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Form factors

The matrix element of a nucleon interacting with an electro-magnetic
current V µ = Ψ(x)γµΨ(x) may be expressed as:

〈N(p′, s′)|Vµ|N(p, s)〉 = ū(p′, s′)

[
γµF1(Q2) + i

σµνqν
2mN

F2(Q2)

]
u(p, s)

where the matrix element is decomposed via the Dirac and Pauli form
factors - F1(Q2) and F2(Q2) respectively

These form factors are related to the Sachs form factors, GE and
GM , that are measured in scattering experiments

GE(Q2) = F1(Q2)− Q2

4m2
N

F2(Q2), GM (Q2) = F1(Q2) + F2(Q2)
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The form factors may be Taylor expanded in the momentum transfer
Q2

G(Q2) = G(0)

(
1 +

1

6
〈r2〉Q2 +O(Q4)

)
For the electromagnetic form factor

GE(0) = 1 for the conserved current Vµ.
GM (0) = µ, measures the anomalous magnetic moment.

The radii of the nucleon can be determined from:

〈r2
X〉 =

6

GX(Q2)

∂GX(Q2)

∂Q2

∣∣∣∣∣
Q=0
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Simulation details

Nf = 2 O(a) improved Wilson fermions.

CLS ensembles

β a[fm] L/a L[fm] mπ[MeV] no. meas

5.2 0.079 32 2.5 312, 363, 473 1696, 796, 1060

5.3 0.063 32 2.0 451 1344
48 3.0 277, 324 1000, 796

5.5 0.050 48 2.4 430 600
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Lattice formulation

3pt function

C3 = eE
′(ts−t)eEtZfBZ

∗i
B

√
M2

EE′
1

EE′
Γβα(−ip/′+M)αγO

µ
γγ′(−ip/+M)γ′β

Want a ratio that cancels all pre-factors[Alexandrou et al.,2008]

R(q, t, ts) =
C3(q, t, ts)

C2(0, ts)

√
C2(q, ts − t)C2(0, t)C2(0, ts)

C2(0, ts − t)C2(q, ts)C2(q, ts)

for which GE (in non-rel limit) and GM may be extracted using:

Rγ0 =

√
M + E

2E
GE(Q2) [Rγi ]i=1,2 = εijpj

√
1

2E(E +M)
GM (Q2)
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Systematics of extraction

Form factors should be independent of time t and sink position ts
observe exponentially decaying excited states from source and sink
Simple plateau fits show a trend of higher values for decreasing ts
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Systematics of extraction

Contributions to the ratio from the ground and excited states may be
factorised as

R(q, t, ts) = R0(q, t, ts)
(

1 +O(e−∆t) +O(e−∆(ts−t)) +O(e−∆ts)
)

The fit function becomes

R(q, t, ts) = GE,M + b1e
−∆t + b2e

−∆(ts−t) + b3e
−∆ts

Summed operator insertion method [L.Maiani et al.,1987]

S(ts) =

ts∑
t=0

R(q, t, ts)→ c+ ts
(
GE,M +O(e−∆ts)

)
Computing S(ts) for several ts, form factors may be extracted from
the slope

Since ts > t, (t− ts), excited state contr. should be more suppressed
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Comparison of methods

F7: mπ = 0.277 GeV, a = 0.063 fm, L = 3.0 fm, Ncfgs = 250
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Comparison of methods

F6: mπ = 0.324 GeV, a = 0.063 fm, L = 3.0 fm, Ncfgs = 200
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GE(Q
2) - preliminary

using a dipole ansatz for the form factors GE,M (Q2) =
GE,M (0)(

1+ Q2

M2
E,M

)2
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F6: mπ = 0.324 GeV, a = 0.063 fm, L = 3.0 fm, Ncfgs = 200

Sum fit GE(0) = 0.9987 (0.0018) 1/M2
E = 7.9429 (0.9944)

Plateau ts = 17 GE(0) = 0.9990 (0.0012) 1/M2
E = 7.4512 (0.6522)

Excited state fit GE(0) = 0.9993 (0.0009) 1/M2
E = 7.9468 (0.5985)
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GE(Q
2) - preliminary

using a dipole ansatz for the form factors GE,M (Q2) =
GE,M (0)(

1+ Q2

M2
E,M

)2

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14
Q2[latt]

0.2

0.4

0.6

0.8

1.0

G
E

(Q
2
)

F7: mπ = 0.277 GeV, a = 0.063 fm, L = 3.0 fm, Ncfgs = 250

Sum fit GE(0) = 1.0000 (0.0036) 1/M2
E = 8.8466 (1.2461)

Plateau ts = 17 GE(0) = 0.9988 (0.0024) 1/M2
E = 7.7097 (0.6815)

Excited state fit GE(0) = 1.0000 (0.0022) 1/M2
E = 9.1638 (0.9554)
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GM(Q2) - preliminary
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F6: mπ = 0.324 GeV, a = 0.063 fm, L = 3.0 fm, Ncfgs = 200

Sum fit GM (0) = 4.5085 (0.5388) 1/M2
M = 10.1585 (1.8029)

Plateau ts = 17 GM (0) = 3.4464 (0.3347) 1/M2
M = 5.6436 (0.8926)

Excited state fit GM (0) = 4.0448 (0.3353) 1/M2
M = 8.3382 (0.9275)

Thomas Rae (University of Mainz) Excited states in nucleon form factors 28 June, 2012 13 / 25



GM(Q2) - preliminary
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F7: mπ = 0.277 GeV, a = 0.063 fm, L = 3.0 fm, Ncfgs = 250

Sum fit GM (0) = 3.6569 (0.6147) 1/M2
M = 7.3940 (2.3777)

Plateau ts = 17 GM (0) = 3.1853 (0.4174) 1/M2
M = 5.6913 (1.0132)

Excited state fit GM (0) = 3.4418 (0.4374) 1/M2
M = 7.2407 (1.3580)
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Magnetic moment extraction - preliminary

assumed in phenomenology that electric and magnetic radii are very
close to each other
use this to get better handle on magnetic moment µ = GM (0), using

µ = GM (Q2)
GE(Q2)
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F6: mπ = 0.324 GeV, a = 0.063 fm, L = 3.0 fm, Ncfgs = 200

Sum fit µ2 = 3.8883 (0.4727)
Plateau ts = 17 µ2 = 3.8852 (0.2757)
Excited state fit µ2 = 3.8932 (0.3205)
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chiral behaviour 〈r2
1〉, κ, and 〈r2

2〉

we relate the Sachs form factors to the Dirac and Pauli form factors

1

M2
E

=
r2

1

12
+

κ

8m2
N

,
1

M2
M

=
r2

1 + κr2
2

12(1 + κ)

where κ = GM (0)− 1 = µ− 1

led by HBχPT we use the following fit forms to extrapolate our
results to the chiral limit [M.Göckeler et al.,2005]

〈r2
1〉 = c1 + c2 log(m2

π)

κ〈r2
2〉 =

d1

mπ
+

d2√
∆2 −m2

π

log

(
∆

mπ
+

√
∆2

m2
π

− 1

)
κ = κ0 +K(mπ)− 8E

(r)
1 (λ)mNm

2
π
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〈r2
1〉 - preliminary
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κ - preliminary
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κ〈r2
2〉 - preliminary
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Summary and Outlook

When applying the “Plateau” method, our results show a downwards
trend for the form factors for increasing ts.

There is good agreement between methods (excited state and
summed insertions) that account for excited state contributions.

Furthermore there is a trend for a steeper slope to be extracted from
these results.

The statistical errors from the three methods highlight the need for
greater statistics and for more chiral points, for which the Monte
Carlo ensembles exist, but are yet to be analysed.

The results indicate the importance of excited states and should be a
consideration in studies of potential systematic effects.
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Backup
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Backup
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Backup
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Backup - Preliminary Results

Ex-state (preliminary) Plateau (preliminary) experiment

〈r2
1〉 0.49(7) 0.43(6) 0.585(17)
〈r2

2〉 0.85(36) 0.44(35) 0.776(11)
κ 3.9(9) 3.1(9) 3.701
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Backup

K(mπ) = −g
2
AmπmN

4πF 2
π

(1)

+
2c2
A∆mN

9π2F 2
π

{√
1− m2

π

∆2
log

(
∆

mπ
+

√
∆2

m2
π

− 1

)
+ log

(mπ

2∆

)}
(2)

+
cAcV gAmNm

2
π

9π2F 2
π

log

(
2∆

λ

)
+

4cAcV gAmNm
3
π

27πF 2
π∆

(3)

− 8cAcV gA∆2mN

27π2F 2
π

(4)

.


(

1− m2
π

∆2

)3/2

log

 ∆

mπ
+

√
∆2

mπ
− 1

+

(
1− 3m2

π

2∆2

)
log
(mπ

2∆

)(5)
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