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Continuum Gross-Neveu models

Ly = D@ +m)p — —— (1))

ON;
Lugy = D@ +mp = 5= [(09)* = (r56)°
Lsu) = D@ +m)b = S ((09)° = (Ps79)

*Continuous symmetry broken - Goldstone modes
*QCD-like (NJL model)

*Strongly correlated fermion system

*No trivial fixed point 2<d<4 for small N

*BCS superfluid

*QCD phase transition at finite temperature and
density
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Lattice GN models: Z; and U(1) symmetries

Examples with staggered fermions

i: flavor index
x,y: lattice sites SGN o E :XZ 33 yXZ(

)—I—SAF

Z 77%2,04 [5x+a’y

a=1,2,3

N

Free stagger fermion

_ 1 .
@F§Zd@ 3
(&) |

symmetry

Xi(z) = e(x)xi(z), X;(z) = —X;
o(x) — —o(T)

o 5x,y+oc] .

[ P
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symmetry

Xi(z) = e=@9/2y (), x,(x) — X, (x)e=®)b/2

o(x)cost + m(x)sin b,

N
w(x) = w(Z)cos — o(x)sinb
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Partition functions (Conventional approach)

(D[9)),, = Day + 0y d(),

Odd N

7
Zy, = / Do e~ S4arlol {DetD([gb])} ]

N
Zy(1) = / [DoDr e~ S4riom {DetD([¢])} ’
\ Even & Odd N

V xV matrix. Complex

V xV matrix. Real, no positivity

Sign
problem!
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Fermion bag approach

Define a k-point correlator for flavor i:
Free stagger fermion

rd
Ci(ajim eey aj’&kf,,) — /[dxdez]e_ Zw’y Xi(#) Doy xi(y)

Ci(@iys s w4y, ) = Det(D) Det(Gi2}i]) = Det(W[{z}i))

/ / Similar structure as free stagger matrix,

, . but all {x}i sites have been dropped, can
Free stagger matrix (V xV matrix) be broken into smaller matrixes

propagator matrix
(ki x ki matrix)

Tuesday, June 26, 12



Dual relation

Det(D) Det(Gl{x}i]) = Det(W{iz}i))

Wick contraction
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Dual relation

Det(D) Det(Gl{x}i]) = Det(W{iz}i))

Wick contraction

Fermion bag : resummation of the “optimized” fermionic
degree of freedom

8
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Solution to the sign problem in GN
model : Z;

Integrate out auxiliary field
first, needs to compute

I@ — /da(jj) e_SAF_@(Zi,[a@,UE] Yz(x)Xz(CU)) :Ne—SI(fE)

- 3 g° 2
foreachz Si(z)=-— 08N [ Yi(x)xi(x)}
i,|z,%
Boona = Y Xa(@)xa(®)X;(v)x; ()
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Summation ofall Z  Boma= > Xi(@)xi(x)X; )X, ()
i,7,{xy)Ebond

Szyimt = » S1(%) = UsBs + ULBL + UpBr + UpBp

Couplings for different types of bond
U5/4 — UL/4 — UF/2 — UB — gz/(64N)

Z> model partition function: expX (2, )i s (20); () ()]

/H dx;dxi| e e P05 Zg int =1+ X(2p)ixi(wp)X; (24) X5 (o)

i

= UgsUr U U / [ [laxidxl = bij(xp, zq) = 0,1
b ? bond variable

o ZUnSUnLU’nFUTLB{ HC’ 56117' ,CUq,k )}

0]
=Y UGSUPFURFURE H Det(W[{z};])

(] 10
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Summation ofall Z  Boma= > Xi(@)xi(x)X; )X, ()
i,7,(zy)Ebond

Szyimt = » S1(%) = UsBs + ULBL + UpBr + UpBp

Couplings for different types of bond
U5/4 — UL/4 — UF/2 — UB — gz/(64N)

Z> model partition function: expX (2, )i s (20); () ()]

/H dXZdXZ _SO—SZQ int =14+ X(zp)ixi( p)y( X (24)

i

=N U U UL UL / | [laxidxil e bij(xp, zq) = 0,1
b ? bond variable

_ ZU”sUnLUnFUnB{HO Tiys oo T, )} NO S|gn
[0] :
— Z UnSUnLUnFUgB HDet {QE} ]) prObIem.

(] 10
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Solution to the sign problem in GN
model : U(I)

Integrate out auxiliary field
first, needs to compute

I; = /[dg(f)dﬂ(f)] e_SAF_@(Zi,[:E,x] X (@)X ()

w o= (Zi 0] C@Xi@Xi (@) _ A= S1(E)

for each «
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Solution to the sign problem in GN
model : U(I)

Integrate out auxiliary field
first, needs to compute

Ij’; = /[dU(f)dﬂ'(j})] e—SAF_@(Zi,[:E,m] Yz(:c)xz(a:))

w o= (Zi 0] C@Xi@Xi (@) _ A= S1(E)

for each «
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Solution to the sign problem in GN
model : U(I)

Integrate out auxiliary field
first, needs to compute

Ij’; = /[dU(f)dﬂ'(j})] e—SAF_@(Zi,[:E,m] Yz(:c)xz(a:))

w o= (Zi 0] C@Xi@Xi (@) _ A= S1(E)

for each «
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Solution to the sign problem in GN
model : U(I)

Integrate out auxiliary field
first, needs to compute

I; = /[dg(f)dﬂ(f)] e_SAF_@(Zi,[:E,x] X (@)X ()

w o= (Zi 0] C@Xi@Xi (@) _ A= S1(E)

for each «
-~ 9
S1(T) = N

s L /F B
break U(1) to Z>
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Solution to the sign problem in GN
model : U(I)

Integrate out auxiliary field
first, needs to compute

I; = /[dg(f)dﬂ(f)] e_SAF_@(Zi,[:E,x] X (@)X ()

w o= (Zi 0] C@Xi@Xi (@) _ A= S1(E)

for each «

\
2

$1@) = 2 [ Y m@n@)] - [ X cor@)] |

i,[x,T] J

SU(l) =S0+UrBr, + UpBg
B

s™._L /F
break U(l) to Z>
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Solution to the sign problem in GN
model : U(I)

Integrate out auxiliary field
first, needs to compute

I; = /[dO‘(f)dﬂ'(f)] e_SAF_%QE)(Zi,[:E,m] X (@)X ()

% e—iw(g’) (ZZ,[@@] 6(:13)%2(90))(%(9@)) _ Ne_SI(fé)

for each «

4 A
2

si@) = 24 [ mx)xi(m)f—[  omin] |

/

i SU(l) = S0+ UrBr +Ugbp

o | NO Sigh problem!
s L / F gn p
break U(1) to £
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@@f;b Solution to the sign problem in SU(2)
<« Yukawa model (nucleon-pion interaction)
Lsu2) = U(@+m) +igpTmysp + Lo()

@b:(g) m=(m m w) T=(T1 T» T3)
global SU(2) rotation ) — Uy, 7w — UrwU' U = exp(—iaT/2)

On lattice with Wilson fermion

P+ m +ignsys  (igm + gm2)ys ( V5(J +m) + igms 19T + g2 )
. : —> V5 : .
(igm1 — gma)vs @+ m —igmsys 19T — g7 V5(P + m) — igms

D|ms] P\, m2] Conventional: real, no positivity

Fermion bag approach: NO sign problem

S. Ch. hep-lat/arXiv:1205.0084, (accepted for PRD(R))
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Conclusions

Fermion bag approach: A new method for
resummation of fermionic degrees of freedom

Solutions to previously unsolved sign problems in
GN and Yukawa models

® |mplementation through efficient algorithms (large
volume, chiral limit, no critical slowing down...)

® Applications to many interesting physics (nuclear
effective field theory, unitary fermi gas, graphene

physics...)

S.Ch. & Anyi Li  hep-lat/arXiv:1 11 1.5276, PoS Lattice (201 1)
o S.Ch.&Anyili hep-lat/arXiv:l111.7204, Phys. Rev. Lett. 108, 140404 (2012)
References:
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Ch. & Anyi Li hep-lat/arXiv:1202.6572, Phys.Rev. D85 (2012) 091502 (R)
Ch. hep-lat/arXiv:1205.0084, (accepted for PRD(R))
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Severity of the sign problem in GN model
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Severity of the sign problem in GN model
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&gn = +1 Sign = -1
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0L R . O
0 20 40 60 80 100% 0 20 40 60 80 100120 140
log|Det(D[¢])| & o log|Det(D[¢])|
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Severity of the sign problem in GN model

4000y
3000)
L=6
| Z. 2000} Sign = ~1
1000}

4000f
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L=6
Z. 2000} &gn o
1000} Q L |
Ol QN ]
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200
150 Sign = +1
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50

| B | P S e
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Ot .
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log|Det(D[¢])

Solutions!?
Z>: even flavors
U(l): conjugate field
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Severity of the sign problem in GN model

4000 T 4000
3000 | 3000
Z 2000 L=6 | Z 2000 L=6
&gn = +1 Sign = -1
1000} (Q) L | 1000}
0L R . O
0 20 40 60 80 100% 0 20 40 60 80 100120 140
log|Det(D[¢])| & o log|Det(D[¢])|

200

150 L=l ; - 12

Sign = +1 = —1
100
50 A4
O | ] TR O Loslim o, fae aa.]
550 600 650 700 550 600 650 700
log|Det(D[¢])] log|Det(D[¢])
|5

Tuesday, June 26, 12



Severity of the sign problem in GN model
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Severity of the sign problem in GN model

4000 1 4000f
3000} [ 3000f
Z, 2000| L=6 | 'z 2000} L=6
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o € Vg | 0 .
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Ergodicity ?
Long autocorrelation time
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