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Message:

By definition,
VSupersymmetric theory has fermions
which make heavy computational costs

Localization method reduces
General 3d N = 2 SUSY theory in a BPS sector

$

(=supersymmetric sector)

A matrix model without fermions
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3d & = 6 superconformal Chern-Simons theory
[Aharony-Bergman-Jafferis-Maldacena '08]
(=“ABJM” theory)
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ABJM & AdS/CFT correspondence

1

> o
Scswk/Tr[A/\dA—ng/\A/\A] prh

( k: Chern-Simons level )

CFT, / AdS,

relatively easy G — fixed. N1 Type IIA superstring

(Ftraditional technique)
/ on AdSy x CP3

ABJM theory

(=3d N >6 SCFT)
M — theory

relatively hard
on AdSq x S7/Zy

Investigate the whole region by Monte Carlo simulation!
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How do we put ABJM on a computer?
~ Orthodox approach (=Lattice) ~

Action: SAB 1M = Scs + SMmatter

Difficulties in “formulation”

*It is not easy to construct CS term on a lattice  (cf ietenholz-Nishimura 0]
“ It is generally difficult to treat SUSY on a lattice  (ct siedt 09

Practical difficulties

- IMany fermionic degrees of freedom - Heavy computational costs
* CS term = purely imaginary = sign problem
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How do we put ABJM on a computer?
~ Orthodox approach (=Lattice) ~

Action: SAB 1M = Scs + SMatter

Difficulties in “formulation”

*It is not easy to construct CS term on a lattice  (cf ietenholz-Nishimura 0]
“ It is generally difficult to treat SUSY on a lattice  (ct siedt 09

Practical difficulties

- IMany fermionic degrees of freedom - Heavy computational costs
* CS term = purely imaginary = sign problem

hOpeleSS... ‘ Apply the localization method
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Localization method

Original partition function:

Z = /dCD exp (—S[P]),

[Cf. Pestun ’'08]

where
QRS[P] =0, Q : a fermionic nilpotent charge, Q2 =0

1 parameter deformation:
Z(t) = ] db exp (—S[P] — tQV [B])

Consider t-derivative:

dZ(t) /dd) (QV)e SRV — /dqa O(Ve S—1RVY = o

(RS =0) Assummngsébroken
‘ Z = lim Z)=2Z(t) = Jlim Z(t)

t——+0
We can use saddle pomt method!!




(Cont’d) Localization method

Z= lim fdcbexp( S[®] — tQV[P])

Consider fluctuation around saddle points: ® — &g+ RS

\/E
Z =3 exp(=S[®o]) - Z1_100p[Pol

Py
where
Z1_100pl®Po] = /d(SCD exp (—QV[Po + dP]|Gaussian)
/~ Cf. )

For Q-invariant operator,

Z{O(®d)) = > O(dg) exp (—S[Po])-Z1_i00p[Po]
\_ o _/
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Localization of ABJM theory on S3

[Kapustin-Willet-Yaakov '09]

SABJIJM = Scs + SMmatter

SnN=2 syM = Q(*), Smatter = Q(*)

4

Zpagim = Z(t) = qu?’ exp [—Scs[®] - t(SN 2 sym + Smatter)|

Tedious calculation ‘ o0

Gauge 1-loop
/ 20 > 2
. 1 (.;zN;_g_. dNv Hi<j [Qx-lllh (—‘u 2Ju )} {2 blllh( 2”)} ik N , ,
ZABIM = 753 G @)V > exp {; S (u v )}
V. &7 ZT HI,J [2 '-':UH.I.]. (P-igﬂj )i| fl i—1 \
\

\
\ CS term
Matter 1-loop



(Cont’d)How do we put ABJM on a computer?

Lattice approach seems hopeless... (*."SUSY, sign problem, etc)

‘ Localization method

ZABIM =

e T (e
o larx Y P

A12 9N (9 \N 2
j\c . (_.n :] (_..u :] HIJ |:2 (:'U‘;-:l]_ (,u.l-;yj ):|

Integrate out Si \ b
N-variables '8h probiem

Ly

1 Ve Tliey tanh 2 (‘T*Q_—L)
IN NI / (2mk)N 11, 2cosh (%)

ZABIM =

Easy to perform simulation even by our laptop

12
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How to calculate the free energy

2 (Ti—%y
Z(N. k) = 1 dNz Ilicjtanh (z_k"): 1 dVz —S(NR)
2NNV J (27k)N 11,2 cosh (%) ONNIJ) (27k)N
Reweighting:
Z(N1+ No, k)

Z(N1+N2. k) = Z(N1, K)Z(Noy K)o 0= S

_ NN s k) [ dN1+N2y o =S(N1+N2 k)
T (N N T 2B N1+ Nag, o—S(N1,k)—S(No k)
N1!IN! —S(N1+N2,k)+S(N1,k)+S(No.k)
= Z(N1,k)Z(No, k) (e 12 L 2
N g 2 N1 R Z (N2, k) @
N1 N
N1!No! 1 _
= L ; IZ(Nlak)Z(NQak)<H [[ tanh? (%2;“1
(N1 + No)! i=1J=N;+1 Ny N>
1 dr 1 1 VEV under the action:




Result



3/2 power low in 11d SUGRA limit

—_— 1 [Cf. Drukker-Marino-Putrov ‘10, Herzog-Klebanov-Pufu-Tesileanu ‘10]
(k = fixed, N — o0)

2
11d classical SUGRA: F = —%\/EN%

- . T T T T T - -1

VIO 6 ' | 11d SUGRA'
-100 _:’f:":éﬂ- LR N - ~-~.‘__\.ﬁ./ ““:'):-".""""_'-—;.-.___‘,- N
450 | CEIEL s
200 } =
250 - ..

-300

-350 -

-400

30 40 50 60 70




-50

-100

-150

-200

-250

-300

-350

-400

3/2 power low in 11d SUGRA limit

(k = fixed, N — 00)

11d classical SUGRA: F =

.. T T T T T ]
" N =
Tl - -
A -l \_J )
2= A Tk L oy k=1
T ) -
B Ay, Y
- LA AR |
L . 2 | ¥
- M. A =2 -
-ﬁ

=4
-y N
VI
T
s 8
2k=6 _

[Cf. Drukker-Marino-Putrov ‘10, Herzog-Klebanov-Pufu-Tesileanu ‘10]

11d SUGRA

Perfect agreement

30

40

50

60

70

80 90

N3/2

T

1.5

2



Finite N corrections

. . . [Fuji-Hirano-Moriyama '11]
Result of summing up all order of 1/N expansion at strong coupling:

1 [ar2N\Y3 [/ 7 /N \2\?/3 1 a2
FFHM_'C’g[ ( ) Al (E(X)) (*‘ﬂ‘ﬁ)

V21 A

F Ex.) For N=4

I
weak ------- -

N2 —— . .

FHM

Weak coupling

sl / n _

2 FHM -

25 B _

0.5 1 1.5 2 1/\/X

Strong < > weak 17




Finite N corrections

. . . [Fuji-Hirano-Moriyama '11]
Result of summing up all order of 1/N expansion at strong coupling:

1 [ar2N\Y3 [/ 7 /N \2\?/3 1 a2
FFHM_IOQ[\/E( )\ ) Al (ﬁ(T)) (*—ﬂ—m)

F Ex.) For N=4
N2 T T I Weall{ L
05 1 Weak i FHM |
- \&\ eak coupling
T :
A
15 b / E\%‘n.‘ -
,@E\
2 FHM "B -
Almost agrees with FHM for strong coupling

J{ >more precise comparison by taking difference
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Finite N corrections

. . . [Fuji-Hirano-Moriyama '11]
Result of summing up all order of 1/N expansion at strong coupling:

1 (4x2N\Y3 [/ = /N\2\?/3 1 A2 _2mV2N

F Ex.) For N=4 F — Frpn
N2 T T T weall{ — 0 - _I. _ I _ I I T - T -
FHM POLCOOLOREREOE®a® GG
05T \‘ék Weak coupling 1 o5tk 4
AL Sal / | A AL LA AANDBDLDR DAL
B 1k i
15 - \"3’*\\%&‘ ]
A _ T O S S |
2| EHM DN I AR LA RN
AT k=1 —5— B
- — L |
25 D .
- k=8

| — ' " — 125 ' — : ' '
Almost agrees with FHM for strong coupling \ 5 4 6 8 10 12 14 N

—>more precise comparison by taking difference

strong > weak 19




Finite N corrections

. . . [Fuji-Hirano-Moriyama '11]
Result of summing up all order of 1/N expansion at strong coupling:

2 1/3 - 2 2/3 2\2 o
FFHMZIOgll (4 N) Ai (ﬁ(g)) (A—%—m) ] up to O(e 27V

V21 A
F Ex.) For N=4 F — Fepm
N2 ——— .

WEEIik 0 T T T T T T

FHM POOOOOEOREEO @O F
05 | “a . Weakcoupling 05 F ]

T i 4.
. A / /\ 3 A N 7% 7 FAY 7 ™ 1.
1 | E\ & i ] A AN F'\i‘\ P=EN F=EN ,ff;\ /_ﬁi /ﬁ\i\ /{E_\ ./_}_\ L_:\; /_'_\ {'_‘, /_:? -/_ >

x._gl‘ _1 i |
15 - \&\;;-..x .
£ ‘: A5 o o o ogm L
}\Eﬁ\‘??-m N

L’; . =1 ——
pe 1l oL i
25 e : =4 t--Lh-

Y

Discrepancy independent of N and dependent on k
—>different from exp dumped behavior
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Summary



Summary

" Monte Carlo calculation of the Free energy
L |n U(N) X U(N) AB.”VI theory on S3(with keeping all symmetry)

J

Localization method reduces

the ABJM theory in the BPS sector

4

The matrix model without fermions

Very useful for first numerical study of SUSY theories!!

(And exercise of Monte Carlo simulation for your student)

Masazum i Honda (SOKENDAI & KEK) 22



Localization method is applicable to
general 3d N/ = 2 theory

"Chern-Simons term ——  exp [_47722-2031

"Vectormultiplet T (2sinh (raio:)?
(Any gauge group) aEA
*Chiralmultiplet

P — I f G —iq— pio;)

(Any representation pER
with R-charge q)

( f(z) = exp [iz log (1 — e2™%) 4 — ( 22 4 = LI (62??'2)) :Z] )

Now you can try to various problems with good cost-performance!!

Masazumi Honda (SOKENDAI & KEK) 23



Thank you!



Appendix



Developments on ABJM Free energy

'June 2008 ABJM was born [Aharony-Bergman-Jafferis-Maldacenal]

-July 2010: Planar limit for strong coupling <A=]Z:fixed, A>1N> 1)

_ 3/2
Fomp = _77\3@0\ 1){224) N? up to O(e_zﬂm)

[Drukker-Marino-Putrov]

A>1

2
‘ Fomp ~ —g% Agrees with SUGRA’s result!!

(%

[Cf. Cagnazzo-Sorokin-Wulff'09]

3 = 47r\/5) \
1

2mwa’

CP3 has nontrivial 2-cycle

- exp [—271'\/5} = exp [_%(WR%P

~ string wrappedqQn CP1C CP3=worldsheet instanton ?

Area(C’Pl)}

|=eol-

a'=1

_/

"November 2010: Calculation for k=fixed, N> o< [Herzog-Klebanov-Pufu-Tesileanu]

Formally same

7V 2k
F = -2 2N32 oV 7%y (3% A=N/K)

26




(Cont’d) Development on ABJM free energy

*June 2011 : Summing up all genus around planar limit for strong A

[Fuji-Hirano-Moriyamal]

(H)) (- mam)|| w0 otz

1 [am2N\Y/3
F,:Hleog!ﬁ( X ) Al

up to O(éizﬁ\/m),O(e_m/%—N)
: . —217.3
2%3) K : up to O(k°) Correction to Airy function
2k 12 4320
—>How about for large k??
- February 2012 : Numerical simulation in the whole region(=this talk)

[ Hanada-M.H.-Honma-Nishimura-Shiba-Yoshida]

where  A(k) =

At least up to instanton effect, for all k,

Free energy is a smooth function of k !l




Localization of ABJM theory on S3

[Kapustin-Willet-Yaakov '09]
[Cf. Jafferis 10, Hama-Hosomichi-Lee '10]

SABIJM = S¢cs + SMatter
In N = 2 language,

ABJM D vectormultipletx2 +Bi—fundamental chiralmultiplet x?2
+Anti — bi — fundamental chiralmultiplet x 2

N = 2 Vectormultiplet D (AH,O',D,)\, 5\)
N =2 Chiralmultiplet > (¢, &, F, F, 4, %)
Let 0 and oz be SUSY trans. generated by e, €.

(62 =0=42)

1_ -
50z Tr| 3\ = 2D0| = Sn—2 sy

565{”[1510—2%'95(0(1)—0(2))65 —95¢: = SN=2 chiralmult.

28




(Cont’d) Localization of ABJM theory on S3
5€5gTr [;)_\)\ — 2D0‘] = S_/\[:Q SYM
OcOg TT [@w—%@(ﬂ(l)—a(”)fb —5@?5} = SN'=2 chiralmult.

Zpagim = 4(t) = fd‘D exp |—Scs[®] — t(Sy=2 sym + Smatter))]

Saddle point: oo

o(1) = const., 02 = const., DV = _+(1) P2 — _;(2) Other fields = 0

Taking the diagonal gauge as (1) = diag(u;), (2 = diag(v;),

Gauge 1-loop
A
_ 1 f'f.N,t.s dN v Ha’<j [2 sinh (%)} {2 sinh ( 5 )} ik N 9 9
ZABIM = 753 N 2m)N 5 exp {F > (1 —v; )}
V. ZT ZT HIJ |:2 CUI"‘.I.]. (I—i-igb’j)] T i=1 \
\
\ \
CS term

Matter 1-loop 29



Simplification of ABJM matrix model

[Kapustin-Willett-Yaakov ‘10, Okuyama ‘11, Marino-Putrov ‘11]

2 2
1 ANy dNy Il {‘2 sinh (—‘“‘;‘“’3 )} {2 sinh (”‘ — ” ik .
/ ( exp L— Z(,u — U )]

Cauchy identity: w; = eti, v; = e
Moy (= 1) (0 =) _ oy 1 “ oy [2sinn (2524 ) ] [2sinn (252)] 1
=Y (-1 Ny
Hl-!j(u.i- + .pj) g( ) ]:[ U; + Vo (1) HU {2 cosh ( : ” = ;(—1) H 5 coch (w)
— dVp  dNv 1 ik~ .
ZABIM = 177 2_(=1)° — T XD { (113 —f«f)}
) Nt ; J @m)N @2m)N H {2 cosh (“i;’i)} {2 cosh (Hz ;‘F"r”)} dm ;
2
l Fourier trans.: 1 :l/dﬁ.. er?
2coshp 2 cosh x

1
ZABIM = \|Z( 1) TEW/ wd” U [ [, 2coshz; - 2cosh y;

' ' . N
dNp dNu ik ~—, o 5
/ @2m)N (2m) e“p[ Z(“z viJri+ = Z(ﬁf i = vitlo(n) + = > (1} — )]

Masazumi Honda (SOKENDAI & KEK) 30




(Cont’d) Simplification of ABJM matrix model

1 «— 1 [ v 1
A = — E —1 J—.- 1" xd
ABIM = N1 (=1) m2N /( ey [[; 2cosh ;- 2cosh y;

a

/ e em["'Z( — )i+ — Z( = vita) + e 3 =)
2m)N 2m)N I Fi Hilli — Villo (i) i /

‘ Gaussian integration

]_ \ ]_ r r ]_ 21 N
Z = — —1)7 ——— /ff‘h" xd™q e T 2vi=1 TiUi—Vo (i)
ABIM = N Z( ) N 2N / 1, 2 cosh x; - 2 cosh y;

a
1 1 T
Fourier trans.: L
2coshp 2 cosh x

z Gy / o 1
ABIM = Ny 2\T - S el
N/ ~ J @rk)N [1;2cosh (%) - 2 cosh (12—;{”)

: - a 1 1 T — T4
. ~1 _ 2 [ Ti— Ty
‘CaUChy id.: ;( ) H > ool (-‘E‘z‘_;;co’(ﬂ) = 3N L-J,,l tanh ( o% )

1 dN z Hz<3 tanhz( ok )
QNMsazu/m(I%ﬂ-ckDSOKENDH% Zgosh (73) 31

Z(N,k) =




Warming up: Free energy for N=2

There is the exact result for N=2:

pp3 (—1)**

——

—

F 0 =

(free energy)

-10

-12

1
ZABIM = ——

1
ZABIM = ==

_E sgl (_

k—1
s oms | (=1) 2
2)tan2" 505 for odd k
S 2 TS
—g) tan -~ for even k

[ Okuyama "11]

R o)
i

s
[
-

- |'-.—n;‘|
| |
4 6 8

10 k ( CSTevel )



Warming up: Free energy for N=2

There is the exact result for N=2:

[ Okuyama "11]

— i k—1
1 |1k _ s s (=1) 2
ZABIM = 1¢ |1 S (-1)s7t E) tanQ?—i—( ) for odd k
s=1
1 [1k2 s\ 2 TS
ZaBIM = 15 | % Zl(— - E) tan=-- for even k
— L S—
0 — I I 1
- N=2 ———

(free energy)

.
2 L=
| |
e

Exact AN

Complete agreement with the exact result !!

-10

-12

- |'-.—n;‘|
| |
4 6 8

a8
10 k ( CSTevel )



Result for Planar limit (=7 =fed v o)

—

[Drukker-Marino-Putrov '10]
3

*Weak COU“ng * Fueakplanar = N (log 2mA — 5 2log 2) up to O()\Q)

h . T2 (\—1/24)3/2
| *Strong coupling: Fome =~ 5N up to O(e 27V
Worldsheet instanton
lim F/N? lim (F — Fpoump) /N2
N—o0 | | | N—00 . . : :
DMP 3«} "
05 L o I S 0.015
s grﬁ& Weak coupling | o5 L o ~ = \2 |
“
1k ﬁwﬂ"‘---h_ / ] / A
E‘,, 0.01 s
15 L 5 s .
Different from worldsheet instanton behavior
7 B 0015 F v
2 I Strong coupling =]
25 | | | | | 1/\/FX 002 | | | 1/)\2
04 06 08 1 12 14 0 0.2 0.4 0.6
strong > weak strong < > gXeak



3/2 power low in 11d SUGRA limit

[Drukker-Marino-Putrov ‘10, Herzog-Klebanov-Pufu-Tesileanu ‘10]

11d classical SUGRA: F = ——\/_\/_Nz

F F/N3/2

50 B P T T T T - -1 I I !

NI ~ AN ATATAW U A0 AU N A VT A VR 000 W . AVIRRRY (. SRR o By
T T e R T I Ty (Yoo o v Sy Lo ) i Koy Al Sy ) \ \
- — MAEANIN M A A NS — p— - s ol

L SRl T S @ . _
-100 A R s k=1 4
-150 | i.-.:“‘u_‘ H"é.__ -..h."h---"'. k=2 - -2 el o o o ey [ s R wwus R

200 | = 1 Lsl i

[

A . el A v A A, A A AN b
-250 |- A Yy N N N N Y e
Y

2300 | L k=6 k=6

.~ k=R
-350 | P
4 meeessaEEE-EE
]

-400
4.5 ! ! '

30 40 50 60 70 80 90 0 0.05 0.1 0.15 0.2

N3/2 1/N
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Comparison in the whole region
Calculation for k<<1, k<<N [Marino-Putrov '12]

_ 1 s, [(a2\2P N 11
FMP—IOQ[\/E( ’k) A (ﬁ) (Z_ﬂ_ﬁ)

() ko :
A =5 ~ 13~ Up to O7)

—i—A(k)—%Iog 2

up to C)(e—27r\/217\7/k)7 O(e—W\/QkN)

F—Feum| 2p——————

N=10 -t
15 | Marino-Putrov : -
up to O(1/N° ) ———
1F A -
0.5 F Ay .
0r _______"‘—-———-___-_%_’:i 7
05 - / o
1 I Subleading of
1/N expansion
'15 — k2 1
~ ~0.60103,  — ~logk — 0.25558
2L am




Fermi gas approach

[Marino-Putrov’11]

Z(N,k) =

)

1 alN . ]‘[Kjtanhz( ol
2NNV (2mk)N Hi2cosh(71)

. 1 1 Ty — Ty
‘CaUChy |d.: ;(_1 HQCOSh(I xLJ) :thaﬂh2( 2},-33)

1 . o dN
Zpeam = 721 ek

1 1 B
::ﬁilﬂf/ﬂrrh®imﬂ
" oa i=1

Result:

Frermi = log [\lf (4‘?1'2‘[3)

where

A(k) =

[1; 2cosh (%) - 2cosh (%)
Regard as a Fermi gas system

up to O( —QW\IQN/k)jO(e—W\/QkN)

1/3 5

2(3) kx2S
Tz(a) 10 130 UYPTO O (k)

Our result says that this remains even for large k??

Masazumi Honda (SOKENDAI & KEK) 37



Origin of Discrepancy for the Planar limit (without MC)

[Marino-Putrov ‘10]

. i \12 T vi—v; \]° o
1 ]((ZN;; dNv Hi<j [2 sinh (# 2# )} [2 511111( 2 )} exp [i ZV:(;;? flif)}

N2 QTI')N (ETF)N a0 [ v 2 ) AT £ ot
IL,; {2 r_-o.ah( 5 ” i=1

Analytic continuation: N1 — N, No — —N
[Cf. Yost 91, Dijkgraaf-Vafa ‘03]

Lens space L(2,1)=S3/Z, matrix model:

ZABIM =

1 d“'-l]r; dNz fi — fs 2 i — 2 _ik e 2w 2
/ Ni. NaYy = Ll S | ;)] - 4?[_,.“; +2ava)
Z1(2,1)(N1, N2) .-"-.-'1!;\;2!,/(27)\1{2"1')\ H [Zsmr‘( )] E, zsmh( H i [ECOSH( 2 (

>XThis is dual to the topological A-model on local F,=P* X P?

[ Aganagic-Klemm-Marino-Vafa '02]

Genus expansion:

2711

F(gs.\) = ZF (\)g2o~ P

N2 27\)*

Masazumi Honda (SOKENDAI & KEK) 38




(Cont’d))Origin of Discrepancy for the Planar limit (without MC)

. . . [Drukker-Marino-Putrov '10]
The “derivative” of planar free energy is exactly found as

k2 ik 111 3 K2 N K 11 1' 3‘ K2

We impose the boundary condition: Fp(0) = O [ Cf. Fyentepianer = V2 (k,ggm\_z_gbgg)]

= w=

1
MWFo(N) = 4G§§ (é

By using asymptotic behavior,

- 1
Fo(\) Fo(\) +0 ( s f) (A=x-2)
- 4m¥V253/2  _onvaR, —anvV2X (9 1\ _exvan (82, 9v2 | 1 V2
Fo(N) = e g T o) 27 " 4rv/X  m™X T 12x333/2
Necessary for satisfying b.c., |[Fo(A) — Fo(A) [ T 7 7 7 7 7 wear -
taken as O for previous works | :
2 | _
|
15 F :. _
co ~ 0.60103 |
\_ I-'u i
0.5 i | H---I_”. ] | ~ II | | ] 39 A

0 005 01 015 02 025 03 035 04 045 05



Origin of discrepancy for all genus

Discrepancy is fitted by M isonbansssssnnk
F — Frym ~ —0.60103—— — = log k — 0.25558 S ITTLLLLI LT
42" 6 J -

This is explained by constant map”’ contribution in language of topological string:

[ Bershadsky-Cecotti-Ooguri-Vafa ‘93, Faber-Pandharipande 98, Marino-Pasquetti-Putrov’09 ]

Fconst - -

((3),2 1 o 49ByyBag-p  (2mi)2072
5,2 k 6|ng+ |Og +2C( 1)+Z4(29_2)(29_2)|( )

/

Divergent, but Borel summable:

1 oo 1 (3 1 3 )
3Jo ekr —1\x3 =z zsinh?z
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Comparison with discrepancy and Fermi gas

¢(3)

Feonst = — S

1
k2—glogk+ log T o¢!(— 1)+Z

o0 49B5,Bo,

5 49(29 — 2)(29 —2)!

(271‘:5)29_2

/

Divergent, but Borel summable:

_1 00 1 (3 _1 3 )
3Jo ekt —1\z3 2z zsinh?z
' — FEuMm| 2 5 ~ a ——r
e N=2
15 F N=10 =
genus 2yp to genus 2
1F AW n
S constant map ---------
05 AL n
o L .\ il
05 |
1 F .
Fermi Gas
15 F w1l
2
'_g‘:.
1 i k
0.1 1 10 h




Comparison with discrepancy and Fermi gas

C(?’) 2 1 e 49 BQQBQJ (27{3)29_2
F, =Tk ——logk | 2 1
const g2 6 og + Og + ¢'(— )‘l'z L 29(2g — 2)(2g — 2)!
Divergent, but Borel summable:
1 oo 1 (3 1 3 )
3Jo ekt —1\z3 2z zsinh?z

r‘\j=2 I }---j..iL:Il';__j___:l I

N=10 -t o
genus 2yp to genus 2

constantmap ---------

Borel sum of Constant map realizes
Fermi Gas(small k) result ! !
—>Can we understand the relation analytically? |

U.l | )




Fermi Gas from Constant map

Constant map contribution:

= _C(S) 2 _1 4QBQQBQQ—2 (271’2-)29_2
feonst = g2t 6|ng+ log 2= 1)+Z_:24 (29 —2)(29 — 2)!
g=
Borel sum
¢(3),» 1 1 3 )
F; -— k< ——logk —Io 2 1 =~ =
const = g2 6 gk —+ 9 + ¢'(-1) g
Expand around k=0
True for all k?
, _ 1 BQRBEH 2 Qn 93 D
Foomst = =5 log2 e " Il order form ?
All order form
11 - QC(S ;.L. I3 Py orae
T RAT o 1320 T 907200 T

Agrees with Fermi Gas result !
—>Fermi Gas result is asymptotic series around k=0



Note on Level shift

¢

[ Kao-Lee-Lee '95]

topological mass ~ g%M

Integrate out all fields
except the gauge field

At 1-loop level,
N =0 SUSY : k=N
N =1 SUSY : 0k = N/2
N =2 SUSY : k=0
N =3 SUSY : dk = 0
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Taking planar limit

}L 60___
e R
1=40 _
L A=30
A=2.5

- @ -

-0.6 %ﬁ K-
et +
-0.8 CAAA A
-1 -o o
42 faEs A

> 9??%3%

?L20
}Ll’i

A=1.0

-1.8 | = }L:._=_Q.5 ]
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Higher genus

1 , 2 1 5t o af _
Fl‘Elczdula.r()\) - = ng TF(’T) Félgdmar()‘) - W (gEg + 3-1)‘21E§ — 2E4E2)
L] 2 4 1]

16952 + 150507 + 2103098 + 2012

12060030%
P\ L (log A +log k) +2¢/(=1) O B
Foo(A) = ~8 (log A + log k) + 2¢'(—1) F 0 (N) BTy
~(1) 2(1) 1 , +(2) +(2)
andular o chak + 3 ng k ! Fmﬂdular o chak
04 | T I T llif 1 | T 0.003 T T T —
: Frooglar —Fyeak —(1/6)logh ——— A I [ Foogalar ~Fgeak —————__|
038 | Fring ~Fasa ~(1/6)logk " N Pt —Foms
'f. 00025 F \ .
036 P T \‘ x_
0.34 |- /’/ i 0.002 |- B
032 e 4
7 0.0015 -
03 F ___,;J;;ff“’ - AN
028 | yd 1 0.001 |- \ _
020 '_"|| i | I T —— 0.0005 | | l----::-::;;T:::-'"'""“‘|"—'"—--=-:
0 005 01 015 0.2 025 03 035 04 045 05 0 0.2 04 0.6 0.8 1
A A

AR — _%bgk_q_, AF@ = _ep. e = 025558, ey~ 0.00277
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ABJ(M) matrix model and Lens space matrix model
A \p)

Hermitian supermatrix: b =
P (\PT C

A(C) : N1xN7(NoxNo)“Bosonic” Hermitian matrix
W : N1 x NoComplex “Fermionic” matrix

Supermatrix model [Alvarez-Gaume 91, Yost 191, | Bosonic matrix model

- 1
Zs(N1|No) = /DCD e_SEStrv(q)) Zy(N1|Np) = /DADC’e - (trvV(A)+trv(C))

Diagonalizing A = diag(yj), C = diag(y;), | Diagonalizing A = diag(y;), C = diag(v;),

g . )2 2
Zs(N1|Np) = / d#dynkj(ﬂz - .Ug) Ha<b(:a — ) Zp(N1|N>) = [ dpdy H-(M _ “j)2 Hb(yg’ _ Vb)2 H(‘ui _ Va)z
[Ti,a(pi — va) » @<3:V( " V?<)) i,a
Xe—g%(Z@'V(M)—Za V(va)) xe s i Vpd)+>,V(va

[Diagramatic proof: Dijkgraaf-Vafa’03, Dijkgraaf-Gukov-Kazakov-Vafa ‘03]

Zs(N1|No) = Zp(N1| — No)
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(Cont’d)ABJ(M) matrix model and Lens space matrix model

[Marino-Putrov ‘10]

ABJ(M) matrix model:

1 . le,[L dN2y Hi{j [2 sinh (%‘l”? H(J,{b [2 sinh (w—;/&)]zﬁ—i—f;(xm?—zu "'r?)

N1INo! ) (2m)Ni (2m) N> [1; [2 cosh (4i52)]*

Zpagy(N1.Np) =

Lens space L(2,1)=S3/Zg matrix model:

. N N A B r 2 . 2 )
: 1 _ / d 11:_ il ?u.. H [,2 sinh (.H; -“J)] H 2sinh (b‘” - Uh)} H [QCOSH (.”.l - “b)] (_—%[Erﬂ,‘z‘FE.rM?]
N1INpt ) (2m)N1(2m)N2 [ 2 ach L 2 b 2

ZL{Ql}(*ﬂ‘l ;\-'-2) —

ZaBy(N1, N2) = Zp5 1)(N1, —N2)
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Lens space matrix model and topological string

[ Aganagic-Klemm-Marino-Vafa '02]

Low energy effective theory

Chern — Simons theory on $3/Z, “ of D — branes wrapping 5%/2>

(witten’92] 1N the topological A — model on T*(S3/Z5)

Canon.ical. Large N transition
quantization [ Cf. Gopakumar-Vafa 98]
The topological A — model

on local Fy = rlx pl

' Mirror symmetry

The topological B — model

Lens space 83/22 Matrix Model

onthe mirror manifold
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