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Treating fields as OPVD with explicit test functions
provides a mathematically rigourous way to avoid
divergences at any stage.

|dentification of divergences . propagators on the
diagonnal ie z = /.

Link with Epstein and Glaser’s analysis and role of the
partition of unity in its extension.

The method at work: UV and IR analysis.
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Epstein and Glaser’s analysis

r
OPVD defines a functional with respect to a test

function p(x), C'*° with compact support,
b(p) =< p.p>= [ dPyply)o(v)
More general interpretation: functional ®(z, p) evaluated
at x = 0.
The translated functional is a well defined object such

that

To®(p) =< Top, p >=< 0, T_yp >= /d(D)W(y)p(Jf —y)

Due to the properties of p T, ®(p) obeys the KG
equation and is taken as the physical field ¢(x)



Fourier decomposition of p(z — y)

dDP) g .

quantized form ¢(x) follows

4(D) . |
o) = / D10t ei® 4 ane 7 £(2).

f(p?) : partition of unity(paracompactness property of
Euclidean manifold): ensures convergence of otherwise
diverging integrals , plays no role on the reverse.
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APy el—p-(z—y)] £2 ()2
A(x_y):/ p : f2(p)
(2m) (p? +m?)
At D = 2.4 and for = # y A(z — y) is finite and £2(p?)
may be taken to 1 everywhere.

Aim : understand the role of the partition of unity in the
extension of A(x — y) to the diagonnal
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o f(X):C>®R?% test function € S(RY)
e T(X) distribution € S'(R%)
e singular order k of T(X) at the origin of (R%) such that

k=inf{s: )l\in%)\ST()\X) =0} —d

e Taylor series surgery : throw away the weigthed k-jet
of (X) at the origin : Rf f is the Taylor remainder

PYf(X) = (1 — w(X)) Ry~ f(X) +w(X)RG f(X)
o w(X) weight with properties w(0) =1,
J(0)=0,0<|al|<k

wle
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~

e I'(X) extension of T(X) such that

<T,f>=<T,Pf >= /ddXT(X)]ow(X)

o formula for Taylor remainder
R (X e / — 0)%00 ) F(EX)
8]=k+1

e T(X) obtained by partial integration

N _ 1\k—1
— Yo [l -y

t
=k

X (1—t)k L X, X

k 1 a

‘I‘ + ]{—|— Z 0 / tk+d—|—1 T(T)U}(?)}
|a|=k+1
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e f(X) partition of unity for | X|| € [0,h],
f(0) = f@(h) =0, Va >0

e — f(X) = Taylor remainder

e at || X| =0 Taylor remainder is:

3 1
F(X) = f<(X)E(k+1)Z[);' / At(1—1)" 9, F(2)] ¥k > 0

|B|l=k+1

e at || X| = h Taylor remainder is :

5} o0
f(X)=f7(X)= —(k+1)z [%/1 dt(l—t)k(‘?(iX)f(tX)}Vk >0

|B|l=k+1
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Partition of unity : example,ppties

e /7(X) = T>(X) extension of T'(X) singular of order &
at | X|| = h: UV extension

o [<(X)= T<(X) extension of T'(X) singular of order
at | X|| =0: IR extension

o UV
e define [~ (X)

1 for [| X <1
f7(X) = (X, h) forl < || X||<1+h
0 for | X|| >1+h

e possible choice for x (X, h)

h

2 h 2
_ gy N = el
x(X,h) =Ny, e dv; Ny e dv
0

| X]|—1
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e y "builds up" 1 since
for 0 < || X||<h x(X+1,h)+x(1+h—Xh)=1

e /1 IS a parameter: may depend on X. Consequences:

—1) 3 Xpnae SUCHh that

Xmaz = 1+ h(Xma:U) = ,LL?Xmaxg(Xma:c) — g(Xma:U) — %

—ii) h>0= u?Xg(X)>1V X €1, Xpnw] =
g(1) > ¢(Xpmaz) = 12 > 1

—ii1) from f~(Xt) present in Lagrange’s formula one
has t < 248 — 20(X) — T>(X)

LCO5 — p. 11/20



UV behaviour

e UV extension of T'(X)

G _
<T,f~ >:/ddXT J{Hk+ 1 Z [);' dtél H? 8§f>(tX)}}

|B|=k+1

— <T”,1>=T>(X) after partial integration

T>(X) = (—)kk+1) > K[3

|B|=k+1

T(X) [,

I g(X)(l t)k’
t(k+1)

}
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~i) X = 5 T(X) = xpommey = {D =2,d = L,k =0}

1 X S g
{(p2 + mQ)}u,Dzz = Ox [(XAQ + m?) /1 7}

m-loglug(X)] - Xg'(X)
(XA2+m2)2  (XAZ +m?)g(X)

the choice g(z) = z(* Ve h(z) = p22* —1with0 < aw < 1
Is OK with the construction of y (X, h)
inthe limit o — 1 250 = 0 and Xpa, = (4%) T — o

2 2 (122 ) ) d? 1
A0) = / o (pJ;J(rpn”EQ) = loalu )/ 2P G T P

1 . .
= ——log(x*) RG invariant w.r.t. scale p
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—il) X = £ T(X) = ey = (D =4,d =2k =1}

(XA24m?
— u?g(X)
1 . (2) X? / (1—1)
— lim —0 dt
{(pQ T m2)L,Dz4 a1 X [(XAQ +m?) /| z

2m* [1 — p® + p? log ()]
(2 (XA? +m?)3

—iii) alternate form of 7> (X) : variable change Xt — Y

~ 3 u2 _1\k
T>(X) = (=) +1) > 0%[Er [, dtarisT(X/t)]
Bl=k+1

1
+ m2t)}

1 alter w? dt
= Ox|X
} w, D=2 X [ /1 t (XA2
1 1

(P> +m?)  (p? +mPu?)
overall results unchanged after p-integration
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I R behaviour

e / R extension of T'(X)

—i) for | X||~0 f~(X)=w(X)f”(X) with
w(X) = x(h = [|X]| +1,7)

—i1) T'(X) Is homogeneous near || X|| =0 =
T(4) = t*+)7(X)

|5\=

—iii) w() effectively cuts the t-integration ie
X" =) =alX)| <t<1

<f<’1>_( )k—|—1 k+1 Z anﬁ [);'ﬁ (X)/|Xa|l|t(1—t) }

t
|6‘ k+ LCO5 — p. 15/20



I R behaviour:continued

e The t-integration is trivial = 7<(X)

T<(X) = (=)*(k + 1)} 9% [ZrT(X) log (il X ||)]
|B|=k+1
+ 51, Y 0P (x)
|B|=k

k
Here szz(_l);pﬂ ( g >7+w(k+1)

p=1 b
B — 3
and C _f(HXH=1) T(X)XPdS

oooooooooooo



I R behaviour : example

o DY.(z) =< ¢(z),#(0) > known from CFT = lim,,,—g Ko(mr)
2 Lp.T
DF(SC = DF — m / d p c 4

d2 ezpa:
+m / p 6+...

from 7<(X) with X = £, one finds

{ 1 } _ (_)k alﬁ—l p2

k
(2D B a2 [log(Az)} +2(k'> H;. 6% (p?)

oooooooooooo



I R example continued

Taking Fourier transform gives

dp Pt () x|y o Al
/(Qﬂ)z (P —277(,{!)2( 1 ){w(k+1) log( 5 )

for k =0 thisis —5- {7 + log( ‘“’")} =DV (r) = A=m
the overall expressmn for Dr(x) Is then

> |(k+1) _1Og(%x‘) m? | z |?
= L Ko(m|z|)

2T

oooooooooooo
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Minkowskian metric focusses on causality: taylor
substractions equivalent to symmetry preserving
dispersion relations or possibly interpreted in terms of
P.V. type of subtraction (but without the introduction of
new fields)

QED gauge invariance OK (cf LC2004)

Link with dimensional regularistion through analytic
continuation of power of propagator (but no problem
related to ~5 extension cf J.M. Garcia-Bondia)

Towards a finite LCQFT for the S-matrix repesented in
terms of the light-front time ¢ = w.x (counterterms
avoided)
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