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Introduction

Much of our knowledge about QCD and the structure of hadrons has been derived from DIS

experiments and measurements of elastic form factors

Perturbative QCD allowed us to extract quark and gluon distribution functions from the

experimental data. A quantitative understanding of these distribution functions and, in

particular, how quarks and gluons provide the mass (binding) and spin of the nucleon, is still

missing

Continuing advances in computing power, and theoretical developments, such as

– O(a) Improvement of the action and the operators, to reduce finite cut-off effects and to

facilitate the extrapolation to the continuum limit,

– (Non)-perturbative renormalization and matching of the (bare) lattice operators,

– Chiral perturbation theory, to extrapolate reliably from the masses where the lattice

calculations are performed to the physical pion mass,

have now brought Lattice QCD to the point that definitive quantitative calculations of a host

of hadron observables are becoming possible

Key quantities: Form factors, parton distributions, generalized parton distributions (GPD’s)
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Lattice results have to be extrapolated to

the physical quark masses (∗). This needs

theoretical guidance, which may be provided by

chiral perturbation theory
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Chiral limit
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Chiral limit contd.

〈x〉 =

Z 1

0
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Chen & Ji
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Generalized Parton Distributions

Preliminaries

��

��� � 	 
 �� � � 	 
 �

�
 � ��

p = 1
2(p1+p2), ∆ = p2−p1, Q = 1

2(q1+q2)

ξ = 0: Momentum transfer of the struck parton

purely transverse, i.e. ∆ = ∆⊥

⇑

Of interest to us here only

Unpolarized Hq (x,∆2, Q2) , Eq (x,∆2, Q2) , · · ·

Polarized H̃q (x,∆2, Q2) , Ẽq (x,∆2, Q2) , · · ·

Transversity HT
q (x,∆2, Q2) , ET

q (x,∆2, Q2) , · · ·

Momentum transfer ∆2 between

initial and final hadron provides

information on the transverse

location of quarks (and gluons) in

the fast moving hadron
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At zero momentum transfer (∆ = 0) one recovers the ordinary unpolarized, polarized and

transversity parton distributions

For example:

Hq (x, 0, Q2) = q(x,Q2)

H̃q (x, 0, Q2) = ∆q(x,Q2)

HT
q (x, 0, Q2) = δq(x,Q2)

Müller et al., Ji, Radyushkin, Diehl et al., Burkardt
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Theoretical basis: OPE

Twist-2 quark operators

Oqµ1···µn =

„
i

2

«n−1

q̄ γµ1
D
↔

µ2
· · ·D↔µn q − traces

O5q
µµ1···µn =

„
i

2

«n
q̄ γµγ5D

↔
µ1
· · ·D↔µn q − traces

OTqµνµ1···µn =

„
i

2

«n
q̄σµν D

↔
µ1 · · ·D

↔
µn q − traces

We shall consider the leading twist contribution only Classification according

to representations of the

Hypercubic Group H(4)
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Off forward matrix elements

〈p1, s| Oq{µ1····µn}
|p2, s〉 = ū(p1, s)

ˆ
A
q
n(∆

2
)γ{µ1

+
i∆ασα{µ1

2mN

B
q
n(∆

2
)
˜

× pµ2
· · · pµn} u(p2, s) + · · ·

〈p1, s|O5q
{µµ1···µn}

|p2, s〉 = ū(p1, s)
ˆ
Ãq
n+1(∆

2)γ{µγ5 +
i∆{µ
2mN

γ5B̃
q
n+1(∆

2)
˜

× pµ1
· · · pµn} u(p2, s) + · · ·

〈p1, s|OTq{µνµ1···µn}
|p2, s〉 = ū(p1, s)

ˆ
ATq
n+1(∆

2) σµν +
iγ[µ∆ν]

2mN

BTq
n+1(∆

2)
˜

× p{µ1
· · · pµn}

˜
u(p2, s) + · · ·
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Moments

Z 1

0

dx xnHq(x,∆
2, Q2) = Aq

n+1(∆
2) Aq

n+1(0) = 〈xn〉q
Z 1

0

dx x
n
Eq(x,∆

2
, Q

2
) = B

q
n+1(∆

2
)

Z 1

0

dx x
n
H̃q(x,∆

2
, Q

2
) = Ã

q
n+1(∆

2
) Ã

q
n+1(0) = 〈xn〉∆q

Z 1

0

dx x
n
Ẽq(x,∆

2
, Q

2
) = B̃

q
n+1(∆

2
)

Z 1

0

dx x
n
H
T
q (x,∆

2
, Q

2
) = A

Tq
n+1(∆

2
) A

Tq
n+1(0) = 〈xn〉δq

Z 1

0

dx xnET
q (x,∆2, Q2) = BTq

n+1(∆
2)

↑
Generalized form factors

14



In particular

Sachs form factors

Aq
1 (∆2) = F q

1 (∆2) Ge(∆
2) = F1(∆

2) +
∆2

4m2
N

F2(∆
2)

Bq
1 (∆2) = F q

2 (∆2) Gm(∆2) = F1(∆
2) + F2(∆

2)

Ã
q
1 (∆

2
) = G

q
A(∆

2
)

B̃q
1 (∆2) = Gq

P (∆2)

A
Tq
1 (∆

2
) = G

q
T(∆

2
)

1

2
(A

q
2(0) +B

q
2(0)) = J

q

↑
Quark angular momentum Ji
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In impact parameter space:

Hq (x, b2
⊥, Q

2) =

Z
d2∆⊥
2π)2

e i b⊥∆⊥Hq (x,∆2
⊥, Q

2)

H̃q (x, b
2
⊥, Q

2
) =

Z
d2∆⊥
(2π)2

e
i b⊥∆⊥H̃q (x,∆

2
⊥, Q

2
)

H
T
q (x, b

2
⊥, Q

2
) =

Z
d2∆⊥
(2π)2

e
i b⊥∆⊥HT

q (x,∆
2
⊥, Q

2
)

Probabilistic interpretation

Burkardt

with

Z
dx xnd2

b⊥Hq (x, b2
⊥, Q

2) =

Z
dx xnq(x,Q2) = 〈xn〉q

Z
dx xnd2

b⊥ H̃q (x, b2
⊥, Q

2) =

Z
dx xn∆q(x,Q2) = 〈xn〉∆q

Z
dx x

n
d

2
b⊥H

T
q (x, b

2
⊥, Q

2
) =

Z
dx x

n
δq(x,Q

2
) = 〈xn〉δq
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Results

Renormalization: Oµ1···µn(µ) = ZO(aµ)Oµ1···µn(a)
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1st Order Pert. Theory

unquenched

quenched

This is done nonperturbatively in the RI-MOM scheme
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Unpolarized GFFs

Dipole fit: An(∆
2
) =

An(0)

(1−∆2/M2
n)2
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Stability of the fit

M
2
1 eff =

t

1−
p
A1(0)/A1(t)

t = −∆2

19



0 1 2 3

q2 (GeV2)
0

0.2

0.4

0.6

0.8

1

1.2

µp G
ep /G

mp

20



(Orbital) angular momentum
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Chiral extrapolation

0 0.2 0.4 0.6 0.8 1 1.2
mπ

2   [GeV2]
0

0.1

0.2

0.3

0.4

0.5

0.6

A
(u

+d
)

2   
(0

)

5.25
5.29
5.40

0 0.2 0.4 0.6 0.8 1 1.2
mπ

2   [GeV2]
0

0.1

0.2

0.3

0.4

0.5

0.6

A
(u

-d
)

2   
(0

)

5.25
5.29
5.40

0 0.2 0.4 0.6 0.8 1 1.2
mπ

2   [GeV2]
-0.2

0

0.2

0.4

0.6

B
(u

+d
)

2   
(0

)

5.25
5.29
5.40

0 0.2 0.4 0.6 0.8 1 1.2
mπ

2   [GeV2]
0

0.1

0.2

0.3

0.4

0.5

0.6

B
(u

-d
)

2   
(0

)

5.25
5.29
5.40

J
u+d ≈ 1

2
〈x〉u+d

J
u−d ≈ 5

4
〈x〉u−d

22



Jq = Lq + Sq, Sq =
1

2
∆q

Lu+d = 0.03(7) Lu−d = −0.45(6)

↑
Valence quarks only

· · · but strong cancellations

MS, Q2 = 4 GeV2
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Axial Tensor
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n = α0 + α
∨
q
M2

n

square root

n = α0 + α
′
M

2
n

linear trajectory
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Hq(x,∆
2, Q2) =

Z 1

x

dy

y
C

„
x

y
,∆2

«
q(x,Q2) Similarly for H̃q and HT

q

Z 1

0

dx x
n
C(x,∆

2
) =

An+1(∆
2)

An+1(0)
=

1

(1−∆2/M2
n)2

| {z }

By inverse Mellin transform

Hq(x, b
2
, Q

2
) =

Z 1

x

dy

y
C

„
x

y
, b

2

«
q(x,Q

2
)

C(x, b
2
) =

Z
d2∆

(2π)2
e

ib∆
C(x,∆

2
) b = b⊥ , ∆ = ∆⊥
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Modelling

α(t) = α0 + α∨
√
t Unpolarized

Z 1

0

dx xnC(x,∆2) =

"
(n+ 1− α0)

2

(n+ 1− α0)2 − α∨ 2∆2

#2

Solution:

C(x,∆
2
) = δ(x − 1)− 3

2
α
∨p−∆2 x

−α0 sin
h
α
∨p−∆2 ln(1/x)

i

+
1

2
α∨ 2∆2 x−α0 cos

h
α∨
p
−∆2 ln(1/x)

i
ln(1/x)

〈b2〉 = 7α∨ 2x−α0

»
1

α0

ln(1/x) − 1

α2
0

(1− xα0)

–
=

7

2
α∨ 2 (1− x)2 +O

“
(1− x)3

”

Independent of parton distribution
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The impact parameter b measures the distance of the struck quark from the center of

momentum. A better measure of the transverse size of the hadron is the distance r

between the struck quark and the spectator system:

〈r2〉 =
〈b2〉

(1− x)2

Here

〈r2〉 =
7

2
α
∨ 2

+O (1− x) ⇐ Consistent with confinement
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α(t) = α0 + α′t Axial & Tensor

Z 1

0

dx xnC(x,∆2) =

»
n+ 1− α0α

′

n+ 1− α0α′ − α′∆2

–2

Solution:

C(x,∆2) = δ(x− 1) + α′∆2 (2 − α′∆2 ln x) x−α
′(α0+∆2)

〈b2〉 = − 4

α0

“
1− x−α0α

′”
= 4α′(1− x) +O

“
(1 − x)2

”

Here

〈r2〉 ' 4α′

1− x ⇐ Spin radius divergent ?
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Hq(x, b
2
, Q

2
) =

Z y

x

dy

y
C

„
x

y
, b

2

«
q(x,Q

2
)

Z 1

0

dx x
n
C(x,∆

2
) =

Aq
n+1(∆

2)

Aq
n+1(0)

Valence

0

-0.75

0.75
b @fmD 0.25

0.5

0.75

x
0

-0.75

0.75
b @fmD 0

0.75

-0.75

b @fmD
0.25

0.5

0.75

x
0

0.75

-0.75

b @fmD

Q2 = 4 GeV2
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Summary and Outlook

• Precision of numerical results is steadily improving – Computer power

– Improved action

– Improved operators

– Renormalization

– Chiral perturbation theory

• Modelling of the nucleon in terms of quarks (and

gluons?) can be done on the lattice. First results on

the charge and spin distribution look promising

• Ready to challenge Light-Cone QCD See also talk by James Zanotti

• To better constrain the (generalized) form factors need

larger lattices

• To safely extrapolate to the chiral limit need to do

simulations at mπ . 300 MeV

Probably this can only be achieved

with overlap fermions
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