Phase structure of finite density QCD
with a histogram method

Yoshiyuki Nakagawa
Graduate School of Science and Technology, Niigata University,
lkarashi-2, Nishi-ku, Niigata 950-2181, Japan
for

WHOT-QCD collaboration:

S. Aokil, S. Ejiri2, T. Hatsuda®*, K. Kanaya!,
Y. Nakagawa?, H. Ohno®, H. Saito!, T. Umeda®

LUniv. of Tsukuba, 2 Niigata Univ., 3 Univ. of Tokyo, 4RIKEN, O Bielefeld Univ., ® Hiroshima Univ.

Lattice 2012 @ Cairns, Australia, 6/28/2012



— Finite density lattice QCD —
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e Various approaches
v Reweighting method
v Canonical approach We explore the phase diagram by
the histogram method
+ phase quenched simulations
V' Taylor expansion + cumulant expansion for the complex
v Imaginary chemical potential phase of the quark determinant

v Histogram method

v Langevin approach



— Histogram method and phase transition —

v Explore the phase diagram by the histogram method

e Label configurations by the value of an operator o}
o Calculate the histogram w(O) of O and the effective potential V = —Inw

o Change the parameter (8, k, p,...) and see if the curvature changes
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— Histogram method —

v Label gauge configurations by P = ffwiﬁ and F(p) = N¢ln 321%%’5))
Z(B, u) 1 / i0( Nt _6BNsite P
- = U |det M ()| 8P Neive
Z(3.0) © Z(3.0) et M)
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— Histogram method —

v’ Label gauge configurations by P = 76/3?\/% and F(y) = N¢ln 3221]\\44%))
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v" Probability distribution function
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— Histogram method —

v’ Label gauge configurations by P = 76/3?\/% and F(y) = N¢ln 3221]\\44%))
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v" Probability distribution function
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v' Complex phase of the quark determinant

<ei9(“)> (P’ ' 3 1) = <<6i9(#)?(15 — P’)iS(F — F’)>>(ﬁ’“)
<<6(P — PS(F — F/)>>(ﬁ)#)

(((--- >>(B7u): the expectation value with the phase quenched measure)




— Sign problem —

v Poor signal to noise ratio if ? changes sign frequently



— Sign problem —

v Poor signal to noise ratio if ?’ changes sign frequently
v Cumulant expansion of the complex phase

. , 1 i 1
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— Sign problem —

v Poor signal to noise ratio if ?’ changes sign frequently

v Cumulant expansion of the complex phase
, 1 ;
6 2 4
<€ (H)>(P,F,;L) = exp W—§<0 >C—%+I<9 >c+:|

v' @ — —p corresponds to time reversal
v" Odd terms vanish if the system is invariant under the time reversal

v" The phase factor is real and positive



— Sign problem —

v Poor signal to noise ratio if ?’ changes sign frequently

v Cumulant expansion of the complex phase

NN N RN

) 1 ;
(€0) b,y = exp |THY, — 5 (67), —%JF a0+ ]

1 — —p corresponds to time reversal

Odd terms vanish if the system is invariant under the time reversal
The phase factor is real and positive

No sign problem if the cumulant expansion converges

Need the definition of § (NOT a Taylor expansion), giving nearly a Gaussian
distribution (ideal case)



— Convergence property of the cumulant expansion —

v We calculate 0 as follows:

F(p) = Ntln fm‘: Nf/OH/TfT{e {W}d(éﬁ)’
)= oG] = o [ e[ 5).
(i) = NeIm[Indet M(u)] = Nf/O”/T m [W} p (%)

v" The complex phase, (the absolute value of) the quark determinant, and the
reweighting factor can be obtained as continuous functions of .



— Convergence property of the cumulant expansion —

v We calculate 0 as follows:

det M (1) /“/T 1ndetM( N . /i
Flu) = —2| = N d|=
(1) P et p1(0) T a/T) <T)
det M (1) /“/ T [o(Indet M()) i
C = Nln|—=| = N Re | ————|d|( =
(aw) = Neln |G = N e\ S|4 (F)-
w/T d(lndet M(a)] . /&t
(1) = N;Im[lndet M(u)] = Nf/ Im [_} d(—)
et M) ; o) T
0.05 0.07
B=1.50 0.06F B=170 1
%}0'047 U=p=2.4T §QOA05* H=H=2.4T 3
éo,os— E 20.04— E
z%o.()zf E E: 003 i
E £0.02F E
20.01F E g ]
0.01 . E
%5 30720 10 1020 3040 %3020 -10 0 10 20 30 40

6 = N;Im [In det M()] 8 =N, Im [In det M(w)]



N N N N N RN

— Lattice setup —

Clover-improved Wilson quark action

RG-improved lwasaki action

On 83 x 4 lattice, Ny = 2, k = 0.141139 (mps/my = 0.8 for 3 = 1.80)

B =1.30,1.35,1.40, ..., 1.90, 1.95, 2.00

wo/T =2.4,28,3.2, 3.6

Measurement every 10 trajectories

Random noise method with 50 noises to calculate the derivatives of Indet M

Statistics is 2900



— Curvature of the effective potential —
v" Ratio of the partition function
Z(ﬂ,ﬂ) _ ., . [ i0(p) . _/ —V(P,F;3,un)
(30 f/deFu,(P,F,,d,u())<e >(P,F,ﬁ,,u)f dPdFe
v’ Effective potential

1
V(P,F;8,n) = —Inw(P, F; 5, uop) + 3 <92>C (P, F; 8, u, o)

v Curvature of the effective potential
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— Curvature of the effective potential —
v" Ratio of the partition function
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v" Curvature of the effective potential
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— Curvature of (- log of) the histogram —

V' Assume a Gaussian distribution for P and F' around (P) 4,y and (F) 5 ).

! LS S BV P
P F) = e e | (P (P = (P ()

xp = ((P=(P)?),

v Curvature of (the log of) the histogram
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— Curvature of the distribution function —
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— Second order cumulant of the complex phase —

k=0.141139, W/T=p /T
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— xp, xr, and (0%) in T-p plane —
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— Average of P and F(u) —

x=0.141139, W/T=2.4
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— Average of P and F(u) —

k=0.141139, W/T=2.8
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— Average of P and F(u) —

x=0.141139, W/T=3.2

§Axxxxxxxxxxxxxxx4
DLx x x x x x x x x x x x x x %

2 HL R R L R R RN LAY R
T ] 1.8 E
. 1 1.6F B
. la ]
x 1 14f |
. i L o Uy/T=24 |
: 7 —Wy/T=2.8
; 12r cepy/T=32 7|
i ] r T=36 1
32 36 4 1 | | | I I H\O/ |

0 100 200 300 400 500 600 700 800
F(w)



— Reweighting technique —
v" Ratio of the partition function

Z(6
Z(p

= We need w(P, F) and (¢?) (P, F) in a wide range of P and F

15)) = /deFw(P.F;8,/1)<€w(”)> (P, F; 3, 1)



— Reweighting technique —
v" Ratio of the partition function

Z(6
Z(p

= We need w(P, F) and (¢?) (P, F) in a wide range of P and F

15)) = /deFw(P.F;8,/1)<€w(”)> (P, F; 3, 1)

v Overlap problem — simulations at various simulation points

w(Fsf.p) = R(P.F;B,p, po)w(P, F; 3, o)
det M Nt ~ ~
<< seny| 0P = PNS(F ~ F) (B.10)
R(F; B, 1, po) = <<5(f3 P,)J(F F/)>> B,10
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) Ny A
(B110)
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— Reweighting technique —

v" Complex phase of the quark determinant
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— Curvature of (- log of) the distribution function —

v~ Curvature of the distribution function in F' direction
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Curvature of the distribution function in F' direction decreases with increasing

/T




— Second order cumulant <92>C —
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v The second order cumulant of the complex phase takes large values in small P
and F' region while small in large P and F' region.



— Curvature of the second order cumulant <92> —
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v Curvature of the second order cumulant <92>c
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v" The second order cumulant has a negative curvature in small P and F' region.



— Positive curvature from (—Inw) and
negative curvature from <92>c —
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Summary and outlook

We investigated the phase structure of finite density QCD by the histogram
method

We adopted the cumulant expansion for the complex phase
The complex phase is calculated by the p-integration of d1ndet M (u)/0p

The curvature of the distribution function in F direction decreases with
increasing /T

The curvature of the complex phase in P-F plane has a negative region

The first order phase transition at u/7T ~ 4.07



— Noise error in (Tr0)? —
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— Noise error in (Tr6)? —
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— Curvature of (- log of) the distribution function —

v" Curvature of the distribution function in P direction
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— Slope of the second order cumulant <92>c —
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Distribution function and the reweighting term —
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— Susceptibility of the plaquette and the Polyakov loop
in phased quenched case —
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