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Outline

Want to calculate properties of η,

η′-mesons using 2+1+1 dynamic quark
flavours

This allows to determine masses of η,

η′ (in principle also for ηc)

Study quark mass dependence

Perform scaling test to estimate

systematic errors

Extract flavour contents of the states

Check for possible c-quark contribution

to η, η′

Determine mixing angle

2+1 flavour results available so far:
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J. J. Dudek et al., Phys. Rev. D83, 111502 (2011)

N. Christ et al., Phys. Rev. Lett. 105, 241601 (2010)

E. B. Gregory et al., arXiv:1112.4384
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Wilson tmLQCD for light quarks (1)

Consider the QCD action

SQCD =

∫

d4x

(

−1
4
GaµνG

a,µν +∑
f

ψ̄f
(

i /D−Mf

)

ψf

)

= SG [G ]+SF
[

G ,ψ, ψ̄
]

with four quark flavours, i.e. one light ψl = (u,d) and one heavy doublet ψh (c ,s).

The Wilson twisted mass lattice action for the light doublet reads

SF ,l [U,χl , χ̄l ] = a4∑
x

χ̄l
(

DW +m0+ iµlγ5τ
3
)

χl Frezzotti et. al., JHEP 0108:058 (2001)

DW : Wilson operator, m0: bare untwisted quark mass, µl : bare twisted quark mass

SF is related to the physical basis (in the continuum only!) via

ψ = exp
(

iωγ5τ
3/2
)

χ and ψ̄ = χ̄exp
(

iωγ5τ
3/2
)

.
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Wilson tmLQCD for light quarks (2)

Wilson and tmWilson basis are different lattice regularizations

“twist-rotation” is NOT a symmetry on the lattice → different lattice
artefacts compared to Wilson formulation

→ Can be used to cancel O (a)-effects

It can be shown that at maximum twist ω = π
2
, one has:

〈

Ocont
[

ψ,ψ̄
]〉

=
〈

Otm [χ,χ̄]
〉

+O
(

a2
)

i.e. we have automatic O (a) improvement

R. Frezzotti and G. C. Rossi, Nucl. Phys. B 129&130, 880-882 (2004)

No tuning of further, operator-specific improvement coefficients

Flavor symmetry and parity are broken at finite a (but O
(

a2
)

-effect)

Light sector is flavour-diagonal
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Heavy quark sector

The action for the heavy doublet reads

SF ,h [U,χh, χ̄h] = a4∑
x

χ̄h
(

DW +m0+ iµσγ5τ
1+µδτ

3
)

χh .

R. Frezzotti and G.C. Rossi, Nucl. Phys. Proc. Suppl.128 193-202 (2004)

m0: bare untwisted quark mass, µσ: bare twisted mass, µδ : c ,s-mass splitting

strange and charm quark masses are given by

mc,s = µσ±
ZP

ZS
µδ

Again automatic O (a) improvement is achieved

Heavy sector is NOT flavour-diagonal → two additional progagators G xycs G xysc

⇒ Heavy sector requires a much larger number of contractions for correlation
functions
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Interpolating operators for η, η′

In the physical basis 2 γ-combinations (iγ5, iγ0γ5) available; consider only iγ5:

ηphysl = 1√
2
ψ̄l iγ5ψl ηphysc,s = ψ̄h

(

1±τ3
2
iγ5

)

ψh =

{

c̄ iγ5c

s̄iγ5s
.

At maximal twist this reads in the twisted basis:

ηtml = 1√
2
χ̄l
(

−τ3
)

χl ηtmc,s =
1
2
χ̄h
(

−τ1± iγ5τ3
)

χh .

⇒ heavy operators are a sum of scalars and pseudoscalars!

Considering renormalization we have

ηtmc,renormalized = ZP (χ̄c iγ5χc − χ̄s iγ5χs)−ZS (χ̄sχc + χ̄cχs )
ηtms,renormalized = ZP (χ̄s iγ5χs − χ̄c iγ5χc)−ZS (χ̄sχc + χ̄cχs ) .

→ Need ZP
ZS
; how can we avoid this when calculating masses?
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Correlation function matrix for η, η′

Choose different set of
”
heavy“ operators

ηS ,P = ηtmc ±ηtms =

{

1√
2
(χ̄cχs + χ̄sχc )

1√
2
(χ̄c iγ5χc − χ̄s iγ5χs)

.

⇒ This corresponds to an additional rotation of the basis.

In the twisted basis we have to calculate this correlation matrix:

Cη (t) =





ηl (t)ηl (0) ηl (t)ηS (0) ηl (t)ηP (0)

ηS (t)ηl (0) ηS (t)ηS (0) ηS (t)ηP (0)

ηP (t)ηl (0) ηP (t)ηS (0) ηP (t)ηP (0)



 .

Eigenvectors of Cη (t) give access to flavour contents
Eigenvalues allow to extract masses for η and η′
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Setup

We used the following setup:

Gauge configurations were provided by ETM Collaboration; we use 15

ensembles

R. Baron et. al., JHEP 06 111 (2010)

Computations are done on the JUGENE and JUDGE systems at Jülich and our

GPU-Cluster

Three lattice spacings aA = 0.086fm, aB = 0.078fm and aD = 0.061fm

Physical lattice size L≥ 3fm for many ensembles
We use ≈ 600 up to ≈ 2500 gauge configuration per ensemble
Charged pion masses range from ≈ 230MeV to ≈ 500MeV
µσ, µδ fixed for each β
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Identifying the states

charm content
strange content

light content
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Flavor contents for η (left) and η′ (right) from B25.32 ensemble, 3x3-matrix, local-correlators only

Groundstate (η) has large strange contribution → expected from quark model
Second state (η′) is dominated by light quark contributions

No charm contribution to any of the two states

Third state (not shown) contains almost only charm
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Masses for η, η′

D45.32sc
D-Ensembles
B-Ensembles

A80.24s, A100.24s
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Mη has rather small statistical error,

mostly ≤ 5%
Mη shows moderate ml -dependence

Mη not at physical point yet

→ mS -dependence
η′ even with 2500 gauges still hard to
extract; shows large autocorrelation

Need to study systematic errors

especially for Mη′
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mS -dependence of MK , Mη

A80.24s, A100.24s
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g̃K
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MK (left) and Mη (right) for A-Ensembles as function of M
2
PS

In both cases the untuned points miss the physical value

Blue points have different strange mass

Dependence on ms sizeable for K and η

Bare ms is fixed for each lattice spacing (but ms,A 6=ms,B 6=ms,D)
Perform linear fit gK [(r0MPS)

2] and shift to hit physical point (g̃K )

=⇒ Shift MK for all ensembles by δK[(r0MPS)
2] = (r0MK)2[(r0MPS)

2]− g̃K[(r0MPS)
2]
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Correction for ms

Two different kaon masses MAK , M
A
K ,s

for the A-Ensembles at µl = 0.008 and
µl = 0.010

Use them to estimate Dη =
d(aMη)2

d(aMK )
2

Neglect possible MPS , β-dependence

Extrapolate all ensembles via

(r0Mη)
2[(r0MPS)

2] = (r0Mη)
2+Dη ·δK[(r0MPS)

2]

Fitting (r0Mη)2[(r0MPS)
2] we find

Mη(Mπ) = 549(33)stat(44)sysMeV

with r0,phys = 0.45(2) fm
R. Baron et. al. PoS LATT2010, 123
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Scaling behavior

Use 3 points at different a and shift to

fixed r0M̄K ≈ 1.34 via

(r0Mη)
2 = (r0Mη)

2+Dη ·∆K

Points have almost similar r0MPS ≈ 0.9
Residual MPS -dependence neglected

∆M =Mlin−Mconst = 0.13(13)stat

→ data compatible with constant fit!
→ rather small lattice artefacts

However, we assume ∆M/Mconst ≈ 8% for
our systematic error.
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Scaling behavior using A60.24, B55.32 and D45.32
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Mass ratios
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Mη/MK [(r0MPS)
2] (left) and quadratic GMO (right)

For additional cross-check of our result for Mη , we study mass ratios:

Mη/MK = 1.121(26) (exp value ≈ 1.100) gives Mη = 558(13)stat(45)sysMeV
3M2η

4M2K−M2π
= 0.966(48) (exp value ≈ 0.925) gives Mη = 559(14)stat(45)sysMeV

⇒ Results from all three methods agree, combined fit gives
Mη = 557(15)stat(45)sysMeV
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Mixing

In the quark basis (neglecting charm)

|ηl 〉 =
1

2
(|uū〉+

∣

∣dd̄
〉

) , |ηs 〉= |ss̄〉

the η and η′ are not pure states:

(

|η〉
|η′〉

)

=

(

cosφ −sinφ
sinφ cosφ

)

·
(

|ηℓ〉
|ηs 〉

)

.

(single angle mixing scheme)

Expressed in amplitudes from matrix fit:

tan2(φ) =−Aℓη′Asη
AℓηAsη′

From linear fit we obtain:

φ= 44◦(5)stat
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Mixing angle from 4×4 matrix using local amplitudes Aq,n
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Summary and Outlook

First calculation with 2+1+1

dynamical quark flavours

Small lattice artefacts for η

No charm contribution to η and η′

Mη = 557(15)stat(45)sysMeV in good
agreement with M

exp
η ≈ 548MeV

Mη′ strongly affected by noise and

autocorrelation

Mixing angle φ= 44◦(5)stat

Need better variance reduction for

heavy disc loops

Study flavour singlet decay constants

from 〈0|Aµ |η〉, 〈0|Aµ |η′〉 (?)
Additional scaling tests; vary ms for

more ensembles
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Flavor contents for third state

charm content
strange content

light content
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Mixing angles from 6×6-matrix using fuzzed amplitudes

D45.32sc
D-Ensembles
B-Ensembles

A80.24s, A100.24s
A-Ensembles

(r0MPS)
2

φ
F
[d
eg
]

1.51.2510.750.50.250

90

80

70

60

50

40

30

20

10

0

18/21



Outline WtmLQCD η,η′ on the lattice Results Summary

Factorizing fit model

Cqq′ (t) = ∑
n

Aq,nAq′,n

2m(n)

[

exp(−m(n)t)+ exp(−m(n)(T − t))
]
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Generalized eigenvalue problem

Use of n operators allows to extract n excited states:

Cηij (t)≃
n

∑
k=1

φ
(k)
i exp(−Ek t)

(

φ
(k)
j

)∗
, φ

(k)
i = 〈0|ηi |k〉 .

For ηi = η
†
i , C

η
ij =

(

Cηij

)†
one has to solve a generalized eigenvalue problem:

Cη (t)φ(k) (t, t0) = λ(k) (t, t0)C
η (t0)φ

(k) (t, t0) ,

where φ(k) is the eigenvector corresponding to k-th state.

Masses are obtained from

λk (t, t0)

λk (t+1, t0)
=

exp
(

−m(k)t ′
)

− exp
(

−m(k) (T − t ′)
)

exp
(

−m(k) (t ′+1)
)

− exp
(

−m(k) (T − (t ′+1))
) .

Flavor contents of the states are given by

c
(k)
l = 1

N

(

φ
(k)
1

)2
, c

(k)
s = 1

N

(

φ
(k)
2

)2
, c

(k)
c = 1

N

(

φ
(k)
3

)2
,

with N s.t. c
(k)
l + c

(k)
s + c

(k)
c = 1.
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Variance reduction

Typical matrix element C ijη consists of connected and disconnected pieces:

t 0 t 0+

Disconnected diagrams have large intrinsic noise → use stochastic sources ξ:

φ=M−1ξ , Mu = 2κtr
[

aDtmW
(

1+τ3
)

/2
]

In WtmLQCD there is a very efficient way to evaluate loops with light quarks:

Use (Md −Mu) = 4iκaµlγ5 and M†u = γ5Mdγ5 to obtain

∑
s,c,x

X
(

M−1u −M−1d
)

= 4iκaµl ∑
s,c,x

X
(

M−1u
)†
M−1u γ5

= 4iκaµl ∑
s,c,x

{φ∗γ5Xφ}n samples +noise

Signal / noise ratio of ∼ V /
√
V 2 = 1 compared to ∼ 1/

√
V

Restricted to certain loops

Cannot be applied in the heavy sector due to the additional mass splitting

K. Jansen et. al., Eur. Phys. J C58 261-269 (2008)
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