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Histogram method 
 Problem of Complex Determinant at μ≠0

 Boltzmann weight: complex at μ≠0
Monte Carlo method is not applicable Monte-Carlo method is not applicable.
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Distribution function in the heavy quark region

• We study the properties of W(X) in the 
heavy quark region.

• Performing quenched simulations + 
Reweighting.

• We find the critical s rface• We find the critical surface.
• Standard Wilson quark action + 

plaquette gauge action, PNSg β−= site6
• lattice size:
• 5 simulation points; β=5.68-5.70.

(WHOT QCD Ph R D84 054502(2011))
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(WHOT-QCD, Phys.Rev.D84, 054502(2011))

Hopping parameter expansion
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Distribution function for P and ΩR
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• Effective potential ( ) ( )κβΩ−=κβΩ ,;,ln,;,eff RR PWPV

0

• Hopping parameter expansion
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Phase-quenched part

• 2 parameters in V0:
V0 is the same as V ff (μ=0) when

,48 *4
f β≡+β KN ( )TK tN μcosh

( )TKK tt NN μ cosh

Phase-quenched part

– V0 is the same as Veff (μ=0) when
• 1 parameter in θ: 

( )TKK tt μ cosh
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Distribution function for P and ΩR

Expectation value of Polyakov loop and its susceptibility by the 
reweightuing method at μ=0. lattice4243 ×g g μ lattice424 ×

Ω
Ωχ
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• If W(P,Ω) is a Gaussian distribution,

4
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f48 KN+β=β

– The peak position of W(P,Ω)            (<P>,<Ω>)
– The width of W(P,Ω)              susceptibilities χP, χΩ

If W(P Ω) h t k fi t d t iti
Ω

Ωχ~

Ω
• If W(P,Ω) have two peaks,             first order transition



Order of phase transitions and Distribution function
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Derivatives of Veff in terms of P and ΩR

h h d h i l dθiPhase-quenched part: when              is neglected,
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lines of            and            in the (P,Ω) plane0eff =
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Order of the phase transition
Polyakov loop distributionPolyakov loop distribution

Effective potential of |Ω| • The pseudo-critical line is p | |
on the pseudo-critical line at μ=0

Ωχ
determined by χΩ peak.

• Double-well at small K
– First order transition

• Single-well at large KSingle well at large K
– Crossover

54 100.2 :point  Critical −×≈κ



Polyakov loop distribution in the complex plane
(μ=0)
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• on βpc measured by the Polyakov loop susceptibility.



Avoiding the sign problem
(SE, Phys.Rev.D77,014508(2008), WHOT-QCD, Phys.Rev.D82, 014508(2010))
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Source of the complex phase

If the cumulant expansion converges,   No sign problem.



Effect from the complex phase
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• The complex phase fluctuation is 
small except near the ΩR=0 axis.
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• ΩR-dependence is important.
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Cumulant expansion
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• The effect from higher order terms is small 
near the critical point

( ) ( ) 0001.0μsinhμ =TK

near the critical point.

• Phase fluctuations
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• Phase fluctuations
– large in the  confinement phase
– small in  the deconfinement phase



Effect from the complex phase factor
• Polyakov loop effective potential for each ( )TK tN h• Polyakov loop effective potential for each 

at the pseudo-critical (β, K).
S lid li l h i d i ( ) 0t h T

( )TK tN μcosh

– Solid lines: complex phase omitted, i.e.,
– Dashed lines: complex phase is estimated from

i h

( ) 0μtanh =T
22

c
θ

( )with ( ) 1tanh =μ T

( ) ( )
fi d0eff ln i

RR eVV
Ω

θ−Ω=Ω( ) ( )

( )
fixed:

2
0

fixed:0eff

2
1             

R

R

R

RR

V
Ω

Ω

θ+Ω≈

The effect from the complex 
h f i llphase factor is very small except 

near ΩR=0.



Critical line in 2+1-flavor finite density QCD
Th ff t f th l h i ll f th d t i ti f K• The effect from the complex phase is very small for the determination of Kcp.
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(WHOT-QCD, Phys.Rev.D84, 054502(2011))
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Summary
• We studied the quark mass and chemical potential 

dependence of the nature of QCD phase transition in the depe de ce o t e atu e o QC p ase t a s t o t e
heavy quark region.

Th h f th b bilit di t ib ti f ti• The shape of the probability distribution function 
changes as a function of the quark mass and chemical 
potentialpotential.

• To avoid the sign problem, the method based on the 
cumulant expansion of θ is useful. 

• To find the critical point at finite density studies in light• To find the critical point at finite density, studies in light 
quark region are important applying this method.
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