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Motivation
• Leptonic heavy meson decays are sensitive to both strong and weak physics:

The decay of  B and D mesons into purely leptonic final states in 
the standard model is sensitive to both weak and strong physics, 
providing important tests of  the standard model.  For example, 
the decay width of  a charged meson is proportional to the meson 
decay constant and to the CKM mixing angle:
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TABLE XIII. Error budget. Uncertainties in decay constants are in MeV. The total combines
errors in quadrature. Errors in parentheses are approximate sub-parts of errors that are computed
in combination.

source fD+ (MeV) fDs (MeV) fDs/fD+ fB+ (MeV) fBs (MeV) fBs/fB+

statistics, heavy-quark
discretization, & generic
lt.-quark discretization

8.1 7.8 0.013 6.2 5.7 0.015

(statistics) (2.5) (2.6) (0.005) (4.6) (4.2) (0.013)

(heavy-quark discr.) (7.1) (7.2) (0.006) (3.1) (3.1) (0.006)

(lt.-quark discr.) (2.7) (1.4) (0.011) (2.8) (1.9) (0.009)

chiral extrapolation 3.2 2.2 0.014 4.7 3.4 0.018

excited states/fitting 4.0 2.9 0.008 8.3 4.9 0.027

scale 1.0 1.0 0.001 1.4 1.4 0.001

light quark masses 0.3 1.4 0.005 0.0 0.9 0.005

heavy quark tuning 2.8 2.8 0.003 3.8 3.9 0.004

finite volume 0.6 0.0 0.003 0.5 0.1 0.003

ZV 4
QQ

and ZV 4
qq

2.2 2.6 0.000 2.0 2.5 0.000

higher order �Qq
A4

0.7 0.8 0.002 0.8 1.0 0.001

Total Error 10.3 9.6 0.022 12.3 9.7 0.036

e�ects: The curvature at small mass for ⇥D+ is slightly greater without the splittings, which980

results in a decrease of fD+ of 3.2 MeV. Note that the confidence levels of the two fits are981

almost identical, so cannot be used to choose one version of the chiral extrapolation over982

the other983

Modifications of f and/or g� produce the largest changes in the other quantities, namely984

fDs , fB+ and fBs . In particular, putting f = fK and g� = 0.31 results in a increase of985

+3.4 for fBs (the largest change) and +3.7 MeV for fB+ (close to the largest change). The986

modified fit is shown in Fig. 12, and may be compared with Fig. 7 to see the e�ects of the987

changes. Increasing f and decreasing g� both suppress the chiral logarithms (see Eq. (6.15))988

and give fit functions with less curvature and reduced slope at low quark mass.989

The largest change in fB+ (+4.7 MeV) comes from putting g� = 0.71 and making f a990

Bayesean fit parameter. This results in a rather large value for f , namely f � 1.4fK , which is991

the largest value we have seen in our fits. Such a large value is possible because a significant992

part of its e�ect is canceled by the large value of g� = 0.71. An argument could be made993

that this fit should be dropped because such a large value for f is unphysical. We keep it994

to be conservative, though, and quote 4.7 MeV as the chiral error on fB+ in Table XIII.995

Since the rS⇤PT fit functions we are using explicitly include one-loop discretization e�ects996

coming from taste violations in the (rooted) staggered light quark action, the chiral error es-997

timates we describe here inherently include taste-violating discretization errors. However, it998

seems unlikely that the current data can accurately distinguish between such taste-violating999

errors (which areO(�2
sa

2)) and generic light-quark discretization e�ects (which areO(�sa2)),1000

or even heavy-quark discretization e�ects. Indeed, the taste-violating LEC La (see Eq. (6.7))1001

is not well constrained by our fits and is consistent with zero with large errors. The central1002

39
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Table 1: (This is a stand-in for the table of  gauge 
configurations used, old/new analysis.)

Table 2: Estimated error budget for the B and D decay 
constants, and their dimensionless ratios.

I. Motivation

II. Simulation Details

III. Analysis and Fitting

The quantity φ is proportional to the ground-state amplitude of  
the two-point function between the axial vector current and a 
heavy-light pseudoscalar operator.  To extract φ, we fit to this two-
point function and the two-point correlator of  a pair of  
pseudoscalars simultaneously:

IV. Results

The continuum extrapolation and extrapolation of  the light quark 
masses to the physical point are carried out simultaneously by the 
use of  rooted staggered chiral perturbation theory (rSχPT).  
Various effects such as finite-volume corrections and hyperfine 
splittings are taken into account.

The plots below show the chiral/continuum extrapolations for the 
quantity φ.  Data for which the sea and valence light quark masses 
differ are used in the fits, but not shown here.

Below we show the estimated error budget for the various decay 
constants.  We also consider dimensionless ratios of  the D and B 
decay constants, which can be more precisely determined due to 
partial cancellation of  some systematic effects.

V. Outlook

(new data vs. old, projected improvements in error budget)
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The meson decay constants can be readily and accurately 
determined on the lattice, due to the absence of  final-state 
hadrons.  The decay constants are necessary to fix the CKM 
angles from experimental results, and precise computations may 
reveal the presence of  new physics through tensions in the CKM 
unitarity triangle.  Furthermore, certain leptonic decays (such as 
the Bs decay shown below) are loop suppressed in the standard 
model, and so may be particularly sensitive to new flavor-violating 
interactions.

After chiral/continuum extrapolation, we find the following 
results for the decay constants and their ratios:

The following plots compare these values to results from other 
recent lattice calculations (HPQCD, ETMC) and to experimental 
values (CLEO, Belle, BaBar).

(there will be a plot/table for the error improvement here)

(rooted staggered fermions, Fermilab clover for the heavy quarks, 
etc.  Details of  configs used in table.)

The heavy meson decay constant relates the overlap of  the meson 
wavefunction with the axial vector current:

The source and sink type s can be either point-like or smeared.  
Joint fits to several source/sink combinations are carried out, 
using Bayesian constrained fitting techniques to obtain stable fits 
to sums of  exponentials. 

�(H ! `⌫) / f2
HG2

F |VQq|2

• Accurate determination of fH non-
perturbatively (i.e. lattice) is crucial for 
precise CKM matrix elements

• Aside from determining CKM, decay 
constants are needed for rare leptonic 
decays - whether mediated by standard 
model or by new physics

meson decay constant
weak coupling

CKM matrix element
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Calculation overview

• Overlap of heavy meson wavefunction and axial-vector current gives fH:

• Extract by measuring two-point correlation function between pseudoscalar 
(PS) and axial-vector, normalize using PS-PS correlators

• Non-perturbative renormalization factors convert from bare lattice to 
continuum result for fH

• Simulations at many quark masses m and lattice spacings a, fit to staggered 
chiPT to extrapolate to chiral/continuum limit (and to quantify discretization 
errors, etc.)

B and D meson decay constants from 2+1 flavor improved staggered simulations E. T. Neil

1. Introduction

Within the standard model, the decay of mesons containing heavy quarks (in particular, B and
D mesons) into purely leptonic final states provides an important testing ground for a number of
theoretical ideas. Such decays involve both weak and strong interactions simultaneously, so that
a complete understanding of the standard model is necessary to describe them. In particular, the
decay width of a charged meson is proportional to both the meson decay constant (determined by
strong interactions) and the CKM mixing angle,

G(H ! `n`) µ f 2
H |VQq|2. (1.1)

Because this fully leptonic decay has no hadrons in the final state, the meson decay constant fP

can be readily and accurately determined by lattice simulations [1, 2, 3, 4]. Such a determination
is in fact necessary in order to extract the CKM angles from experimental measurements of these
decays, and precise computations of the decay constants could potentially reveal the presence of
new physics through tension in the CKM unitarity triangle [5, 6, 7, 8]. In addition, certain leptonic
decay channels (e.g. Bs ! µ+µ�) are both loop and CKM suppressed in the standard model, and
so they may be particularly sensitive to flavor-changing interactions induced by new physics [9].

2. Simulation Details

We make use of the MILC asqtad-improved staggered gauge configurations, with 2+ 1 dy-
namical quarks in the sea [10]. For the light valence quarks, we make use of the same staggered
action, while charm and bottom valence quarks are incorporated using the clover action with the
Fermilab interpretation [11]. The particular set of ensembles used to obtain the results presented
here, along with the number of configurations and other relevant information, are detailed in Ta-
ble 1. Data on the coarsest lattice spacing a ⇡ 0.15 fm are shown in the analysis but are used only
for the purpose of estimating the discretization errors; these points are excluded from the final fit
used for chiral and continuum extrapolation.

3. Analysis and Fitting

The heavy meson decay constant is determined through the overlap of the meson wavefunction
|Hi with the axial vector current:

h0|A µ |H(p)i(MH)
�1/2 = i(pµ/MH)( fH

p
MH)⌘ i(pµ/MH)fH . (3.1)

The quantity fH ⌘ fH
p

MH is thus proportional to the ground-state amplitude of the two-point
function between the axial vector current and a heavy-light pseudoscalar operator O . We there-
fore extract fH by fitting this two-point function simultaneously with the two-point pseudoscalar
correlator,

Fs
2(t) = 1

4 Â4
a=1hA4

a
†(t,x)O(s)

a (0)i, (3.2)

Cs,s0
2 (t) = 1

4 Â4
a=1hO

(s)
a

†(t,x)O(s0)
a (0)i, (3.3)

2
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List of ensembles used

• MILC gauge ensembles, 
Nf=2+1 asqtad in the sea, 
clover heavy quarks w/
Fermilab interpretation

• “Previous” shows data 
analyzed for previous 
published result [arXiv:
1112.3051; Phys. Rev. 
D85 (114506).]

• Four time-sources per 
configuration, evenly 
spaced

⇡ a [fm] am
h

am
l

� r
1

/a N
conf

(previous) N
conf

(updated) label

0.045 0.014 0.0028 7.81 7.21 — 800 A

0.06 0.018 0.0018 7.46 5.31 — 825 B

0.0025 7.465 5.33 — 800 C

0.0036 7.47 5.35 — 631 D

0.0072 7.48 5.40 — 591 E

0.09 0.031 0.00155 7.075 3.74 — 790 F

0.0031 7.08 3.75 435 1012 G

0.00465 7.085 3.77 — 983 H

0.0062 7.09 3.79 557 1934 I

0.0124 7.11 3.86 518 1994 J

0.12 0.050 0.005 6.76 2.74 678 2097 K

0.007 6.76 2.74 833 2107 L

0.010 6.76 2.74 592 2256 M

0.020 6.79 2.82 460 2097 N

0.15 0.0484 0.0097 6.572 2.22 631 631 O

TABLE II: Table of gauge configurations used in this analysis. “Previous” configurations were

used in the earlier analysis, “updated” totals include those configurations.

5

4Monday, June 25, 12



Two-point correlators

• Functional form:

Cij(t) =
NXX

n=0

h
Ai,nAj,n

⇣
e�Ent + e�En(Nt�t)

⌘

�(�1)tA0
i,nA

0
j,n

⇣
e�E0

nt + e�E0
n(Nt�t)

⌘i

• Note mixing with opposite-parity state

• Point (“d”) or smeared (“1S”) source/sink 
for pseudoscalars, “rot” denotes axial 
vector sink

• Mixed correlators d1S/1Sd to be used for 
cross-validation

Csrc,sink 1 2 3 4 5 6 7

Cd,d • • • •

C1S,1S • • • •

Cd,1S • • • •

C1S,d • • • •

Cd,rot • • • • • •

C1S,rot • • • • • •

TABLE II: Enumeration of various correlator source/sink combinations considered for the joint

two-point fits.

C. Strategy

D. Results

IV. CHIRAL/CONTINUUM EXTRAPOLATION

Appendix A: Algebraic solution for ground-state energies

Note: the results of this section are currently not used in the analysis, due to some

unresolved issues, including the omission of data covariance in the error derivation. I am

leaving this section in the text for now.

One of the keys to obtaining a stable fit to a sum of exponentials is careful tuning

of the initial parameter values, especially the ground-state energies which appear in the

exponential. The e⇥ective mass provides a simple estimate for the leading ground-state

energy:

Meff (�) = � 1

�
log

�
C(t+�)

C(t)

⇥
(A1)

This is simply an algebraic solution for the leading energy E0, under the assumption that all

other contributions vanish, i.e. C(t) ⇤ Ae�E0t. With two unknowns A and E0, two values

of C(t) are needed for a unique solution.

Now consider the more complicated functional form including the oscillating ground-state

piece:

C(t) ⇤ Ae�E0t � (�1)tBe�E0
0t (A2)

5

this analysis
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Two-point correlators, continued

• Standard bag of tricks to yield numerically stable two-point fits:

• Log mapping, to keep fit parameters in physically allowed domain:

• Ground state projection: fit to

• Bayesian priors on all fit parameters, included as augmented chi-square:

Ei = E0 +

iX

k=1

exp(log(�Ek))

C
exp

(t) = emefft C(t)

�2
aug = �2 +

NparX

j=1

(aj � âj)2

�̂2
j

Ai = exp(log(Ai))

6Monday, June 25, 12
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• Example fit shown below (left), full range from [2, Nt/2].  3 excited states 

used (“4+4”).  Good agreement with standard “plateau” ground-state (right).
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• Another example, showing stability with addition of more states.  
Comparison to “plateau” fit with tmin=20 (may not be optimal.)

NX = 1,�2/dof = 66/60

NX = 1,�2/dof = 66/60
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Renormalization and mass tuning

• From two-point fits, convert to 

�Q =
p
2ZA4

Qq
AA4

Qq
=

p
2
⇣
⇢A4

Qq

q
ZV 4

qq
ZV 4

QQ

⌘
AA4

Qq

• “Mostly non-perturbative” renormalization: factorize axial-current 
renormalization, determine ZV non-perturbatively, leftover piece ρ computed 
in lattice PT.  Large cancellation ensures ρ~1.

• Heavy-fermion mass parameters K tuned by matching kinetic mass M2 to 
physical value.  Slight difference between simulated K and tuned K, so we 
have to adjust:

• Derivatives are O(10), but mistunings O(10-3), so shifts are fairly small.

�Q ! �Q +��Q = �Q +

✓
d�Q

d

◆
(sim � tune)
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Chiral/continuum extrapolation

• Fit to rooted staggered chiPT (rSxPT) to extrapolate to continuum and 
physical quark masses:

• Terms included for taste-breaking effects, finite-volume corrections in chiral 
logs, hyperfine/LQ flavor splitting of heavy-light mesons (details in arXiv:
1112.3051)

• Continuum extrapolation just requires setting all discretization effects 
(including taste breaking) to zero in the fit.  Can use fits to split out and 
quantify each discretization error.

• NNLO terms found necessary to fit points with valence mass near strange

� = �0[1 + (chiral logs) + (NLO analytic) + (NNLO analytic)

+(LQ discretization) + (HQ discretization)]

9Monday, June 25, 12



Chiral fit results
B and D meson decay constants from 2+1 flavor improved staggered simulations E. T. Neil

Figure 1: Extracted values of f and chiral best-fit curves for the D system. Only points where valence and
sea light-quark masses are equal are shown here. Data from the a ⇡ 0.15 fm ensemble are shown but not
included in the fit. The red curve and symbols show the continuum extrapolation and the continuum/physical
point extrapolation, respectively, for both fD+ and fDs . For the fully extrapolated points, the inner error bars
(bright red) represent statistical errors only, while the outer errors (dark red) include discretization errors.

Projected improvements in the error budget when the new data set is included are shown
alongside the previous error estimates in Table 2. Statistical errors are projected to improve asp

Ncfg, with Ncfg the number of gauge configurations available for a given ensemble. For the
various discretization errors, the projected improvements are a result of reducing the smallest lattice
spacing available from a= 0.09 fm to a= 0.045 fm. Light-quark discretization errors are estimated
to scale as O(asa2); the heavy-quark discretization errors are estimated using the known functional
dependence, which has several terms. The decrease in the chiral extrapolation error is projected
based on the lightest available value of the quark mass in r1 units, mxr1. The heavy-quark tuning
error is based on a combination of statistical and discretization errors, and is treated as such. The
“u0 adjustment" error is the result of using different tadpole improvement factors for the valence
and sea quarks. This is rectified in the new data analysis, eliminating the associated error. Finally,
the error estimates for the heavy-quark renormalization factors ZV 4

QQ
,ZV 4

qq
are based on preliminary

non-perturbative results for those quantities.
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•Updated results (left) vs. previous (right).  Horiz. axis not 
identical but roughly Mπ2 in both cases.
•All results NX=1, large tmin chosen by eye - starting point and 
basis for comparison with full-range fits
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Chiral fit results

0.00 0.05 0.10 0.15 0.20 0.25

0.9

1.0

1.1

1.2

1.3

xq

r 1
3ê2
f b

a=0.12fm
a=0.09fm
a=0.06fm
a=0.045fm

(PRELIMINARY)

from the discretization e↵ects. This inclusive error is shown with the dark red error bars in
the plots in Sec. VI, and is listed in the first line of Table XIII.

For informational purposes, it is useful to break down this inclusive error into its compo-
nent parts, at least approximately. We can see what errors to expect and, hence, target for
improvement in future simulations. In particular, with our current actions, the light-quark
and heavy-quark discretization errors should behave di↵erently as a function of lattice spac-
ing, with heavy-quark errors decreasing more slowly as a is reduced. To extract the pure
statistical errors, we rerun the fits with all the Bayesian discretization terms set to zero.
We then find the pure heavy-quark (or pure light-quark) discretization contributions, by
turning back on the heavy-quark (light-quark) terms, and then subtracting in quadrature
the pure statistical errors from the resulting raw errors. These individual errors are shown
in Table XIII in parentheses. Note that the total error at the bottom of the table includes
the error on the first line, not the sum of the three errors in parentheses, when these di↵er.
Note also that the discretization errors are similar to what we would have obtained with less
sophisticated power counting.

FIG. 6. Central chiral fit for the B system, with data from Analysis I of the 2-point functions.
Only (approximately) unitary points are shown. Data from ensembles at a ⇡ 0.15 fm, a ⇡ 0.12 fm,
and a ⇡ 0.09 fm are shown, but the a ⇡ 0.15 fm ensembles are not included in the fit. The bursts
show extrapolated values for �B

s

and �B+ , with the purely statistical errors in bright red and the
statistical plus discretization errors in darker red. The physical strange-quark mass corresponds to
an abscissa value of mx ⇡ 0.1.

36

(New results are blind - unknown offset included!)

•Updated results (left) vs. previous (right).  Horiz. axis not 
identical but roughly Mπ2 in both cases.
•All results NX=1, large tmin chosen by eye - starting point and 
basis for comparison with full-range fits
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Error budget projection

B and D meson decay constants from 2+1 flavor improved staggered simulations E. T. Neil

Table 2: Error budget for the decay constants, as obtained in Section 4. In addition, projected improvements
to the decay constant error budget for the updated analysis in progress (discussed in Section 5) are shown
italicized and in brackets.

Source fD+( MeV) fDs( MeV) fB+( MeV) fBs( MeV)

Statistics 2.3 [1.1] 2.3 [1.1] 3.6 [1.8] 3.4 [1.7]
Heavy-quark disc. 8.2 [3.6] 8.3 [3.6] 3.7 [1.9] 3.8 [2.0]
Light-quark disc. 2.9 [0.7] 1.5 [0.3] 2.5 [0.6] 2.1 [0.5]
Chiral extrapolation 3.2 [1.6] 2.2 [1.1] 2.9 [1.5] 2.8 [1.4]
Heavy-quark tuning 2.8 [2.0] 2.8 [2.0] 3.9 [2.4] 3.9 [2.4]
ZV 4

QQ
and ZV 4

qq
2.8 [1.4] 3.4 [1.7] 2.6 [1.5] 3.1 [1.9]

u0 adjustment 1.8 [0] 2.0 [0] 2.5 [0] 2.8 [0]
Other sources 3.8 [3.8] 3.0 [3.0] 3.5 [3.5] 4.8 [4.8]
Total [projected] error 11.3 [6.1] 10.8 [5.6] 8.9 [5.5] 9.5 [6.4]

4. Results

Applying the procedure outlined above, we obtain the values for f shown in Figures 1 and 2,
renormalized and in units of the standard scale r1. The chiral best-fit curve to the points is also
shown, both explicitly at each lattice spacing and extrapolated to the continuum limit.

Evaluating the continuum best-fit curves at the physical points, we obtain the following values
for the decay constants and their ratios:

fB+ = 196.9(8.9) MeV, (4.1)

fBs = 242.0(9.5) MeV, (4.2)

fBs/ fB+ = 1.229(0.026), (4.3)

fD+ = 218.9(11.3) MeV, (4.4)

fDs = 260.1(10.8) MeV, (4.5)

fDs/ fD+ = 1.188(0.025). (4.6)

The error bars quoted here include both statistical and systematic sources of error, which are ac-
counted for in a detailed error budget. A summary of the full error budget for the individual decay
constants is given in Table 2. We discuss the error budget further in Section 5 below, but a thor-
ough discussion is beyond the scope of this paper. Instead, we refer the reader to Ref. [12], which
contains a complete discussion of the systematic error analysis, including the full error budget for
the decay-constant ratios.

5. Outlook

A new analysis following the approach outlined above is currently in progress, based on an
expanded set of gauge configurations as shown in Table 3. In addition to extending the avail-
able simulations to finer lattice spacing and smaller quark mass, the “new" data set includes large
increases in statistics for several ensembles.

4

• Error breakdown from previous published analysis, along with projected 
improvements here based on known scaling of discretization errors, mass 
dependence, etc.  Overall projected uncertainty ~2-3%.
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Conclusion

• Update of previous asqtad B/D decay constant calculation will improve in 
several directions - ensembles with smaller a, lighter mass, more statistics.  
Projected errors roughly 5-6 MeV for the various fB/fD.

• In addition, planning determinations of ratios: fBs/fB,fDs/fD, which are more 
precise due to cancellations.  Cross-ratios fBs/fDs, fB/fD as well, which can then 
be combined with e.g. measurement of D decay constants on HISQ (see talk 
by D. Toussaint, Friday afternoon)

• Finalizing estimation of systematic errors, implementing remaining chiral fit 
terms (hyperfine splitting mostly), then analysis will be unblinded - stay tuned

13Monday, June 25, 12


