chen et al. iyt Wakamatsu

e Cho et al. K /
\  eader / e ~

Neutral party

e Burkardt-BC
\ J




« Superiority of the decomposition (1)

The key relations are the following identities, which hold in our decomposition (1) :

: VA ANy ) )
quark : z” Ty, e Ty = My "L, T Mq_OAM

—+ total divergence

and

. V A A v _ LA )
+ total divergence
with
Toep = T4 + T/ :  Belinfante tensor

Evaluating the nucleon forward M.E. of the (uv\) = (012) component (in
rest frame) or (purA) = (4+12) component (in IMF) of the above equalities,
we can prove the following crucial relations :



For the quark part

L, = + /ll 2 [H%2.0,0) + E%z,0,0)]ds — 1/1 Aq(z) da
q — 2(_1 g y Sy My o 2 1 q
1
= Jqg — EAQ‘
— (PT|M010AM|PT>
with
~ 1) 3
1 Y (e X =V )Y
MO 4y = gb(:cx—_D)Sgb +~ i ! )
2 Y :Bx?Dpwe) W

In other words

the quark OAM extracted from the combined analysis of GPD and polarized PDF
Is “dynamical OAM” (or “mechanical OAM”) not “canonical OAM” |

This conclusion is nothing different from Ji’s claim !



For the gluon part (this is totally new)

1 r1 1
Ly = 5/1 2 [H9(2,0.0) + E%z.0,0)]de — /1 Ag(z) da
= Jg — Ag

(p1 |M010AM [p 1)

with

M3y = 2Tr[E! (z x Dpure)3A§hys] . canonical OAM

+ 2Tr[p(x X Appys)>] . potential OAM term

The gluon OAM extracted from the combined analysis of GPD and polarized PDF
contains “potential OAM” term, in addition to “canonical OAM” !

It is natural to call the whole part the gluon “dynamical OAM™ .



[A natural next question is why the dynamical OAM can be observed ? }

« motion of a charged particle in static electric and magnetic fields

(See the textbook of J.J. Sakurai, for instance.)

E = —-V¢y, B = VxA
Hamiltonian

H = 21(1Dez4)2 + e¢
Heisenberg equation

= e H] = BE2S
One finds

IT déf md—$ = p—ecA # p

dt
II : mechanical (or dynamical) momentum

p . canoninal momentum



Equation of motion

2 II 1 /d d
dt2 dt 2 \ dt dt

& What appears in Newton’s equation of motion is dynamical momentum TI1
not canonical one.

& “Equivalence principle” of Einstein dictates that the “flow of mass” can in
principle be detected by using gravitational force as a probe.

& As a matter of course, the gravitational force is too weak to be used as a
probe of mass flow in microscopic system.

& However, remember that the 2nd moments of unpolarized GPDs are also
called the gravito-electric and gravito-magnetic form factors.

& The fact that the dynamical OAM as well as dynamical linear momentum
can be extracted from GPD analysis is therefore not a mere accident !



A final comment concerning quantum-loop effects

general reasoning deduced from the widely-accepted decomposition :

% = Jg + Jag
N/
both gauge-invariant and measurable !
quark part (transparent)

AY : gauge-invariant and measurable !

= Lg = Jg — %AZ - gauge-invariant and measurable !

gluon part (delicate)

[ logical conclusion }
If AG isreally gauge-invariant and measurable ! /

= Lo = Jg — AG : gauge-invariant and measurable !

[ key question }

Is AG is really gauge-invariant ?



In fact, it was sometimes claimed that AG has its meaning only in the LC gauge
and in the infinite-momentum frame (IMF).

More specifically, in
* P. Hoodbhoy, X. Ji, and W. Lu, Phys. Rev. D59 (1999) 074010.
they claim that A G evolves differently in the LC gauge and the Feynman gauge.

However, the gluon spin operator used in their Feynman gauge calculation is
M2 = 2Tr[FtlA? — Ft2al]

—spin

which is delicately different from our gauge-invariant gluon spin operator

+12 +1 4 +2 41
M2, = 2Tr[FTtas o — FT24l ]

The problem is how to introduce this difference in the Feynman rule of evaluating
1-loop anomalous dimension of the quark and gluon spin operator.

This problem was attacked and solved in our latest paper

e M. W, arXiv : 1104.1465 [hep-ph].



& We find that the calculation in the Feynman gauge (as well as in any covariant
gauge including the Landau gauge) reproduces the answer obtained in the LC
gauge, which is also the answer obtained by the Altarelli-Parisi method.

Our finding is important also from another context.

& So far, a direct check of the answer of Altarelli-Pasiri method for the evolution
equation of A G within the Operator-Produce-Expansion (OPE) framework
was limited to the LC gauge calculation, because it was believed that there is
no gauge-invariant definition of gluon spin in the OPE framework.

& This is the reason why the question of gauge-invariance of AG has been left
in unclear status for a long time !

& Now we can definitely say that the gauge-invariant gluon spin operator appearing
In our nucleon spin decomposition (although nonlocal) certainly provides us with
a satisfactory operator definition of gluon spin operator (with gauge invariance),
which has been searched for nearly 40 years.



4, Summary

& We have discussed the OAM in composite particles, with particular emphasis
upon the existence of two kinds of OAM, i.e.

canonical OAM & dynamical OAM
and also

canonical momentum & dynamical momentum

& The canonical momentum is certainly a fundamental ingredient in theoretical
framework of quantum mechanics and quantum field theory, but whether it
corresponds to an observable is a different thing !

& In fact, we have shown that the dynamical OAM of quarks and gluons in the
nucleon can in principle be extracted model-independently from combined
analysis of GPD measurements and polarized DIS measurements.

& This means that we now have a satisfactory theoretical basis toward a complete
decomposition of the nucleon spin, which is a strongly-coupled relativistic
bound state of quarks and gluons.



& One must recognize that this is an exceptionally fortunate situation, which has
never been observed for other composite system like atomic nuclei.

& Undoubtedly, we must thank Buddha (and also Xiandong Ji) for this boon !




[Backup Slides] A simplified model of Feynman paradox

* J.M. Aguirregabiria and A. Hernandez, Eur. J. Phys. 2 (1981) 168.

e Acurrent | is flowing in a small (nearly point-
like) ring so that it has a magnetic moment

m = me:

e Acharge +q Is located at
r = (a,0,0)

small ring

Z

hole
%

e + lastic disk
e This disk is initially at rest. J e PIasHe oo
The vector potential A at a point = created .
by the small ring is
Ho Mm Xr
A =
(r) 4 3
e Now, the magnetic moment is slowly decreased.
The induced electric fields E = — 0 A /0t has a tangential component.
po m
Ey, = ——— at » = (a,0,0)
Torque v 4m a2 |
1 ]m
N, = anEqﬁ, — _Hogm

41T «a

y



When m becomes 0, the angular momentum of the disk Is

poa (© . . _ HOQM

dma Jm 411a

Lz:/detZ—

However, since the angular momentum of the disk is initially zero and if it
must be conserved, the disk must be at rest.

basically the Feynman paradox

We must consider the angular momentum carried by the e.m. field (or potential)

1
1o c

1
Lem = — / Sdv =
e.mn. 62 r X 2

/fw<u§x£DdV
Using the identity

Cx(VxD) + Dx(VxC) = (V-C)D + (V-D)C + V-T
rxV-T = V- R

with

T,; = (C-D)é;; — (C;D; + C;Dy)
R;; 5?»’%@[



we can write as

Le.m.

80/’PX [E x (Vx)]dV
= /(’I‘XpA)dV

+ EO/[(V-A)TXE]dV + e/V-QdV
with

Qi; = €§l$k[(E-A)5zz — (EjA; + E; A)]

The 2nd term vanishes, since A satisfies V- A = 0.

Using the Gauss law, the 3rd term also vanishes, since Q — 1/7>.

Then, noting that p = q(5(3)(r — a), we get

Lem = /(’r‘XpA)dV = g7 x A(a)

That is

m
Lem = Hod ax (mxa) = Hod e

471 a3 41 a

This exactly coincides with the previously-derived angular momentum of the
plastic disk in the final state !



[Non-spherical shape of the nucleon]

the nucleon magnetic moment in MIT bag model is given by

1
po= 5 wg,s,(?‘)‘f‘ X athg.s.(r) d>r
1 O X
= 5 %/);.s.(?“) (a < ' 0) thg.s.(r) dr

< [ 1) g(ryr2ar
= 0O without OAM (lower p-wave component)

This means, within the framework of MIT bag model, nonzero magnetic moment
of the nucleon already dictates the existence of nonzero OAM in a nucleon !

MILES DAVIS o
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