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Motivation |

@ Connection between "lattice world" and "real world":
renormalization constants Z

@ Must know them as accurate as possible
@ Perturbative approach: complicated, slow convergence, mixing
problems, ...
@ Nonperturbative approach: widely used scheme is RI-MOM
scheme
e Simple implementation
e Gauge fixing required
@ Simulations at finite lattice constant a — problem of lattices
artefacts
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RGI scheme

We define the so-called renormalization group invariant (RGl) operator
as (see e.g., Gockeler et al., PR D82 (2010) 114511)
ORI = AZS(M) OS(M) = ZRGI(a) Obare

with

Sean2\ —(0/200) g5 (M) S(n!
a2 = (2% o [ 9 (G5) * g

and
78N (a) = A Z5(M) Z5,.(M, a)

g°, +® and ¢ are the coupling constant, the anomalous dimensions
and the g-function in scheme S
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RGI scheme

Knowing ZRC! and A Z8(M) one can compute O in any scheme S and
at any scale M
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RGI scheme

Knowing ZRC! and A Z8(M) one can compute O in any scheme S and
at any scale M

On the lattice a widely used scheme is RI’-MOM:

_ - 1 _
Zq 1 Ztl;;re MOM ﬁ tr (r(p) rBorn(P) 1) =1
with ' .
tr (=3, vasin(apy)as=(p))
1237, sin®(ap,)

I - amputated Green function of O
S - quark propagator

Zy(p) =
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RGI scheme

@ RI-MOM is not covariant for most operators — not suitable for
computing anomalous dimensions

Talk H. Perlt (Leipzig) Perturbative subtraction of lattice artefacts Lattice 2012 6/29



RGI scheme

@ RI-MOM is not covariant for most operators — not suitable for
computing anomalous dimensions

@ Two-step procedure: RG’-MOM — Amgg — RGI

Talk H. Perlt (Leipzig) Perturbative subtraction of lattice artefacts Lattice 2012 6/29



RGI scheme

@ RI-MOM is not covariant for most operators — not suitable for
computing anomalous dimensions

@ Two-step procedure: RG’-MOM — Amgg — RGI

— m ’_
o ZROI(g) = A ZMOMIg(\] — 1,,) ZMOMIG (0] — 1,,) ZRI MOV (5

Talk H. Perlt (Leipzig) Perturbative subtraction of lattice artefacts Lattice 2012 6/29



RGI scheme

@ RI-MOM is not covariant for most operators — not suitable for
computing anomalous dimensions

@ Two-step procedure: RG’-MOM — Amgg — RGI

— m ’_
o ZROI(g) = A ZMOMIg(\] — 1,,) ZMOMIG (0] — 1,,) ZRI MOV (5

——

o A ZMOMgg ang ZMOMIG (A1 — 1) computed in continuum PT

Talk H. Perlt (Leipzig) Perturbative subtraction of lattice artefacts Lattice 2012 6/29



RGI scheme

@ RI-MOM is not covariant for most operators — not suitable for
computing anomalous dimensions

@ Two-step procedure: RG’-MOM — Amgg — RGI

— m ’_
o ZROI(g) = A ZMOMIg(\] — 1,,) ZMOMIG (0] — 1,,) ZRI MOV (5

——

o A ZMOMgg ang ZMOMIG (A1 — 1) computed in continuum PT
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RGI scheme

@ RI-MOM is not covariant for most operators — not suitable for
computing anomalous dimensions

Two-step procedure: RG-MOM — Amgg — RGI

VO, MOM, ,_
78 (a) = A ZMOMSO(M = 11p) ZUN (M = 11p) ZRNOM (1, 2)

——

A ZMOMgg ang ZMOM99 (M = 11,,) computed in continuum PT

ZRU-MOM( ), " 9) is the nonperturbatively measured Z-factor

bare

@ In MC simulations (au) is not small — lattice artefacts!
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RGI scheme

@ RI-MOM is not covariant for most operators — not suitable for
computing anomalous dimensions

Two-step procedure: RG-MOM — Amgg — RGI

VO, MOM, ,_
78 (a) = A ZMOMSO(M = 11p) ZUN (M = 11p) ZRNOM (1, 2)

——

A ZMOMgg ang ZMOM99 (M = 11,,) computed in continuum PT

ZRU-MOM( ), " 9) is the nonperturbatively measured Z-factor

bare
In MC simulations (au) is not small — lattice artefacts!
Artefacts under control — determination of ZRS! with better
accuray!
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Operators under consideration

Operator notation Repr. | Members
od oS | oS
bys d oP | oP
by, d oY Y | oy,0y,0¥,0)
b5y, d oA 7| oy, 08,04, 0%
uo ‘ﬂid O 71( K O, Ofg, Ofg, Oga, O34, O34
07 D, d | Op — Oy, | 72 | Opray, Opray, Opaay
» Of23}, Ofz4), Ofaay
07D, d | Op — Ouy, | 73 | 1/2(041 + Oz — O35 — Oua)
1/V2(Og3 — Oua),
1/v/2(011 — Oz)

Table: Operators and their representations as discussed.. {..} means toal

symmetrization.
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Operators under consideration

@ If dimension of multiplet > 1 — trace depends on direction of
momentum — O(4) covariance is violated
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Operators under consideration

@ If dimension of multiplet > 1 — trace depends on direction of
momentum — O(4) covariance is violated

@ For each member a different Z-factor

@ Conversion to covariant scheme — common Z-factor for all
members

@ Here: average over all members

ANS
Z 72 ( jBorn(p)_1> =1
J

where j runs over all members of the multiplett — common
Z-factor
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Settings, parameters

Following settings are used for the discussed examples

@ Clover improved Wilson fermions + plaquette gauge action
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Following settings are used for the discussed examples
@ Clover improved Wilson fermions + plaquette gauge action
@ Landau gauge
@ 243 x 48 lattice, 3 = 5.4
0 —8.285, g Ays = 0.73,1p = 0.5
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Settings, parameters

Following settings are used for the discussed examples

@ Clover improved Wilson fermions + plaquette gauge action
@ Landau gauge
@ 243 x 48 lattice, 5 = 5.4

0 —8.285, g Ays = 0.73,1p = 0.5

o P=0562499 — g2 = 1.11111,g2 = & = 1.97531
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One-loop subtraction (all)

General one-loop expression for the Z-factor

g°Cr 4

Z(:uv a)PerT =1+

In "conventional" LPT we have F(p,a) ~ v In(a° p?) + A
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________Sublraction of all attice artofacts In onedoop |
One-loop subtraction (all)

General one-loop expression for the Z-factor

9° Cr

16 72

Z(p, @)pern = 1+ F(p.a)+ O(g")
In "conventional" LPT we have F(p,a) ~ v In(a° p?) + A

Difference D(p, a) = F(p, a) — F(p, a) — lattice artefacts in one-loop
LPT
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________Sublraction of all attice artofacts In onedoop |
One-loop subtraction (all)

General one-loop expression for the Z-factor

9° Cr

16 72

Z(p, @)pern = 1+ F(p.a)+ O(g")
In "conventional" LPT we have F(p,a) ~ v In(a° p?) + A

Difference D(p, a) = F(p, a) — F(p, a) — lattice artefacts in one-loop
LPT

Define the subtracted Z-factor in RI'-MOM scheme

/ _ 2 C
Z(p, a)tl?;r;MOM (P, @)mc,sub = Z(1, a)bRaIIe MOM(pv a)mc — 286 Wg D(p, a)
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One-loop subtraction (all)

@ Procedure ensures complete O(a") subtraction in one-loop
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One-loop subtraction (all)

@ Procedure ensures complete O(a") subtraction in one-loop

@ D(p, a) is computed numerically — large computational effort,
for operators with more than one covariant derivative impractical

@ Use of boosted coupling gg is justified a posteriori by the result
@ Z-factor in RGl-scheme:

RGI _ MOMgg >MOMgg ~ RI'~MOM
4 =AZ ZRI’—MOM Zbare,MC,sub
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@ Procedure ensures complete O(a") subtraction in one-loop

@ D(p, a) is computed numerically — large computational effort,
for operators with more than one covariant derivative impractical

@ Use of boosted coupling gg is justified a posteriori by the result
@ Z-factor in RGl-scheme:
G MOMgg —»MOM, RI'—MOM
Xt =nz % ZRI/—N%M Zbare,MC,sub
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One-loop subtraction (all)

@ Procedure ensures complete O(a") subtraction in one-loop

@ D(p, a) is computed numerically — large computational effort,
for operators with more than one covariant derivative impractical

@ Use of boosted coupling gg is justified a posteriori by the result
@ Z-factor in RGl-scheme:

RGI _ MOMgg >MOMgg ~ RI'~MOM
4 =AZ ZRI’—MOM Zbare,MC,sub

@ ldeally, ZRS! does not depend on scale p, but we may have
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One-loop subtraction (all)

@ Procedure ensures complete O(a") subtraction in one-loop

@ D(p, a) is computed numerically — large computational effort,
for operators with more than one covariant derivative impractical
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e Remaining O(a) artefacts
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One-loop subtraction (all)

@ Procedure ensures complete O(a") subtraction in one-loop

@ D(p, a) is computed numerically — large computational effort,
for operators with more than one covariant derivative impractical

@ Use of boosted coupling gg is justified a posteriori by the result
@ Z-factor in RGl-scheme:

RGI _ MOMgg >MOMgg ~ RI'~MOM
4 =AZ ZRI’—MOM Zbare,MC,sub

@ ldeally, ZRS! does not depend on scale p, but we may have
significant deviations due to
e Remaining O(a) artefacts
e Truncation of perturbation theory
@ Remaining scale dependence is fitted - constrained by lattice
symmetry and perturbative "ingredients"
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One-loop subtraction (all) - results

Zs

0.45 \.wooooooooooooooooo 0000000

ZI{GI =

S unsub

RGI R .
ZS,sul).U """ @
. .
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Figure: Unsubtracted and subtracted renormalization constants ZRS! for the
operator OS.

Talk H. Perlt (Leipzig) Perturbative subtraction of lattice artefacts Lattice 2012 12/29



One-loop subtraction (all) - results

1.6
oo.’...
00‘... nt
o® al
...... - | |
00%00g90 ® -
i 4= 9x = 9B ...
N 1.55 - . |
® .-x.......
|
Z\iil,unsub ——
15 Z3 b @
. 0 1 2 3 4 5 6 7 ] 9 10
a2p?

Figure: Unsubtracted and subtracted renormalization constants ZRS! for the
operator Oy, ,.
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Subtraction of O(a%p?) lattice artefacts in one-loop

One-loop subtraction O(&?p?)

@ Look for procedure which can be applied to more general cases -
eventually with "less" correction effect
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Subtraction of O(a%p?) lattice artefacts in one-loop

One-loop subtraction O(&?p?)

@ Look for procedure which can be applied to more general cases -
eventually with "less" correction effect

@ Cyprus group pioneered diagrammatic O(g?a?p?) approach (see
e.g., M. Constantinou, V. Lubicz, H. Panagopoulos and
F. Stylianou, JHEP 0910 (2009) 064)
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Subtraction of O(a%p?) lattice artefacts in one-loop

One-loop subtraction O(&?p?)

@ Look for procedure which can be applied to more general cases -
eventually with "less" correction effect

@ Cyprus group pioneered diagrammatic O(g?a?p?) approach (see
e.g., M. Constantinou, V. Lubicz, H. Panagopoulos and
F. Stylianou, JHEP 0910 (2009) 064)

@ Results for local and one-link bilinears and different actions and
general mass terms; higher derivative operators are possible (but
also not very easy)

Talk H. Perlt (Leipzig) Perturbative subtraction of lattice artefacts Lattice 2012 14/29



Subtraction of O(a%p?) lattice artefacts in one-loop

OS

Example: scalar operator O3

2
Z5(a,p) = 1+ 196?; ( — 23.3099453215 + 3 log(a°p?)
+(a2p2)(1 6408851782248 — 228 log(&2p?)

(54) (1.9510436778 - i |og(a2p2)))>

1+g221s+9232p2AZ§’E1+g CFZ +g CF 2Z(2)

167 167

with p4 = S°%_, pt
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Subtraction of O(a%p?) lattice artefacts in one-loop
OS — O(g?a°p?)artefacts

O(g?a?p?) lattice artefacts for a general momentum set (243 x 48)

a& ZS(Z) for various directions of

6 T T T T T T T
I o 21024 (n/2,ny,Ny,N7) )
5 diagonal -]
(ap,0,0,0) - e Y N
L . ., - . N i
p % *e *e ‘e ®
A . ., . LY . A hd
. % . - . L) —
% °. C e % ®
- . L 19S LS » L %
r A *Yq e d ‘: 0. °]
T T T T
3+ .o ®e Voo !3 e °
33.‘ ®aq gl "'.0"'-- g*,. ’,~
Seogeite te, Rl . et

% ,.;

L | L | L | L
l:)O 1 2 3 4

@p’
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Subtraction of O(a%p?) lattice artefacts in one-loop

Subtraction procedures

Following procedures are possible

RI'—MOM RI'—MOM 2
Ziae (P, @)Mc sub,1 = Zye (p, @)mc — g5 02,
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Subtraction procedures

Following procedures are possible

RI'—MOM RI'—MOM 2
Ziae (P, @)Mc sub,1 = Zye (p, @)mc — g5 02,

Ztii:MOM(P, a)MC,sub,2 = Ztilr:MOM(R a)mc x <1 ~ g2 5Zaz>
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Subtraction of O(a%p?) lattice artefacts in one-loop

Subtraction procedures

Following procedures are possible

o
RI' —MOM RI'—MOM 2
Ziae (P, @)Mc sub,1 = Zye (p, @)mc — g5 02,
]
RI' —-MOM RI' —-MOM 2
Zbare (p’ a)MC»SUb»Z = Zbare (p7 a)MC X <1 - g* 5Za2>
o

Zgr MOM(p. @)mcsuns = Zie M M(p. @)c / (1 +g2 5Za2)
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Subtraction of O(a%p?) lattice artefacts in one-loop

Subtraction procedures

Following procedures are possible

o
RI' —MOM RI'—MOM 2
Ziae (P, @)Mc sub,1 = Zye (p, @)mc — g5 02,
]
RI' —-MOM RI' —-MOM 2
Zbare (p’ a)MC»SUb»Z = Zbare (p7 a)MC X <1 - g* 5Za2>
o

Zgr MOM(p. @)mcsuns = Zie M M(p. @)c / (1 +g2 5Za2)

g, can be chosen to be either the bare lattice coupling g or the
boosted coupling gg.
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Subtraction of O(a%p?) lattice artefacts in one-loop

Effect of subtraction

For the scalar operator we get

1
9« = 9B ’
0.9 , 0 !
0 L/
"l uﬂ:-l""'
3 n
N .I..=¥!
.I.‘;;x
07T ﬁx“ |
0.6 | P
Zs sub1 7@
’S,auh,z
0.5 ' L L I I L [ZSsub3 MUY
012 3 4 5 6 T 8 9 10
a2p?

Figure: Zs and Zs s as function of a?p?.
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Subtraction of O(a%p?) lattice artefacts in one-loop
Fit of lattice artefacts
Parametrizing the remaining lattice artefacts

(2:(a) = & 279W0(p) Z7N58 () 281V (p. 2.

bare

Za N8 (P) Z2 MM (p, a)vicaun = 28 (a) /AZMOMIY(p) + 8 & p2
+ & p4/p2 + ¢ & p6/p2®

+ra*p2? + \a* p4
+pap2d +vabpap2 + wad p6

(8,7, €, K, \, v, u,w) fit the lattice artefacts
pn=>;pf
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Subtraction of O(a%p?) lattice artefacts in one-loop

Fit procedure

@ We chose of a set of momentum intervals
ap?,., < @p? < @p?,..,- In order to avoid the region of Landau

poles we demand for all / the lower limit (8?p? ;) > 0.5.
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Subtraction of O(a%p?) lattice artefacts in one-loop

Fit procedure

@ We chose of a set of momentum intervals
ap?,., < @p? < @p?,..,- In order to avoid the region of Landau

poles we demand for all / the lower limit (8?p? ;) > 0.5.

@ Among all fits we extract those with x2 < x2.. . It turned out that
X,2,,,-,, = 2 is a good choice.
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Subtraction of O(a%p?) lattice artefacts in one-loop

Fit procedure

@ We chose of a set of momentum intervals
ap?,., < @p? < @p?,..,- In order to avoid the region of Landau

poles we demand for all / the lower limit (8?p? ;) > 0.5.

@ Among all fits we extract those with x2 < x2.. . It turned out that
X2, = 2 is a good choice.
© We determine ZR¢!(a) by investigation of the resulting histogram.
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Subtraction of O(a%p?) lattice artefacts in one-loop

Fit procedure

@ We chose of a set of momentum intervals
ap?,., < @p? < @p?,..,- In order to avoid the region of Landau

poles we demand for all / the lower limit (8?p? ;) > 0.5.

@ Among all fits we extract those with x2 < x2.. . It turned out that
X2, = 2 is a good choice.

© We determine ZR¢!(a) by investigation of the resulting histogram.

© The calculated parameters (3,7, €) are used to investigate the
remaining O(a°p?) dependence.
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Subtraction of O(a%p?) lattice artefacts in one-loop

Determination of ZR6!

Smoothed histogram — normal distribution — (ZXS") for the choice
ap2. =5.5and x? <2

50

i
45 i

B
40 E
35 F
30 [

25 4

0.25 0.3 035 04 045 0.5  0.55 0.6  0.65

— (ZRGl) = 0.45062(834)
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Subtraction of O(a%p?) lattice artefacts in one-loop

Determination of ZR6!

Repeat this procedure for various a2p?,... but keep the condition
2
X°<2

0.465

0.46 |

0.455 -

'V'vvvvvvvvvv,

7RGI
7

0.445 -

0.44 |

0.435

For a&?p2,,, > 5.5 no new data enter the fit with x? < 2 — stable result
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Subtraction of O(a%p?) lattice artefacts in one-loop

Determination of ZR6! - different variants

Common setting: x° < 2, @82p2,., = 5.5, {p}an
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Subtraction of O(a%p?) lattice artefacts in one-loop

Determination of ZR6! - different variants

Common setting: x° < 2, @82p2,., = 5.5, {p}an

(8.7, € 6, A\ v, ,w), Zyc — g5 * 6Z | 0.45062(834)
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Subtraction of O(a%p?) lattice artefacts in one-loop

Determination of ZR6! - different variants

Common setting: x° < 2, @82p2,., = 5.5, {p}an

(8.7, € 6, A\ v, ,w), Zyc — g5 * 6Z | 0.45062(834)
(0,0,0, 5, \, v, p,w), Zuc — gg * 6Z | 0.44746(93)
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Subtraction of O(a%p?) lattice artefacts in one-loop

Determination of ZR6! - different variants

Common setting: x° < 2, @82p2,., = 5.5, {p}an

(8.7, € 6, A\ v, ,w), Zyc — g5 * 6Z | 0.45062(834)
(0,0,0,k, A\, v, ,w), Zyc — gg * 02 0.44746(93)
(B, 7, € 5, A\ v, i, w), Zye * (1 — 93 % 0Z,) | 0.46117(818)

Talk H. Perlt (Leipzig) Perturbative subtraction of lattice artefacts Lattice 2012 23/29



Subtraction of O(a%p?) lattice artefacts in one-loop

Determination of ZR6! - different variants

Common setting: x° < 2, @82p2,., = 5.5, {p}an

(B, € K, A\ v, p,w), Zyc — gg % 022 0.45062(834)
(0,0,0,k, A\, v, ,w), Zyc — gg * 02 0.44746(93)
(B, 7, € 5, A\ v, py,w), Zye * (1 — 93 % 0Z,) | 0.46117(818)
(0,0,0, 5, A, v, p1,w), Zyc * (1 — g * 6Z,2) | 0.45943(86)
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Subtraction of O(a%p?) lattice artefacts in one-loop

Determination of ZR6! - different variants

Common setting: x° < 2, @82p2,., = 5.5, {p}an

(B,7, € K, A\ v, i, w), Zue — 95 * 62z 0.45062(834)
(0,0,0,k, A\, v, ,w), Zyc — gg * 02 0.44746(93)
(B, 7, € 5, A\ v, py,w), Zye * (1 — 93 % 0Z,) | 0.46117(818)
(0,0,0, 5, \, v, p,w), Zyc * (1 — g5 * 6Z,) | 0.45943(86)
(B, 7, € 8, A\ vy, w), Ze/(1+ 95 % 6Z,2) | 0.46066(813)
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Subtraction of O(a%p?) lattice artefacts in one-loop

Determination of ZR6! - different variants

Common setting: x° < 2, @82p2,., = 5.5, {p}an

(B,7, € K, A\ v, i, w), Zue — 95 * 62z 0.45062(834)
(0,0,0,k, A\, v, ,w), Zyc — gg * 02 0.44746(93)
(B, 7, € 5, A\ v, py,w), Zye * (1 — 93 % 0Z,) | 0.46117(818)
(0,0,0, 5, \, v, p,w), Zyc * (1 — g5 * 6Z,) | 0.45943(86)
(8,7, € K, A\, v, 1y w), Zyc/(1 + gg x0Zz2) | 0.46066(813)
(0,0,0, 5, A, v, 1, w), Zuc/(1 + 92 * 6Zz) | 0.46000(92)
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Subtraction of O(a%p?) lattice artefacts in one-loop

Determination of ZR6! - different variants

Common setting: x° < 2, @82p2,., = 5.5, {p}an

(B,7, € K, A\ v, i, w), Zue — 95 * 62z 0.45062(834)
(0,0,0,k, A\, v, ,w), Zyc — gg * 02 0.44746(93)
(B, 7, € 5, A\ v, py,w), Zye * (1 — 93 % 0Z,) | 0.46117(818)
(0,0,0, 5, \, v, p,w), Zyc * (1 — g5 * 6Z,) | 0.45943(86)
(B, 7, € 5, A\ vy, w), Ze/(1+ 95 % 6Z,2) | 0.46066(813)
(0,0,0, 5, \, v, i, w), Zyc/(1 + 95 * 6Z;) | 0.46000(92)

(B, 7, € 1, A\, v, 1, W), Zyc — G2 * 625 0.45670(862)
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Subtraction of O(a%p?) lattice artefacts in one-loop

Determination of ZR6! - different variants

Common setting: x° < 2, @82p2,., = 5.5, {p}an

(8,7, € K, N\, vy 1y w), Zyc — gg % 022 0.45062(834)
(0,0,0,k, A\, v, ,w), Zyc — gg * 02 0.44746(93)
(8,7, € K, A\ v, 1, w), Zye * (1 — gg x0Zp) | 0.46117(818)

(0,0,0, 5, \, v, p,w), Zyc * (1 — g5 * 6Z,) | 0.45943(86)

(B, 7,6k, N\ v, pyw), Zue/(1 + gg x0Z,2) | 0.46066(813)

(070707’%1)\7”7 Maw)i ZMC/(1 "'g%*(sza?) 046000( )
(B, 7, €, 5 A vy 1, w0), Zie — 92 % 02,2 0.45670(862)
(0,0,0,k,\, v, 1, w) , Zye — 9% * 62, 0.44745(95)
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Subtraction of O(a%p?) lattice artefacts in one-loop

Determination of ZR6! - different variants

Common setting: x° < 2, @82p2,., = 5.5, {p}an

(B,7, € K, A\ v, i, w), Zue — 95 * 62z 0.45062(834)
(0,0,0,k, A\, v, ,w), Zyc — gg * 02 0.44746(93)
(B, 7, € 5, A\ v, py,w), Zye * (1 — 93 % 0Z,) | 0.46117(818)
(0,0,0, 5, \, v, p,w), Zyc * (1 — g5 * 6Z,) | 0.45943(86)
(B, 7, € 5, A\ vy, w), Ze/(1+ 95 % 6Z,2) | 0.46066(813)
(0,0,0, 5, \, v, i, w), Zyc/(1 + 95 * 6Z;) | 0.46000(92)

(B, 7, € 1, A\, v, 1, W), Zyc — G2 * 625 0.45670(862)
(0,0,0,k,\, v, 1, w) , Zye — 9% * 62, 0.44745(95)
(B, 7, € 1, \, v, i, w), Zue * (1 — 92+ 6Z,2) | 0.46252(857)
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Subtraction of O(a%p?) lattice artefacts in one-loop

Determination of ZR6! - different variants

Common setting: x° < 2, @82p2,., = 5.5, {p}an

(B,7, €, Ky A\, 1y 1, W), Zie — 92 + 0252 0.45062
(0,0,0,k, A\, v, ,w), Zyc — gg * 02 0.44746
By, €, 85, M\ vy p,w), Zye + (1 — 93 % 6Z,2) | 0.46117
(0,0,0, 5, \, v, r,w), Zyc * (1 — g5+ 6Z,2) | 0.45943

(8
(93)
(8
) (8
(B, 7, € 5, M\ vy pyw), Ze/(1+ 95 % 6Z,2) | 0.46066(8
) (9
(8
(9
(8
(3

8)
6)
3)
2)
62)
5)
57)
7)

34)
1
1

(0,0,0,k, A\, v, t,w), Zuc/(1 + 95 + 6Z,2) | 0.46000
(B, 7, €, 5 A vy 1, w0), Zie — 92 % 02,2 0.45670
(0,0,0,k,\, v, 1, w) , Zye — 9% * 62, 0.44745

(B, 7, €, 5, M vy 1, w), Zie * (1 — 92 % 6Z,) | 0.46252

(0,0,0, 1, A\, v, 1, w), Zyc * (1 — g% x6Z,) | 0.46603
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Subtraction of O(a%p?) lattice artefacts in one-loop

Determination of ZR6! - different variants

Common setting: x° < 2, @82p2,., = 5.5, {p}an

(ﬁvfyaev’i?)‘vyvlhw)! ZMC_Q%*(SZ‘#
(0,0,0, 5, \, v, 1, w), Zyc — 93 * 6Z,
(,3,’)/,6, '%7)“ Va:uvw)! ZMC * (1 - 9,23 * 5232)
(0,0,0, 5, \, v, r,w), Zyc * (1 — g5 * 6Z2)
(B, 7,6k, N\ v, pyw), Zue/(1 + gg * 0Z2)
(070707 Ky A, Uy M,W)a ZMC/(1 + 9123 * 6232)
(8,7, € Ky A\, vy ptyw), Zye — g2 * 6Z,2
(0,0,0,k,\, v, 1, w) , Zye — 9% * 62,
(ﬁ77767/€7 A?”?:U’aw)’ ZMC * (1 - 92 * (5232)
(0,0,0, 1, A\, v, jt,w), Zyc * (1 — g% * 6Z,2)
(ﬁ,’}/,ﬁ,lﬁl, /\,V,,u,w), ZMC/(1 + 92 * 5232)

0.45062
0.44746
0.46117
0.45943
0.46066

0.45670
0.44745
0.46252
0.46603
0.46235

8
(9
(8
(8
(8

0.46000(9
(8
(9
(8
(3
(8

3)
8)
6)
3)
2)
62)
5)
57)

7)
55)

34)
1
1
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Subtraction of O(a%p?) lattice artefacts in one-loop

Determination of ZR6! -

Common setting: x° < 2, @82p2,., = 5.5, {p}an

different variants

(ﬁvfyaev’i?)‘vyvlhw)! ZMC_Q%*(SZ‘#
(0,0,0, 5, \, v, 1, w), Zyc — 93 * 6Z,
(,3,’)/,6, '%7)“ Va:uvw)! ZMC * (1 - 9,23 * 5232)
(0,0,0, 5, \, v, r,w), Zyc * (1 — g5 * 6Z2)
(B, 7,6k, N\ v, pyw), Zue/(1 + gg * 0Z2)
(070707 Ky A, Uy M,W)a ZMC/(1 + 9123 * 6232)
(8,7, € Ky A\, vy ptyw), Zye — g2 * 6Z,2
(0,0,0,k,\, v, 1, w) , Zye — 9% * 62,
(ﬁ77767/€7 A?”?:U’aw)’ ZMC * (1 - 92 * (5232)
(0,0,0, 1, A\, v, jt,w), Zyc * (1 — g% * 6Z,2)
(ﬁ,’}/,ﬁ,lﬁl, /\,V,,u,w), ZMC/(1 + 92 * 5232)
(0,0,0, K, \, v, 1, w), Zye/(1 + 92 % 62Z,2)

0.45062
0.44746
0.46117
0.45943
0.46066
0.46000

0.44745
0.46252
0.46603
0.46235
0.46620

(8
(9
(8
(8
(8
(9
0.45670(8
(9
(8
(3
(8
(3

3)
8)
6)
3)
2)
62)
5)
57)
7)
55)
2)

34)
1
1
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Subtraction of O(a%p?) lattice artefacts in one-loop

Determination of ZR6! - different variants

Common setting: x° < 2, @82p2,., = 5.5, {p}an

(B,7, €, Ky A\, 1y 1, W), Zie — 92 + 0252 0.45062
(0,0,0,k, A\, v, ,w), Zyc — gg * 02 0.44746
By, €, 85, M\ vy p,w), Zye + (1 — 93 % 6Z,2) | 0.46117
(0,0,0, 5, \, v, r,w), Zyc * (1 — g5+ 6Z,2) | 0.45943
(B, 7, €5, M\ vy pyw), Zye/(1+ 95 % 6Z,2) | 0.46066
(0,0,0, K, \, v, jt,w), Zyc/(1 + g& * 6Zz2) | 0.46000(92)

(8
(93)
(8
(8
(8
(9
(B, 7, € 1, A\, v, 1, W), Zyc — G2 * 625 0.45670(862)
(9
(8
(3
(8
(3
(8

34)
18)
6)
13)

(0,0,0,k,\, v, 1, w) , Zye — 9% * 62, 0.44745(95)
(B, 7, €, 5, M vy i, W), Zie * (1 — 92 % 62Z,) | 0.46252(857)
(0,0,0, 1, A\, v, 1, w), Zyc * (1 — g% x6Z,) | 0.46603
(B,7, € 8, \, v,y 11, w), Zye/(1 + g2 % 0Z2) | 0.46235(85
(0,0,0, K, \, v, 1, w), Zye/(1 + g%  6Z,) | 0.46620

subtract-all (Gdckeler et al.) 0.45155

7)
5)
2)
0)

(568)(15)
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Subtraction of O(a%p?) lattice artefacts in one-loop

Determination of ZR6! - different variants

@ Current data set contains momenta near the diagonal —
procedure should be tested for more non-diagonal momenta
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Subtraction of O(a%p?) lattice artefacts in one-loop

Determination of ZR6! - different variants

@ Current data set contains momenta near the diagonal —
procedure should be tested for more non-diagonal momenta

@ Selection of more non-diagonal momenta out of the current data -
no significant change (hnumber of data points decreases, however)
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Subtraction of O(a%p?) lattice artefacts in one-loop

Determination of ZR6! - different variants

@ Current data set contains momenta near the diagonal —
procedure should be tested for more non-diagonal momenta

@ Selection of more non-diagonal momenta out of the current data -
no significant change (hnumber of data points decreases, however)

@ Using the "all-artefact-subtraction"-method as reference scheme
— the choice of g, = gg and subtraction type Zyc — g%éZag
seems to be preferable
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Subtraction of O(a%p?) lattice artefacts in one-loop

Remaining O(a?p?) dependence

After subtraction of O(g?a?p?) terms remain
Q@ 0(g%(a%p?)"), n > 1 contributions
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Subtraction of O(a%p?) lattice artefacts in one-loop

Remaining O(a?p?) dependence

After subtraction of O(g?a?p?) terms remain

Q@ 0(g%(a%p?)"), n > 1 contributions
@ O(g®" a?p?),n > 1 contributions
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Subtraction of O(a%p?) lattice artefacts in one-loop

Remaining O(a?p?) dependence

After subtraction of O(g?a?p?) terms remain

Q@ 0(g%(a%p?)"), n > 1 contributions
@ O(g®" a?p?),n > 1 contributions
Q@ 0(g?" (a%°p*)™), n,m > 1 contributions
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Subtraction of O(a%p?) lattice artefacts in one-loop
Remaining O(a?p?) dependence

Compare O(92a2p?)corr and the remaining O(&2p?)corr.rem after
subtraction (described by the parameters (3, v, €))

. .
2.2,.2
01 L 0(¢*a®p*)eonr ¥
9 ¢ 2.2
Zs, a’pl ey = 5.5 O(a®p?)corr,rem %
0.05 + vy .
, vy TYYYYyy i
5 i P Yy
S : : v v
a 0 SRR i : v
o TTye vy vygol i o0 f i
= AT EEITTYYNY Yy vy o
Q B Yy vYyvYyw
-0.05 +
-0.1
.
1 2 3 4 5 6
a*p?

— for scalar operator the O(g2a2p?)corr does a good job already
Fit with 5 =~ = e = 0 — (ZKG1) = 0.44746(93)
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Subtraction of O(a%p?) lattice artefacts in one-loop

Some more results

Same procedure for one-link operators (g, = 98, Zuc — g,%dZaz)
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Subtraction of O(a%p?) lattice artefacts in one-loop

Some more results

Same procedure for one-link operators (g, = 98, Zuc — g,%dZaz)

(25

(6,7,6,5,)\,11,[1,,0))
(0,0,0,K,A,V,/L,W)

0.45062(834)
0.44746(93)
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Subtraction of O(a%p?) lattice artefacts in one-loop

Some more results

Same procedure for one-link operators (g, = 98, Zuc — g,%dZaz)

(zxT)
(B,7,€ kK, A\ v, p,w) | 0.45062(834)
(0,0,0,k, A\, v, u,w) | 0.44746(93)

Gockeler et al. 0.45155(80)(568)(15)
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Subtraction of O(a%p?) lattice artefacts in one-loop

Some more results

Same procedure for one-link operators (g, = 98, Zuc — g,%dZaz)

(Z5T)
(B,7,€ kK, A\ v, p,w) | 0.45062(834)
(0,0,0,k, A\, v, u,w) | 0.44746(93)

Gockeler et al. 0.45155(80)(568)(15)
<ZRGI>

V2.a

(8,7, €k, A\, v, u,w) | 1.5572(65)
(0,0,0,k, A\, v, u,w) | 1.5590(16)
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Subtraction of O(a%p?) lattice artefacts in one-loop

Some more results

Same procedure for one-link operators (g, = 98, Zuc — g,%dZaz)

(Zx)
(B,7,€ kK, A\ v, p,w) | 0.45062(834)
(0,0,0,k, A\, v, u,w) | 0.44746(93)

Gockeler et al. 0.45155(80)(568)(15)

(ZRoh
(8,7, €k, A\, v, u,w) | 1.5572(65)

(0,0,0,k, A\, v, u,w) | 1.5590(16)
Gdckeler et al. 1.5526(54)(—159)(6)
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Subtraction of O(a%p?) lattice artefacts in one-loop

Some more results

Same procedure for one-link operators (g, = 98, Zuc — g,%dZaz)

(Z5T)
(B,7,€ kK, A\ v, p,w) | 0.45062(834)
(0,0,0,k, A\, v, u,w) | 0.44746(93)

Gockeler et al. 0.45155(80)(568)(15)
<ZRGI>

V2.a
(8,7, €k, A\, v, u,w) | 1.5572(65)
(0,0,0,k, A\, v, u,w) | 1.5590(16)
Gdckeler et al. 1.5526(54)(—159)(6)

(Zy)

(B,v, € K, \ v, p,w) | 1.5537(99)
(0,0,0,r, A, v, p,w) | 1.5625(12)
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Subtraction of O(a%p?) lattice artefacts in one-loop

Some more results

Same procedure for one-link operators (g, = 98, Zuc — g,%dZaz)

(Z5T)
(B,7,€ kK, A\ v, p,w) | 0.45062(834)
(0,0,0,k, A\, v, u,w) | 0.44746(93)

Gockeler et al. 0.45155(80)(568)(15)
<ZRGI>

V2.a
(8,7, €k, A\, v, u,w) | 1.5572(65)
(0,0,0,k, A\, v, u,w) | 1.5590(16)
Gdckeler et al. 1.5526(54)(—159)(6)

(Z05y)
(B,v, € K, \ v, p,w) | 1.5537(99)
(0,0,0,r, A, v, p,w) | 1.5625(12)

Gdckeler et al. 1.5555(28)(—155)(—6)
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Summary

@ Described subtraction procedures for getting rid of lattice artefacts
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Summary

@ Described subtraction procedures for getting rid of lattice artefacts

@ Numerical procedure for subtraction of all lattice artefacts in
one-loop very efficient
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Summary

@ Described subtraction procedures for getting rid of lattice artefacts

@ Numerical procedure for subtraction of all lattice artefacts in
one-loop very efficient

@ Not suited for more complicated operators
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Summary

@ Described subtraction procedures for getting rid of lattice artefacts

@ Numerical procedure for subtraction of all lattice artefacts in
one-loop very efficient

@ Not suited for more complicated operators

@ Subtraction of one-loop O(a?p?) terms can be done for a more
general class of operators
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Summary

@ Described subtraction procedures for getting rid of lattice artefacts

@ Numerical procedure for subtraction of all lattice artefacts in
one-loop very efficient

@ Not suited for more complicated operators

@ Subtraction of one-loop O(a?p?) terms can be done for a more
general class of operators

@ Fit procedure must be performed and adjusted for each operator
individually
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Summary

@ Described subtraction procedures for getting rid of lattice artefacts

@ Numerical procedure for subtraction of all lattice artefacts in
one-loop very efficient

@ Not suited for more complicated operators

@ Subtraction of one-loop O(a?p?) terms can be done for a more
general class of operators

@ Fit procedure must be performed and adjusted for each operator
individually

@ Using the "all lattice artefacts subtraction" procedure as reference
algorithm - the simple O(a?p?) subtraction with boosted coupling
gs should be preferred.

Talk H. Perlt (Leipzig) Perturbative subtraction of lattice artefacts Lattice 2012 28/29



Acknowledgements

@ Partly supported by DFG

Talk H. Perlt (Leipzig) Perturbative subtraction of lattice artefacts Lattice 2012 29/29



	Introduction
	Renormalization constants in RGI scheme
	Operators
	Subtraction of all lattice artefacts in one-loop
	Subtraction of O(a2p2) lattice artefacts in one-loop
	Summary

