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OUTLINE

* Intro: causality, analyticity and GDH sum rule
* Sum rules for light-by-light scattering: derivation, implications
* Derivative of GDH in Yang-Mills theory

» Analyticity of chiral behavior
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INTRODUCTION

causality: relativistic version:
B(t) = /dt’G(t —t)A(t) [B\(an)l = /dx’G(x — ") A(x")
Gt—t)=0, t<t Slln—i =0, (m—a) <0
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INTRODUCTION

relativistic version:

B(z) = /d:U/G(x — ') A(z)
Glz-z)=0, (z-2)°<0

causality:

B(t):/dt'G(t—t’)A(t’) '

G(t—t/)zo’ t<t/
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INTRODUCTION

relativistic version:

[B\(an)l = /dx’G(m — ") A(x")
Cllr—a ) = (wm—=g)" <

causality:

B@y:/ﬁﬂG@—ﬂpr

Gt—t)=0, t<t

1. a(t)=0if ¢t <0 angl a(t) € L*. Statements | and 2 are equivalent
2. a(w) =Fla(t)] € L? if w € R and if (Titchmarsch theorem)

a(w) = lim a(w + iw"),
w’/—0

then a(w + iw’) is holomorphic if w’ > 0.
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INTRODUCTION

relativistic version:

[B\(an)l = /dx’G(x — ") A(x")
Cllr—a ) = (wm—=g)" <

causality:

B(t) :/dt’G(t—t’)A(t’)

Gt—t)=0, t<t

1. a(t)=0if £t <0 an;i a(t) € L*. Statements | and 2 are equivalent
2. a(w) =Fla(t)] € L? if w € R and if (Titchmarsch theorem)

a(w) = lim a(w + iw"),
w’/—0

then a(w + iw’) is holomorphic if w’ > 0.

©.@)

Re{a(w)} = %P / Im{a(W/)}dw’,

) —
— 0

Im{a(w)} = e / Re{a(w')}dw/. e.g., Kramers-Kronig relations

T w —w

— OO
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Derivation steps

Forward Compton scattering amplitude:

Ampi—g = f(w) &+ g(w)iS - (6 X &)+ .
_ i,

2s+ 1 terms «— #£ of e.m. moments

, Jonor,
Analyticity: Reg(w) = 2“’ f dw /Irrllzg(wQ) ::
" it v g
Unitaritv: Im g(w) — W AO’(w) R
Y 2 branch cuts :
2.2 N, N, ...
Low-energy theorem: g(w) = w + O(w3)
gy 48M2 Wi, 2 0

Stability condition
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Gerasimov-Drell-Hearn (GDH) sum rule

i | ™)
i :
A S
N~ i
k= (g—2)s anomalous magnetic moment

Ao = Ol4s — O1—g doubly-polarized total photoabsorption cross section
(photon circular polarized parallel or anti-parallel to
the target’s spin)

Principles/Assumptions:
* Low-energy theorem for Compton scattering (gauge-invariance, Crossing symmetry,..

e Analyticity (forward Compton amplitude obeys disp. relations along the production cut)
* Unitarity (optical theorem: Im forward Compton amplitude = total phtotoabsorption )
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_qveriﬁcation of the GDH sum rule for the proton

PROTON Ey GDH
[GeV] [1b]
MAID2000 <0.2 -28.5+ 2
MAMI experiment 0.2-0.8 226+ 5+ 12
ELSA experiment 08-29 | 2752012
Bianchi-Thomas >2.9 -14 £+ 2
Simula et al. :
Total 211 £ 15
GDH sum rule 205
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SEINMEREIEES FOR GBS
[ V.P. & VANDERHAEGHEN, PRL (2010) |

M xarane = Exyt(Ga) €52 (d3) €52 (@2) €52 (@1) My pops

Helicity AMPI. Feynman AMPI.

In the forward direction (t=0, s=4w? u= —s.):

MM1M2M3M4 = A(S) Guap9pspr T B(S) i Gz 0(5) JuapzGpapy

1) Crossing symmetry (1 <-> 3, 2 <-> 4):

Wb e (@ S il e (Gl = by (—s)
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SUM RULES FOR LIGHT-BY-LIGHT
(DERIVATION CONTD)

Amplitudes with definite parity under Crossing:
FH(s) = My (s) £ M1 (s)

9(s) = My (s)

2) Causality => Analyticity => dispersion relations:

o

. ) | L ds’ = fE) ()
: {9(8) }WZ[OS’SI {9(8’) }’
3) Optical theorem (unitarity):
Im f*)(s) = —2 [o0(s) % o2(s) ],
Im g(s) = — [0](s) = oL(s)].

UO)Q(U”)J_) Are circularly (linearly) polarized Photon-Photon Fusion cross-sections
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Sum rules:

SUM RULES FOR LIGHT-BY-LIGHT
(DERIVATION CONTD)

1 7 !
Ref(—l-)(s):_% ds’ s 8/2(512 ’ 0= (o0+02)/2=(0)+0L)/2
0
& g s' Ao (s')
Ref( )(S):—E dS, 8/2—82 ; Ao = 09 — 0g
0
B 5 0)(8") —o1(s')
T ds' s’ R
0
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SUM RULES FOR LIGHT-BY-LIGHT
(DERIVATION CONTD)

Sum rules:
Re £(H) i 1 ds’ 5’2 U(S/) o= (0g+02)/2= (0 +01)/2
ef (s)——% 58 S = (00 +02)/2= (0] + 0L
0
& g s' Ao (s')
Ref( )(S):—E dS, 8/2—82 ; Ao = 09 — 0g
0
1 I3  ais) — anls’)
Reg(s):—ﬂ ds' s S ’
0

4) “Low-energy Theorem”: Lryg = cl(FWFW)Z + cQ(FWF“”)2,
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SUM RULES FOR LIGHT-BY-LIGHT
(DERIVATION CONTD)

Sum rules:
Re £(H) i 1 ds’ 5’2 U(S/) o= (0g+02)/2= (0 +01)/2
ef (s)——% 58 S = (00 +02)/2= (0] + 0L
0
& g s' Ao (s')
Ref( )(S):—E dS, 8/2—82 ; Ao = 09 — 0g
0
1 I3  ais) — anls’)
Reg(s):—ﬂ ds' s S ’
0

4) “Low-energy Theorem”: Lryg = cl(FWFW)Z + cQ(FWF“”)2,

Low-energy expansion F)(s) = O(s°)
2
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SUM RULES FOR LIGHT-BY-LIGHT




SUM RULES FOR LIGHT-BY-LIGHT

; 3 Diverges!
O(s”) : /ds UH )Eoi(s Gerasimov & Moulin (1976)
0
O(Sl) ! 0 — % {0 (S) i (S)} P. Roy (1974)
' R e g Brodsky & SCHMIDT (1995)
0
1 OOds
9
O(s*) c1 = 8_7T/8_20”(8)
0
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Y

——
A
>’< + e
B T Y -

- -
NN

s et t
E _1h — =0 i
)l :: .
ﬁ N @ =2m |
non-PT ? i ]
) 5 10 50 100 500
s/m?
cancellation of (pseudo)scalar and tensor meson contributions
m I [ds Ac/s | [ds Ao/s
mym Iy [ds Ao/s narrow res. |Breit-Wigner
[MeV] [keV] [nb] [MeV] [keV] [nb] [nb]
7" 134.98|(7.8 £ 0.6) x 1072|—195.0 + 15.0 a2(1320) |1318.3| 1.00 + 0.06 134 £8 137 £8
n 547.85 0.51 £0.03 —190.7 £11.2 f2(1270) |{1275.1| 3.03 +0.35 448 + 52 479 4 56
n |957.66| 4.30+£0.15 |—301.0+10.5 £5(1525) | 1525 |0.081 £0.009| 741 7+1
Sum 7, n’ —492 4 22 Sum fo, f4 455 £ 53 486 £ 57
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Y*Y -> M transition form factors

M Ly Eeguﬂmﬁq q P Fro» (Qg)

(LS e

Q=@ >0 Y>lé 2 M
Y mj—
| -

: S — meson distribution amplitude
[ o cro - (DA) @(x)

03 A CLED |
asymptotic DA:

. @ BABAR } . -
_i_ O(x) =6 x (I -x)

2%3{:-2?1—

P Qgﬁﬂ 1
‘J‘TD’}(*’}( >

Q*F(Q™)| (GeV)

5
&
A

moy*y T ()2
A2
iy g . 1
chiral anomaly i
fr = 924 MeV [
% 10 50 0 40
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PERTURBATIVE VERIFICATION OF
SV MERUBESIFOR LG RN ESYEEIE =

1 OOds
c1 = 87/ a|1(s),

1 d
=y oy
0

v ¥ T ¥
W
:Di m%— crossed
w.e w
v t v v

Bohm & Schuster (1994)

Low-energy Expoh‘

¥ wW.u, ¢ v

B 2902
= 160M4
B 272
2= 160M4
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PERTURBATIVE VERIFICATION OF
SV MERUBESIFOR LG RN ESYEEIE =

¥ wW.u e

v N v ! W ! NN - - W kel e
+ crossed * >{\? >\/\
f\/\/\)l——é——WJr e - ~
We w .
i v i Y ¥
| V. Pauk (2011)
Bohm & Schuster (1994) o = j;;;z <s(18M4 +3M2s + 45%)4/1 — % — 24M*%(s — 3M?)ArcTanh ( i — 4M2>>

2 2
A= % (5(6M4 + 3M?s +4s*)4/1 — % — 24M*(s — M?)ArcTanh ( 1-— 4]\842>)
Low-energy Expansion
2902 Integrate
C1

~ 160M4

27>

2= 160M4
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y ¥ v y Y ¥
W
:Di 9’% %ﬁ% +
wWo W

Bohm & Schuster (1994)

Low-energy Expoh‘

Ghosts, Higgs Sector
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C1 =

Co —

PERTURBATIVE VERIFICATION OF
SV MERUBESIFOR LG RN ESYEEIE =

- - - [ ——
1 1
1 1
; }{E
1 1
~~~T = —e = WT e -

V. Pauk (2011)

ol AM2 4M?
o) = ”20‘3 <3(18M4 +3M?s + 45%)4/1 — —— — 24M*(s — 3M?)ArcTanh ( 1-— —>>
M?=s s S
D [ 4M2 4M?
G = _]\;20;3 <5(6M4+3M25+452) 1———24M4(5—M2)ArcTanh< 1-— ))
s

S

2902 ‘/Integrate
16004
2
123(])\}4 Unitarity, Causality




EWIMBRTNES FOR EM. MOMEN TS OF MASSIVE ISRl
BOSONS

E.M. coupling:

L= —1F, F* — LW WH — MW W
+ e Wi AMWY —ie AW WH 4+ AW WH +ie (G WEIW, F*Y
+ ely (DWW, F* + Wi (D ,W,)0*FH| /(2M?)

where anomalous magnetic-dipole and electric-Quadrupole moments Are:

2 1
O(w?) 2]6\42 o2 = = / f [02(8) u 00(3)}
0 0o
5 1 ds
O(w?) SalEs = e {UH(S)—UL(S)},
0
71,2 -- transversal spin polarizabilities ete.
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€8S CINMERG EEAF OGN ENEE @

Consider e? 2 1 /ﬁ [02(3) _OO(S)}

S

B
0

Take a derivative of the sum rule with respect to a.m.m.
[ V.P., Holstein, Vanderhaeghen PLB (2004), PRD (2005) ]

v I v L
: : 8 }—{ M
ﬁ—%j—a ﬁ—ﬁ—a ﬁ—ﬁy—a I6] « I6; o
v u

/BREH—I"J:(JJ&
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o ©.@)
Consider 62 : 1 / il

GRS =7 | 5 o)~ oole)

0

Take a derivative of the sum rule with respect to a.m.m.
[ V.P., Holstein, Vanderhaeghen PLB (2004), PRD (2005) ]

v I v L
ﬁ—%:?—a ﬁ—ﬁ—a ﬁ—ﬁz—a I6] « I6; o

VWM
15} > > o

Aispersion Integral
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€8S CINMERG EEAF OGN ENEE @

o ©.@)
Consider 62 : 1 / il

GRS =7 | 5 o)~ oole)

0

Take a derivative of the sum rule with respect to a.m.m.
[ V.P., Holstein, Vanderhaeghen PLB (2004), PRD (2005) ]

4

VWM
15} > > o

UV-divergent x
Dispersion Integral

Monday, June 20, 2011



€8S CINMERG EEAF OGN ENEE @

Consider 2 N
e 1 ds
™ =5 | 3 729 = 0)
0

Take a derivative of the sum rule with respect to a.m.m.
[ V.P., Holstein, Vanderhaeghen PLB (2004), PRD (2005) ]

4

VWM
15} > > o

UV-divergent x
Dispersion Integral

0
\ da
/=
15} o
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ANALY TICITY IN PION-MASS SQUAR

[ Ledwig,V.P. & Vanderhaeghen, PLB (2010) ]

Motivation: chiral perturbation theory and lattice QCD, which
compute the pion-mass dependence of hadron properties

L= m72T
0
P 1 Im f(z
O pedy=—s [0
T t —m2 + i0*
3 —00

Verified for nucleon mass, a.m.m.,
polarizabilities at order p”3.

~ ’
~ -’
~ ’
~ -
I~ -
~ -
~ -
ST

-
- .~

------
.....

““““““
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DELTA(1232) RESONANCE

....... AZ
'— .N
L 4 ~
’ ~
~

f(mi)z—%fdt, 2t )

v —m2+i0*

— 0

with 4 = My — My, the Delta-nucleon mass difference.
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DELTA(1232) RESONANCE

....... 2
'— .N
L 4 ~
’ ~
* ~
-

v —m2+i0*

— 0

with 4 = My — My, the Delta-nucleon mass difference.

Magnetic moment: quenched lattice points :
* Leinweber, PRD (1992)

g 6 Cloet,Leinweber,Thomas, PLB
o (2003)
3R AT Lee et.al., PLB (2004)
zm _ revised (2006)
Ji 4 \: é
E e e 0z >’3\{ ‘;&D\
m 2 (GeV?)
— Real parts
S T A6 DARTS (d) @) (f)
Curves - chiral EFT calculation: V.P, Vanderhaeghen, PRL (2005)
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SUMMARY
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SUMMARY

* Sum rules express a quantum phenomenon in terms of an integral over a classical
quantity - (polarized) cross sections based on general principles (unitarity, causality,
crossing) - non-perturbative
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tree-level + sum rule

Monday, June 20, 2011



SUMMARY

* Sum rules express a quantum phenomenon in terms of an integral over a classical
quantity - (polarized) cross sections based on general principles (unitarity, causality,
crossing) - non-perturbative

* New sum rules for light-by-light scattering relate the strength of low-energy photon
self-interaction to integrals of gamma-gamma fusion cross-sections

* Motivation to measure polarized gamma-gamma cross sections (possibly at BES)

* Insight intfo (massive) Yang-Mills theory: ghosts, Higgs, self-interactions at one loop =
tree-level + sum rule

Analyticity of the chiral behavior observed in chiral perturbation theory
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