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1. Introduction 

JLQCD (& TWQCD) project [2006-2012] 
 = Lattice QCD with dynamical overlap quarks. 
 1/a ~ 1.8 GeV,    L  ~ 1.8 fm 
 p regime lattices : mπ = 290-780 MeV 

   ε regime lattice : mπ　~ 100 MeV 

    ↓ 
New project with Hitachi SR16K 
& IBM BG/Q started ! 

mπL ∼ 0.9



1. Introduction 

What is the ε regime ? 
 In the p regime, the vacuum is fixed: 

 but near the chiral limit at finite V,  
 vacuum= zero-mode = dynamical variable 

 U0  should be non-perturbatively treated. 
 →　ε regime    3 

MπL < 1



1. Introduction　　　　　　　　 

 ε expansion of Chiral Lagrangian  

4 

Zero-‐mode	  =	  SU(N)	  (or	  U(N))	  
	   	   	   	  matrix	  model	

Non-‐zero-‐mode	  =	  	  
	  massless	  bosons	

(perturba:ve)	  interac:ons	

=	  a	  hybrid	  system	  of	  	  
	  matrix	  model	  and	  massless	  bosonic	  fields	  
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2pt function in the ε regime  
            (w/ periodic boundary) 

 ε-regime 

 ( p-regime           ) 
     

1. Introduction 

�
d3x�P a(x)P b(0)� =

[Bernardoni,	  Damgaard,	  HF,	  Hernandez,	  2008]	
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My talk at LAT2011: 
Interpolation between ε & p regimes  
keeping non-perturbative treatment  
of the zero mode even in the p regime.     

      

     

1. Introduction 

[Damgaard	  &	  HF	  2009,	  	  
Aoki	  &	  HF,	  2011]	
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But no one followed us…       
    

     

1. Introduction 
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Maybe because …        

     

1. Introduction 
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This talk :  
How to make the ε regime simple 

 1. non-zero momenta   
 2. take an appropriate ratio 
-> We can eliminate O(1) finite V effects 
(= we can forget about Bessel functions)  
  even in the ε regime. 
         => Pion form factors 

1. Introduction 
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2. 3pt functions in the ε regime 

2pt functions in ε expansion of ChPT 
Before d3x integral 

        
       zero mode contribution 
        (Bessel funtions of          ) 
           :  non-zero mode’s 
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mΣV



2. 3pt functions in the ε regime 

2pt functions in ε expansion of ChPT 
After d3x integral 

  power function of t. 
    cf. p regime result:  
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2. 3pt functions in the ε regime 

2pt functions in ε expansion of ChPT 
After d3x integral with 

where    . the same form as the p-regime ! 

But Bessel functions are still contained in   .   
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2. 3pt functions in the ε regime 

2pt functions in ε expansion of ChPT 
Ratio of 2pt functions with            

LO finite V effect is eliminated ! 
              NLO 

p �= 0
1

L3
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∼ 1
4πF 2L2



2. 3pt functions in the ε regime 

3pt functions in ε regime 
C3pt

PV0P (∆t,∆t�;pi,pf )
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2. 3pt functions in the ε regime 

Ratio of 3pt functions 
F �
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FV (∆t,∆t�; q2) = 2mπ

Eπ(|pi|)+Eπ(|pf |) ×
RV (∆t,∆t�;|pi|,|pf |,q2)
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Cf.	  in	  the	  p	  regime,	  this	  ra:o	  method	  is	  conven:onally	  used	  
	  	  	  	  	  	  for	  canceling	  the	  smearing	  effect,	  renormaliza:on	  and	  so	  on.	

[Hashimoto	  et	  al.	  2000]	

LO	  finite	  V	  effect	  is	  eliminated	  !	  



2. 3pt functions in the ε regime 

Special case with zero momentum  
PVP 3pt function → the constant doesn’t 
appear even if  

2pt function → the constant term is known: 

are also good quantities to extract  

pi = 0, pf �= 0 or pi �= 0, pf = 0

C2ptsub
PP (∆t; 0) = C2pt

PP (∆t; 0)−DPP (mΣV )

RV (∆t,∆t�; |pi|, 0, q2),

RV (∆t,∆t�; 0, |pf |, q2)

FV (q2)



3. Preliminary lattice results 

Summary of numerical simulations 
Iwasaki gauge action with β=2.30 
2+1 dynamical overlap quarks　 
1/a ~ 1.759 GeV,  L=16348 (L~1.8 fm) 
mud =0.002(~3 MeV), ms=0.08 
Q=0 fixed 
Smearing is used for PS operators 
All-to-all propagators with 120 exact low-modes and  
noise method for the high modes. 
Dispersion relation is used for E with 
Preliminary results are with only 25 samples. 

φs(r) = e−0.4r

mπ = 98(5)MeV



3. Preliminary lattice results 

F �
V (∆t,∆t�; q2) =

2Eπ(1)
Eπ(|pi|) + Eπ(|pf |) ×

RV (∆t,∆t�; |pi|, |pf |, q2)
RV (∆t,∆t�; 1, 1, 0)

 0

 0.2

 0.4

 0.6

 0.8

 1

F V
(

t, 
t,

q2 ) p2=2, p 2=1, q2=1
t=5
t=6
t=7

 0

 0.2

 0.4

 0.6

 0.8

 1

F V
(

t, 
t,

q2 ) p2=1, p 2=1, q2=2
t=5
t=6
t=7

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  5  10

F V
(

t, 
t,

q2 )

t

p2=2, p 2=1, q2=3
t=5
t=6
t=7

 0

 0.2

 0.4

 0.6

 0.8

 1

F V
(

t, 
t,

q2 )

p2=1, p 2=0, q2=1

t=5
t=6
t=7

 0

 0.2

 0.4

 0.6

 0.8

 1

F V
(

t, 
t,

q2 )

p2=2, p 2=0, q2=2

t=5
t=6
t=7

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  5  10

F V
(

t, 
t,

q2 )

t

p2=3, p 2=0, q2=3
t=5
t=6
t=7



-2.0 -1.5 -1.0 -0.5 0.0
q2 [GeV2]

0.2

0.4

0.6

0.8

1.0

F V
!+ (q

2 )

mud=0.015, ms=0.080

mud = 0.015,  ms = 0.0800

3. Preliminary lattice results 
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New	  data	  in	  ε	  regime	

	  p	  regime	  data	  [JLQCD	  2010]	

3. Preliminary lattice results 



3. Preliminary lattice results 

NOTES 
1. We DON’T need Bessel functions in the analysis. 
2. The result should contain NLO      
            finite V effects. 

To do list : 
1.  Increase the statistics. 
2.  Check the stability of q2 fit. 
3.  Check the dispersion relation. 
4.  1-loop ChPT corrections. 
5.  Twisted boundary conditions. 
6.  Expand the volume in our new project. 

∼ 1
4πF 2V 1/2

∼ 7%



4. Summary 

This talk :  
How to make the ε regime simple 

 1. non-zero momenta   
 2. take an appropriate ratio 

-> We can eliminate O(1) finite V effects  
(= we can forget about Bessel functions)  
  even in the ε regime. 
         => Pion form factors 


