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Nucleon Eigenstates in Full QCD
|—Variational Method
|—Two-Point Correlation Functions

:
» Two point correlation function

Gj(t,p) =

= S AT OGO

» Inserting completeness

Bp',s

Z |Baﬁas><Baﬁ;’ S| _l
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Nucleon Eigenstates in Full QCD
|—Variational Method

|—Two-Point Correlation Functions

» Atp=0
Gjf (1,0) = Tryy [+ Gj(t, 0)]

> Parity projection operator, 'y = 5(1 £ o)

> In ensemble average, G; () = G; (1)

> 3[Gj (1) + Gj (1)] provides an improved unbiased
estimator leads to use symmetric eigenvalue Eq.

» Effective mass, Mk(t) = In (%)
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L Variational Method
|—Interpolating Fields

Interpolators

» Consider

x1(x) = €@°(u™(x) Cys d°(x)) u°(x) ,
xa(x) = €®°(u™(x) C d®(x)) 75 u°(x),
xa(x) = €@°(u™(x) Cys74 d°(x)) U°(x).
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Nucleon Eigenstates in Full QCD
|—Variational Method

|—Formalism

Variational Method

» Consider N interpolating fields, then
) N
¢ = Ui,
i=1

N
¢a = Z ViaXI'v
i=1

DA



Nucleon Eigenstates in Full QCD
|—Variational Method

|—Formalism

» Then a two point correlation function matrix for p = 0, right
multiplied by u? has the property

Gi( ZTrsp{r:I:<Q|XIXj|Q>})

X

x @ Mal,

(no sum over «)
» The t dependence is contained in the exponential term
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|—Variational Method

|—Formalism

» This provides a recurrence relation at time (f + At),
Gj(lo + AU = e‘mﬂmG;j(to)uf“.

» Which leads to a right eigenvalue equation
[(G(t))~"Glto + At)]j uf = c* uf,

» And a left eigenvalue equation
Vi Gt + A (G(t)) ']y = ™ V7.

» where ¢ = el s the eigenvalue.
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L Variational Method
L Eigenstate-Projected Correlators

» The projected correlator

VIaG/:/t(t)uj = ?I[:a

is then analyzed to obtain masses of different states
» Effective mass

() =10 (e

o)
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|—Simulation Details

Simulation Details

» PACS-CS Collaboration: S. Aoki, et al., Phys. Rev. D79
(2009) 034503.

» 2+ 1 flavour dynamical-fermion QCD

Lattice volume: 323 x 64

8 = 1.9 providing a = 0.0907 fm

K,q = { 0.13700, 0.13727, 0.13754, 0.13770, 0.13781 }
Ks = 0.13640

Lightest pion mass is 156 MeV

vV v.v. v Y

» We use fermion source smearing, N = {16, 35,100,200}
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L Eigenstates Identification

Quark-mass flow of eigenstates
N{’ states, 8 x 8 CM of y1, x2
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L Eigenstates Identification

Quark-mass flow of eigenstates

v

M interpolating fields making an M x M correlation matrix
G(1)

We determine d® of [(G(t))™" G(ty + At)]

Matrix [(G(t))~" G(ty + At)] is not symmetric. So U* are
not orthogonal

We explore the extent to which the eigenvectors G*(mg)
are orthogonal, by 4%(mg) - G°(mq)

v

v

v

v

By construction, d%(my) - 4°(mg) is 1 for a = .
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L Eigenstates Identification
d*(mq) - 4°(mq)

Table: The scalar product 4(mg) - G°(mg) for x = 0.13700, for 8 x 8
correlation matrix of y1 and ya.

al B—

1.00 0.02 -0.18 -0.07 0.10 -0.32 -0.09

0.02 1.00 0.02 0.07 0.15 0.06 042 0.03

-0.18 0.02 1.00 -0.10 0.36 -0.49 0.06 0.39
0.07 -0.10 1.00 -0.03 0.15 -0.13

-0.07 015 036 -0.03 1.00 023 0.09 0.30

0.10 0.06 -049 0.15 0.23 1.00 -0.06

-0.32 042 0.06 0.09 -0.06 1.00 0.17

-0.09 0.03 0.39 -0.13 0.30 0.17 1.00
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L Eigenstates Identification

Quark-mass flow of eigenstates continued - - -

» This feature enables the use of the generalised measure
U’ (mg, mg) = U*(mg) - 6°(my)

» Can be used to identify the states most closely related as
we move from quark mass myg to adjacent quark mass m, .
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L Eigenstates Identification

uaﬁ ( mq7 mq/ )

Table: G%(myg) - G°(my ), & = 0.13700, ' = 0.13727.

al pf—

098 -0.29 -0.14 -0.07 0.10 -0.32 -0.08

-0.19 -092 0.08 -0.03 0.14 0.06 042 0.05

-0.16  0.07 0.99 -0.09 -0.04 0.09 0.36
-0.44 -0.02 0.99 -0.05 0.13 -0.12

-0.12 -0.11 040 0.00 0.75 0.00 0.08 0.36

0.05 -0.11 -0.42 0.17 0.95 -0.12

-0.45 -0.17 0.03 0.08 -0.05 1.00 0.18

-0.09 0.00 034 -0.14 -0.34 0.21 1.00
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L Eigenstates Identification

Symmetric Correlation Matrix

» Recall, G_1(t0) Gty + At) |ui) = Nilup)

» Also, G /2(t)) GT1/2(ty) = I

> So, G (o) Gty + At) G™V2(to) GTV/2(to) | ui) = Ailuy)

» Multiplying from the left by Gt'/2(ty) provides
G 2(t)G(to + AYGR(8) G2 () Uy = NG A () |y
G 2(t)G(ty + NG V3 (1) W) = Aj |w;)

where, |w,) = G /2(1y) lu;)
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Nucleon Eigenstates in Full QCD

L Eigenstates Identification

Symmetric Correlation Matrix

> [G1/2(ty) Gty + At) G 1/?(1y)] is a real symmetric matrix
with the same eigenvalue ); as before

» w are orthogonal
» As in before, a scalar product of

WeB(mg, mg) = w®(mgq) - W¥(mg')

is constructed.
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L Eigenstates Identification
we(mg) - w”(mg)

Table: w(myq) - WP(myg) for x = 0.13700 and for an 8 x 8 “symmetric”
correlation matrix of x4 and ya.

al B—

1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
0.00 0.00 1.00 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 1.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 1.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 1.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 1.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.00
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L Eigenstates Identification

W(lﬁ ( rr7q7 mq/)

Table: w*(mg) - W#(my), k = 0.13700, x’ = 0.13727.
al  B—

1.00 -0.09 0.00 0.00 0.01 0.00 0.01 o0.00
0.09 099 -0.07 0.13 -0.01 0.00 0.01 0.00
0.01 007 1.00 -0.01 0.00 -0.01 0.00 0.00
-0.01 -0.13 0.02 0.98 -0.09 0.02 0.07 0.00
0.01 0.01 0.00 -0.09 -0.97 0.21 -0.01 0.03
0.00 0.00 0.01 0.00 0.20 0.95 -0.07 -0.23
-0.01 0.00 0.00 -0.07 0.01 0.07 0.99 -0.01
0.00 0.00 0.00 -0.01 -0.08 -0.21 0.01 -0.97
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L Eigenstates Identification

uaﬁ ( mq7 mq/ )

Table: G%(myg) - G°(my ), & = 0.13700, ' = 0.13727.

al pf—

098 -0.29 -0.14 -0.07 0.10 -0.32 -0.08

-0.19 -092 0.08 -0.03 0.14 0.06 042 0.05

-0.16  0.07 0.99 -0.09 -0.04 0.09 0.36
-0.44 -0.02 0.99 -0.05 0.13 -0.12

-0.12 -0.11 040 0.00 0.75 0.00 0.08 0.36

0.05 -0.11 -0.42 0.17 0.95 -0.12

-0.45 -0.17 0.03 0.08 -0.05 1.00 0.18

-0.09 0.00 034 -0.14 -0.34 0.21 1.00
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L Eigenstates Identification
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L Eigenstates Identification

Tracking of N} eigenvectors
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L Eigenstates Identification

Tracking of N} eigenvectors
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L Eigenstates Identification

W(lﬁ ( rr7q7 mq/)

Table: w*(mg) - W#(my), k = 0.13700, x’ = 0.13727.
al  B—

1.00 -0.09 0.00 0.00 0.01 0.00 0.01 o0.00
0.09 099 -0.07 0.13 -0.01 0.00 0.01 0.00
0.01 007 1.00 -0.01 0.00 -0.01 0.00 0.00
-0.01 -0.13 0.02 0.98 -0.09 0.02 0.07 0.00
0.01 0.01 0.00 -0.09 -0.97 0.21 -0.01 0.03
0.00 0.00 0.01 0.00 0.20 0.95 -0.07 -0.23
-0.01 0.00 0.00 -0.07 0.01 0.07 0.99 -0.01
0.00 0.00 0.00 -0.01 -0.08 -0.21 0.01 -0.97
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L Eigenstates Identification

Tracking of N} eigenvectors
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L Eigenstates Identification

Tracking of N} eigenvectors
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L Eigenstates Identification

Tracking of N} eigenvectors
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L Eigenstates Identification

W(lﬁ ( rr7q7 mq/)

Table: w*(mg) - W#(my), k = 0.13727, K/ = 0.13754.
al  B—

1.00 -0.08 0.01 -0.01 0.01 0.01 0.00 0.00
0.08 098 0.12 -0.03 0.09 0.01 0.00 0.00
-0.02 -0.12 0.99 -0.08 0.00 0.00 0.00 -0.01
-0.01 -0.09 -0.01 0.08 0.99 -0.10 0.00 0.00
0.01 002 0.08 099 -0.02 0.01 0.07 0.05
0.00 0.00 -0.01 -0.08 0.00 -0.08 0.99 0.07
0.01 002 0.00 0.01 -0.10 -0.99 -0.08 0.03
0.00 0.00 0.00 -0.04 0.00 0.03 -0.08 1.00
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L Eigenstates Identification

Tracking of N} eigenvectors
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L Eigenstates Identification

Tracking of N} eigenvectors
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L Eigenstates Identification

Tracking of N} eigenvectors
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L Eigenstates Identification

W(lﬁ ( rr7q7 mq/)

Table: w*(mg) - W#(my), k = 0.13754, x/ = 0.13770.
al  B—

1.00 -0.04 -0.02 0.04 0.01 0.00 0.00 0.00
0.03 098 -0.21 0.04 -0.01 0.00 -0.083 0.00
0.02 021 097 0.01 0.14 0.04 -0.02 -0.04
0.01 -0.01 -0.13 -0.37 0.92 0.08 -0.03 -0.03
-0.04 -0.04 -0.05 093 0.36 0.02 0.00 -0.01
0.00 -0.08 -0.01 0.01 -0.01 -0.25 -0.97 -0.03
0.00 -0.01 -0.04 0.01 -0.10 0.95 -0.24 -0.16
0.00 -0.01 -0.02 0.00 -0.02 -0.15 0.07 -0.99
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Tracking of N} eigenvectors
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L Eigenstates Identification

Tracking of N} eigenvectors
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L Eigenstates Identification

Tracking of N} eigenvectors
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L Eigenstates Identification

W(lﬁ ( rr7q7 mq/)

Table: w*(mg) - W#(my), k = 0.13770, &' = 0.13781.
al  B—

1.00 -0.04 0.083 -0.02 0.01 0.00 0.01 0.00
0.03 097 025 0.06 -0.02 -0.01 -0.01 -0.01
-0.03 -0.24 0.94 -0.07 -0.21 0.00 -0.08 -0.02
0.02 -0.06 -0.08 093 -0.36 -0.06 0.02 0.00
-0.01 -0.05 020 0.35 0.89 -0.03 -0.21 -0.01
-0.01 -0.01 0.06 0.04 0.18 -023 0.93 -0.20
0.01 0.00 -0.02 -0.08 -0.04 -0.97 -0.22 0.05
0.01 0.00 -0.04 -0.02 -0.04 0.00 -0.20 -0.98
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Tracking of N} eigenvectors
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L Eigenstates Identification

Tracking of N} eigenvectors

5 L I T T T
4 L T B oo T %
B
éf_f,—,r‘ 7-_§§__*:_\_\_;_\_: _____ E,_.,...------_-_- ____ E
R
%3 3 %"-_-',——f'______r-_;'\\“\;';;—; R SR —;
e S B P ot U :
L *m- B R
=z [ .
* . e
1 [ e® e e
0 i L | | |
0.0 0.1 0.2 0.3 0.4
m_* (GeV?)

DA



Nucleon Eigenstates in Full QCD

L Eigenstates Identification

Eigenvectors, |w;)
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Nucleon Eigenstates in Full QCD

L Eigenstates Identification

Observations: |w;)

» The variations of eigenvectors is smooth and slowly
varying.

» The tracking of eigenvectors is robust, with
we(mg) - wP(mg) ~ 1.

» Each eivencector has unique flow
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L Eigenstates Identification

Eigenvectors, |u;) = G '2(f) |w;)
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L Eigenstates Identification

Roper wave function
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L Eigenstates Identification

3rd excited-state wave function

Thanks to Dale Roberts
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L Eigenstates Identification

Observations: |u;)

» Ground and first excited states are dominated by x4
interpolator

» The second excited state is x> dominated

» As the quark mass become lighter, the larger source and
sink smearings contribution increase

» Superposition of Gaussian sources with various widths

resemble the wave functions of the states. For instance,
Roper state has a single node.
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Lyt Spectrum

m?2 dependence of the N* Spectrum
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Lyt Spectrum

N+ Spectrum: S and P-wave N 7 thresholds
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Lyt Spectrum

N+ Spectrum: with HSC [PRD84(2011)074508]

57 ' | ' | ' | -
z %
s b : 2 S
B
E ‘ % % :
/'\3 - @ —
T L1 f b i A t
Al . . a ! LA :
[ e 'y & ]
=2 4 N
* [ ]
1 . © 0 i
[ oo N
0 L X | X | X | X |
0.0 0.1 0.2 0.3 0.4
m_? (GeV?)



Nucleon Eigenstates in Full QCD
L N~ Spectrum

Tracking of the N}~ eigenvectors
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L N~ Spectrum

Eigenvectors, |w;)

1.0

E—vector component
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L N~ Spectrum

Eigenvectors, |u;) = G '2(f) |w;)
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Nucleon Eigenstates in Full QCD
L N~ Spectrum

m2 dependence of the N3 Spectrum
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L N~ Spectrum

N1~ Spectrum: S-wave N 7 threshold
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N}~ Spectrum: S and P-wave N« thresholds
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N}~ Spectrum: S and P-wave N« thresholds
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N~ Spectrum: with HSC [PRD84(2011)074508]
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N~ Spectrum: with HSC [PRD84(2011)074508]
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|—Summary of Results

Summary

» Using correlation matrix method, propagation of states
from heavy to light quark mass region can be tracked using
eigenvectors.

» Method can be used to track states that are involved in an
avoided level crossing

» States must be tracked using eigenvectors w* of
symmetric eigenvalue equation.



Nucleon Eigenstates in Full QCD

|—Summary of Results

Summary continued...

» The approach of the extracted two lowest N%_
energy-states to the physical value is remarkable.

» Challenges remain to link the extracted lattice N%Jr
excitations to its physical value.

» Doing finite volume analysis and multi-particle interpolators
are needed to understand scattering states.
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Smeared Source - Point Sink Effective Masses
For second lightest quark mass and 50 configurations
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An illustration of avoided level crossing
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