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“chiral spiral”

σ(x)− iπ(x) = A e2iµx
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gap equation : GN2

single kink: σ(x) = m tanh(m x)

DHN(1975): reflectionless potentials: V± = σ2 ± σ′

Thies/Urlichs (2005): finite-gap potentials: V± = σ2 ± σ′

kink crystal: σ(x) = m ν
sn(m x; ν) cn(m x; ν)

dn(m x; ν)

σ(x)
g2N

=
δ

δσ(x)
ln det [∂/ + σ(x)]



σ(x) = ν m
sn(mx; ν)cn(mx; ν)

dn(mx; ν)
kink crystal



ν = 0.999

σ(x) = ν m
sn(mx; ν)cn(mx; ν)

dn(mx; ν)
kink crystal



ν = 0.999

σ(x) = ν m
sn(mx; ν)cn(mx; ν)

dn(mx; ν)
kink crystal

ν = 0.1



ν = 0.999

σ(x) = ν m
sn(mx; ν)cn(mx; ν)

dn(mx; ν)
kink crystal

ν = 0.1



ν = 0.999

σ(x) = ν m
sn(mx; ν)cn(mx; ν)

dn(mx; ν)
kink crystal

ν = 0.1



Peierls Instability

one dimension: gap formation at the Fermi surface 
can lead to breakdown of translational symmetry 



Peierls Instability

one dimension: gap formation at the Fermi surface 
can lead to breakdown of translational symmetry 

GN2

or



Peierls Instability

one dimension: gap formation at the Fermi surface 
can lead to breakdown of translational symmetry 

Thies, Urlichs, 2003

GN2

or



0

0.2

0.4

0.2 0.4 0.8 1 1.2 1.4 1.6

LOFF 
kink

kink
 crystal



all gap no gap

0

0.2

0.4

0.2 0.4 0.8 1 1.2 1.4 1.6

LOFF 
kink

kink
 crystal



small 
gap

all gap no gap

0

0.2

0.4

0.2 0.4 0.8 1 1.2 1.4 1.6

LOFF 
kink

kink
 crystal



small 
gap

medium
 gap

all gap no gap

0

0.2

0.4

0.2 0.4 0.8 1 1.2 1.4 1.6

LOFF 
kink

kink
 crystal



small 
gap

medium
 gap

large
 gap

all gap no gap

0

0.2

0.4

0.2 0.4 0.8 1 1.2 1.4 1.6

LOFF 
kink

kink
 crystal



L = ψ̄∂/ψ − g2

2

[(
ψ̄ψ

)2 +
(
ψ̄iγ5ψ

)2
]

chiral Gross-Neveu or NJL2



L = ψ̄∂/ψ − g2

2

[(
ψ̄ψ

)2 +
(
ψ̄iγ5ψ

)2
]

scalar condensate σ pseudoscalar condensate π

chiral Gross-Neveu or NJL2



L = ψ̄∂/ψ − g2

2

[(
ψ̄ψ

)2 +
(
ψ̄iγ5ψ

)2
]

Leff = ψ̄∂/ψ + ψ̄
(
σ − iπγ5

)
ψ +

1
2g2

(
σ2 + π2

)

scalar condensate σ pseudoscalar condensate π

chiral Gross-Neveu or NJL2



L = ψ̄∂/ψ − g2

2

[(
ψ̄ψ

)2 +
(
ψ̄iγ5ψ

)2
]

Leff = ψ̄∂/ψ + ψ̄
(
σ − iπγ5

)
ψ +

1
2g2

(
σ2 + π2

)

scalar condensate σ pseudoscalar condensate π

gap equation(s) σ(x)
g2N

=
δ

δσ(x)
ln det

[
∂/ +

(
σ(x)− iγ5π(x)

)]

π(x)
g2N

=
δ

δπ(x)
ln det

[
∂/ +

(
σ(x)− iγ5π(x)

)]

chiral Gross-Neveu or NJL2



complex gap equation : NJL2

∆(x)
g2N

=
δ

δ∆∗(x)
ln det

[
∂/ + (σ(x)− iγ5 π(x))

]

∆ = σ − iπ



complex gap equation : NJL2

Shei (1976): reflectionless Dirac system 

∆(x) = m
cosh

(
m sin( θ

2 ) x− i θ
2

)

cosh
(
m sin( θ

2 ) x
)

twisted kink

2ϕ

∆(x)
g2N

=
δ

δ∆∗(x)
ln det

[
∂/ + (σ(x)− iγ5 π(x))

]

∆ = σ − iπ



complex gap equation : NJL2

Shei (1976): reflectionless Dirac system 

∆(x) = m
cosh

(
m sin( θ

2 ) x− i θ
2

)

cosh
(
m sin( θ

2 ) x
)

twisted kink

2ϕ

∆(x)
g2N

=
δ

δ∆∗(x)
ln det

[
∂/ + (σ(x)− iγ5 π(x))

]

∆ = σ − iπ

GD & Basar (2008): finite-gap Dirac system

∆(x) = A
σ

(
A x + iK′ − i θ

2

)

σ (A x + iK′) σ
(
i θ
2

) eiQx twisted kink crystal



twisted kink crystal: general solution of NJL2 gap equation



twisted kink crystal: general solution of NJL2 gap equation

real kink crystal



twisted kink crystal: general solution of NJL2 gap equation

real kink crystal

spiral crystal



phase diagram of chiral Gross-Neveu (NJL2) 

gap equation solution has 4 parameters

grand potential: Ψ = − 1
β

∫
dE ρ(E) ln

(
1 + e−β(E−µ)

)

minimize Ψ w.r.t. parameters, as function of T and µ 



phase diagram of chiral Gross-Neveu (NJL2) 

gap equation solution has 4 parameters

grand potential: Ψ = − 1
β
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σ(x)− i π(x) = A(T ) e2iµ x
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gap equation to all-orders in Ginzburg-Landau

NLSE        entire hierarchy satisfied, for ALL n

LGL =
∑

n

αn(T, µ)
∫

ĝn(x)

gap equation :
∑

n

αn(T, µ)
δ

δ∆∗(x)

(∫
ĝn

)
= ∆(x)

amazing fact (“integrability”):
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recent appearances of these 1+1 dim solutions 
in other models ...



The BCS-FF phase boundaries are almost identical to
the corresponding BCS-normal boundaries because the
free-energy difference between the BCS phase and the
normal phase is a much steeper function of !" than the
free-energy difference between the FF phase and the nor-
mal phase (see Fig. 4). This is a standard result, which was
also found, e.g., in Ref. [32] where a different regulariza-
tion scheme was used.

The FF-normal phase boundary, on the other hand,
behaves rather differently from the result of Ref. [32].
There, it was found that the critical !" decreases with
increasing !BCS. As a consequence, the BCS-FF boundary
and the FF-normal boundary intersect at some !BCS !
100 MeV, and there is no stable FF solution at stronger
couplings. In contrast to this, we find that the FF-normal
phase boundary runs almost parallel to the BCS-FF phase
boundary so that the width of the FF window stays ap-
proximately constant. This means, as long as we do not
consider other inhomogeneous phases, the regime of stable
FF solutions extends to very large values of !BCS in our
regularization scheme.

C. General solutions for real one-dimensional gap
functions

We now turn to the main part of this work, which is the
analysis of ground states when allowing for a real one-
dimensional gap function as the order parameter. For sim-
plicity, we will often call these solutions ‘‘general solu-
tions,’’ although there should be, of course, even more
general solutions with higher-dimensional or complex
gap functions.

In the first step we limit ourselves to periodic gap
functions of the form

!ðxÞ ¼
X

k

! ~q;ke
2ik ~q% ~x: (72)

For each period given through j ~qj we will then minimize
the thermodynamic potential with respect to the Fourier
components ! ~q;k and afterwards with respect to j ~qj.
Comparing Eq. (72) with Eqs. (11) and (12), we find that

~qk ¼ 2k ~q. The (admittedly somewhat unnatural) factor of
2 was introduced to give ~q the same meaning as in the FF
ansatz, Eq. (67), where this factor is the standard
convention.
Again the B:Z: is infinite in the directions perpendicular

to ~q and finite in the ~q direction with length 2j ~qj. Without
loss of generality, we can assume that ~q points in the z
direction, ~q ¼ q~ez. Then one period corresponds to z ¼ #

q .

The restriction to gap functions which are real in coor-
dinate space means that the Fourier components satisfy the
relation ! ~q;k ¼ !&

~q;'k. Moreover, without loss of general-

ity, we can always choose the origin to be located at a
maximum of the gap function. !ðzÞ is then an even2

function, and the Fourier components are real.
In the following we fix the model parameters to " ¼

400 MeV and a coupling strength corresponding to
!BCS ¼ 80 MeV. As before, we consider T ¼ 0 and #" ¼
400 MeV.
In Fig. 2 we present examples of one-dimensional gap

functions !ðzÞ that we obtained by minimizing the ther-
modynamic potential at !" ¼ 0:7!BCS for different fixed
periods. For convenience, z is measured in units of#=!BCS

so that one period is given by ðq=!BCSÞ'1. At q! !BCS the
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FIG. 1 (color online). Stability window in !" for the FF phase
in competition with the BCS phase and the normal phase as a
function of the coupling, parametrized by !BCS. The BCS phase
is favored below the dashed lines; the normal phase is favored
above the solid lines. Results for two different cutoffs are shown.
The thin horizontal lines indicate the weak-coupling limits.
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FIG. 2 (color online). The gap function in coordinate space at
!" ¼ 0:7!BCS for different fixed values of q.

2In our numerical analysis, we only found solutions which are
symmetric under reflections at a plane perpendicular to ~q going
through a maximum or minimum. So far, we cannot exclude that
other solutions exist which do not have this symmetry. In this
case !ðzÞ would of course not be an even function.

DOMINIK NICKEL AND MICHAEL BUBALLA PHYSICAL REVIEW D 79, 054009 (2009)

054009-10

Nickel & Buballa, 2008 ∆3+1(z) = ∆1+1(xθ(z))

∆1+1(xθ(z)) = κθ
√

ν sn (κθ(xθ − xθ,0); ν)
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Conclusions

• complete solution of gap equation for chiral GN/NJL2

• gap equation reduced to NLSE

• full, exact, thermodynamics & phase diagram for chiral 
symmetry breaking model(s)

• physics = Peierls instability         crystalline phase(s)

• Ginzburg-Landau = AKNS hierarchy
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• full, exact, thermodynamics & phase diagram for chiral 
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• physics = Peierls instability         crystalline phase(s)

• Ginzburg-Landau = AKNS hierarchy

• higher dimensional models ?

• confinement vs chiral symmetry breaking?
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solving the (complex) gap equation

∆(x)
g2N

=
δ

δ∆∗(x)
tr ln

[
∂/ + (σ(x)− iγ5 π(x))

]

=
(
−i d

dx ∆(x)
∆∗(x) i d

dx

)

Bogoliubov/de Gennes hamiltonian

resolvent :  Gorkov Green’s function R(x;E) ≡ 〈x| 1
H − E

|x〉

H = −iγ5 d

dx
+ γ0σ(x) + iγ1π(x)
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