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Outline

In this talk, I show my trial to extract 
RG Beta function by simultaneous fitting 

w.r.t. bare coupling and lattice size.
I show the application of this method to the data in 

 arXiv: 0901.3766. (T. Appelquist et.al,)
and arXiv: 1205.6076 (D.Lin et.al,) 

Motivation

Details of Method

Application 

Summary and Comments



Motivation

Step Scaling Function with fixed step size
=>

• The result might depend on step size s
• Beta interpolation + continuum extrapolation
     makes interpretation of chi-square complicate

Use more Information from data
(SSF with all available combination of step size)

One chi-square

Extract beta function from 
simultaneous fit in a limited region

In search of BSM (Walking Technicolor)



σ(u ; s1s2) = σ (σ(u ; s1) ; s2)

Review of  Step Scaling Function
σ(u ; s) = g2(sL)|g2(L)=u
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Relation between beta function
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:  Base Lattice Size
Can be any number between minimum and maximum 

lattice size in data. 

Extracting Beta function by Simultaneous Fitting

g2lattice(g
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One have to make up a fit function for   g2lattice(g20 , L̂0)

e.g. g2lattice(g
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1. Parametrize beta function 
and derive the relation between lattice SSF Σ 

II. Fix the parameters by simultaneous fitting with,

We do simultaneous fit, but don’t do global fit
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Parametrize Beta Function

β(u) = β(u; {ci})

σ(u ; s) = σ(u ; s, {ci})

Get the expression of sigma by Integration

General Procedure to Constrain Lattice SSF

Lattice SSF is given as,
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�
Lattice SSF satisfy the relation,

The above relation constrains the lattice artifact

Σ(u ; s, L̂) = σ(u ; s) + f(u ; s, L̂)

f(u ; s, L̂)
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I assume that f is
analytic function 

of u, s, ˆL .



Simplest Case: Beta Function = Constant

σ(u ; s) = u− c log s

O(a)When lattice artifact is        , 

f(s1s2) = f(s1) + f(s2)
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Condition for Lattice SSF

This is satisfied with
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u dependence 
are omitted



Linear

Quadratic with/without x-intercepts 

 higher order of lattice artifact term is given as

β(u) = c (u− u0)
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Perturbation 1-Loop
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Application 1

arXiv: 0901.3766. (T. Appelquist et.al,)
Schrodinger Functional

2-loop univ.

3-loop SF

0 10 20 30 40

2

4

6

8

10

Log�L�L0�

g2�L�

FIG. 6: Continuum running for Nf = 12. Results shown for running from below the infrared fixed

point (purple triangles) are based on g2(L0) ≡ 1.6. Also shown is continuum backwards running

from above the fixed point (light blue squares), based on g2(L0) ≡ 9.0. Error bars are again purely

statistical, although strongly correlated due to the underlying interpolating functions. Two-loop

and three-loop perturbation theory curves are shown for comparison.

small enough not to trigger a bulk phase transition. Since we use a constant extrapolation,

this procedure can be taken to define, within our errors, a g2(L) at a small but finite a/L.

The step-scaling procedure then leads to the continuum running from above to the fixed

point, also shown in Fig. 6. The statistical-error band is derived as in the approach from

below.

Finally we note that the exponent γ governing the approach to the infrared fixed point

in the SF scheme can also be extracted from the simulation data. Taking the log of Eq. (6),

we see that the quantity log [g2
� − g2(L)] should have a linear dependence on L with slope

−γ near the fixed point. Computing this quantity from our data, running from either above

or below the fixed point, we find γ = 0.13± 0.03, somewhat smaller than the three-loop SF

perturbative estimate of 0.286.
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s=2,  L=6,8,10  3 point constant fit 

Our Fit
Linear Beta Function + O(a) lattice artifact

15 data points are used in each region after sorting

renorm. coup
More data points in

smaller lattice



Beta Function by simultaneous fitting
β(l)(u) = c(l) (u− u(l)
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c(l) : 0.58(20)c(l) : 0.75(21)



Application 1I

arXiv: 1205.6076 (D.Lin et.al,)

Fit assuming beta function is linear in a limited region,
with Lattice artifact 

20 data points are used in each region after sorting
Small Size lattice L=6,8 data excluded
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FIG. 11: Representative cases of the continuum extrapolation for the step-scaling functions using the procedures discussed
in the main text. The 3-point linear extrapolation using data on L/a = 6, 8, 10 is the central procedure. The horizontal
lines indicate the central values of the input reference u.
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FIG. 12: rσ(u) from the central procedure.

the numbers of parameters reported in Table II. The result of this procedure is shown in the top-left panel of
Fig. 13.

In order to estimate systematic errors associate with the continuum extrapolation, we perform various fits with the
inclusion of the L/a = 7 and L/a = 14 data. First, we perform the quadratic fit using Eq. (47). This leads to the
result for rσ(u) as depicted in the top-right panel of Fig. 13. As expected, this extrapolation strategy results in

σ(u)/u

L/a β ḡ2latt # of traj.

16 5.30 3.065 ( 71 ) 321200

16 5.36 3.06 ( 11 ) 187232

16 5.50 2.950 ( 67 ) 256050

16 5.53 2.953 ( 83 ) 191286

16 5.70 2.851 ( 63 ) 235080

16 5.81 2.728 ( 70 ) 186009

16 6.12 2.490 ( 65 ) 183776

16 6.47 2.387 ( 44 ) 273140

16 6.50 2.259 ( 57 ) 286230

16 6.76 2.165 ( 66 ) 136446

16 7.11 1.997 ( 40 ) 244791

16 7.82 1.697 ( 47 ) 136365

16 8.00 1.725 ( 50 ) 141570

16 8.45 1.520 ( 24 ) 368201

16 9.00 1.379 ( 41 ) 114100

16 9.42 1.229 ( 28 ) 147603

16 11.15 0.964 ( 26 ) 72562

16 12.00 0.836 ( 17 ) 118000

16 13.85 0.700 ( 19 ) 70801

16 15.23 0.566 ( 13 ) 80752

16 16.00 0.5431 ( 89 ) 116000

16 17.55 0.4785 ( 100 ) 83657

16 18.00 0.469 ( 13 ) 40000

16 20.00 0.3902 ( 86 ) 44700

16 20.13 0.4135 ( 77 ) 79816

16 50.00 0.1327 ( 16 ) 60900

16 99.00 0.06326 ( 68 ) 28050

L/a β ḡ2latt # of traj.

20 5.70 2.940(58) 1892896

20 6.00 2.663(67) 443775

20 6.50 2.401(54) 301480

20 7.00 2.108(45) 430782

20 8.00 1.725(38) 295316

20 9.00 1.450(33) 322420

20 10.00 1.187(24) 263795

20 12.00 0.8437(17) 258279

20 14.00 0.6450(14) 125942

20 16.00 0.5545(11) 155575

20 18.00 0.4565(80) 148488

20 20.00 0.4064(76) 123948

20 50.00 0.1352(12) 147168

TABLE IV: Raw data for the renormalised coupling in the TPL scheme.

1/L̂2

Polyakov Loop Scheme
step size s = 2

3 point linear fit



Preliminary

Beta Function by simultaneous fitting
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Summary and Comments
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Key-equations

Preferable if there are a lot of data points in a small region 

Lattice SSF is written with a simple function
when beta function is considered to be linear and 
dependence of lattice artifact on u are omitted

Similar Result with SSF with fixed s

To be improved

We treated a system in which running is slow


