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What The phase structure of lattice QCD with Wilson fermions
Aoki VS Sharpe-Singleton

puzzle

What The microscopic eigenvalue density
a/V/'V scaling

Why Separate lattice artifacts from continuum physics

How Wilson Chiral Perturbation Theory
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a # 0

fWilson fermions break chiral symmetry T
VsDw  # —Dws
Dy, # —Dw

~vs-Hermiticity

DIT/V = Y Dws

Wilson, Phys. Rev. D10 (1974) 2445

Itoh, lwasaki, Yoshie, PRD 36 (1987) 52
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a # 0

fWilson fermions break chiral symmetry T
sDw # —Dws
Dy, # —Dw

~vs-Hermiticity

DITA/ = Y Dws

Eigenvalues, z, of Dy,
- complex conjugate pairs (z, z*)

- exact real eigenvalues

Wilson, Phys. Rev. D10 (1974) 2445

Itoh, lwasaki, Yoshie, PRD 36 (1987) 52
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Aoki phase (parity broken phase)
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Electrostatic analogy:
Eigenvalues = charges, quark mass = test charge

o

Y

Aoki PRD 30 2653 (1984)

Barbour et al. NPB 275 (1986) 296 (nonzero )

Sharpe Singleton PRD 58 (1998) 074501
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a =~ 0 Sharpe Singleton scenario (1st order)

A () A my

Y
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Creutz hep-lat/9608024
Sharpe Singleton PRD 58 (1998) 074501
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Both observed on the lattice

N N

Aoki phase

Aoki Gocksch PRD 45, 3845 (1992)

Aoki Gocksch PLB 231 (1989) 449

Aoki Gocksch PLB 243, 409 (1990)

Jansen et al. [XLF Collaboration] PLB 624, 334 (2005)
Aoki Ukawa Umemura PRL 76, 873 (1996)

Aoki Nucl.Phys.Proc.Suppl. 60A, 206 (1998)
llgenfritz et al. PRD 69, 074511 (2004)

Del Debbio Giusti Luscher Petronzio Tantalo JHEP 0602, 011 (2006)
Del Debbio Giusti Luscher Petronzio Tantalo JHEP 0702, 082 (2007)
S. Aoki et al. (PACS-CS) PRD 81 (2010) 074503

Ishikawa et al. (JLQCD) PRD 78 (2008) 011502

Borsanyi et al. arXiv:1205.0440 [hep-lat]

Bali et al. (QCDSF) to appear

Bernardoni Bulava Sommer arXiv:1111.4351
Aoki et al. [JLQCD Collaboration] PRD 72, 054510 (2005)

Farchioni et al. Eur.Phys.J.C39:421 (2005)
Farchioni et al. Eur.Phys.J.C42:73 (2005)
Farchioni et al. PLB 624, 324 (2005)
Farchioni et al. Eur.Phys.J.C47:453,2006

Baron et al. (ETM collab) JHEP08(2010)097

LSharpe-Singleton scenario J
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Puzzle: Quenched only observes Aoki

-

Aoki Gocksch PRD 45, 3845 (1992)

Quenched -— Aoki Gocksch PLB 231 (1989) 449
Aoki Gocksch PLB 243, 409 (1990)

Jansen et al. [XLF Collaboration] PLB 624, 334 (2005)

Aoki Ukawa Umemura PRL 76, 873 (1996)

Aoki Nucl.Phys.Proc.Suppl. 60A, 206 (1998)

llgenfritz et al. PRD 69, 074511 (2004)

A

oki phase

Del Debbio Giusti Luscher Petronzio Tantalo JHEP 0602, 011 (2006)
Del Debbio Giusti Luscher Petronzio Tantalo JHEP 0702, 082 (2007)
S. Aoki et al. (PACS-CS) PRD 81 (2010) 074503

Ishikawa et al. (JLQCD) PRD 78 (2008) 011502

Borsanyi et al. arXiv:1205.0440 [hep-lat]

Bali et al. (QCDSF) to appear

Bernardoni Bulava Sommer arXiv:1111.4351
Aoki et al. [JLQCD Collaboration] PRD 72, 054510 (2005)

Farchioni et al. Eur.Phys.J.C39:421 (2005)
Farchioni et al. Eur.Phys.J.C42:73 (2005)
Farchioni et al. PLB 624, 324 (2005)
Farchioni et al. Eur.Phys.J.C47:453,2006

Baron et al. (ETM collab) JHEP08(2010)097

LSharpe-Singleton scenario J

Golterman Sharpe Singleton PRD 71 (2005) 094503
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Sharpe Singleton
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Goal: analytic predictions for the Wilson Dirac spectrum a # 0

|
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Method: Wilson Chiral Perturbation Theory

Sharpe PRD 74 (2006) 014512
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Wilson CPT

The chiral Lagrangian for Wilson fermions has new terms

F? ; m ;
L = T (dUdU") + FXTr(U+U)

—a*Ws[Tr (U + UT)]2 — a*Wo[Tr (U — UT)]2
—EWRTr(U? + U

Sharpe Singleton PRD 58, 074501 (1998)

Rupak Shoresh PRD 66, 054503 (2002)

with new constants Ws, W7 and Ws Aoki PRD 68:054508,2003
Bar Rupak Shoresh PRD 70, 034508 (2004)

Sharpe Wu PRD 70, 094029 (2004)

Aoki Baer PRD 70 (2004) 116011

Golterman Sharpe Singleton PRD 71, 094503 (2005)

Del Debbio Frandsen Panagopoulos Sannino JHEP0806:007 (2008)

Shindler PLB 672, 82 (2009)

Bar Necco Schaefer JHEP 0903, 006 (2009)

Bar Necco Shindler JHEP 1004:053,2010
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a =~ 0 Sharpe Singleton scenario (1st order)

Ws + 2Wg < 0
A Z(M) A my
x 3 Im(z)zV
Cox
3 x X
PX :
= X 16&WV
<«—
x X
7 mX V Re(zE \ m’ " m'
X oy
. X
X
: X X |
X
<> 8a’WV

= |m|X — 8(Wy + 2Ws)a?

Sharpe Singleton PRD 58 (1998) 074501

Kieburg Splittorff Verbaarschot PRD 85 (2012) 094011
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a =~ 0 Sharpe Singleton scenario (1st order)

Ws + 2Wg < 0
A Z(M) A my
x 3 Im(z)zV
Cox
3 x X
DX :
= X 16&WV
<«—
x X
7 mxV Re(zE \ m’ " m'
X oy
. X
X
: X X |
X
<> 8a’WV

= |m|X — 8(Wy + 2Ws)a?

Sharpe Singleton PRD 58 (1998) 074501

Kieburg Splittorff Verbaarschot PRD 85 (2012) 094011
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a # 0

-

Sharpe Singleton scenario (1st order)

Ws + 2Wg < 0
A Z(m) A my
Im(z)zV : "
& X X
p 16 WV X) x
m= \/ XRe(?z):\ 8 m; . m;
BEWV €
Gap and pion mass
2 12
m=F
WQ T = |m|X — 8(Wy + 2Ws)a?

o

Sharpe Singleton PRD 58 (1998) 074501
Kieburg Splittorff Verbaarschot PRD 85 (2012) 094011
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a =~ 0 Sharpe Singleton scenario (1st order)

Ws + 2Wg < 0
‘ A Z(M) A my
Im(z)zV
i X!
| X |
1 X
168WV
< " —» X
‘EX
X X > X -
ms v X Re(zE \ m m
BFWV & > X

= |m|X — 8(Wy + 2Ws)a?

Sharpe Singleton PRD 58 (1998) 074501
Kieburg Splittorff Verbaarschot PRD 85 (2012) 094011
Farchioni, Gebert, Montvay, Scorzato Eur.Phys.J. C26 (2002) 237
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The W, have fixed signs

- N

Only Wilson CPT with

WG,W7<Oand Wg >0

corresponds to the ~5-Hermitian Dy,

1 . ar N
Dy = §7u(vu + V) - ?Vuvu

QCD ineq: Hansen and Sharpe PRD 85 (2012) 054504, PRD 85 (2012) 014503

Akemann Damgaard Splittorff Verbaarschot PRD 83 (2011) 085014
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The W, have fixed signs

- N

Only Wilson CPT with

WG,W7<Oand Wg >0

corresponds to the ~5-Hermitian Dy,

1 . ar N
Dy = §7u(vu + V) - ?Vuvu

Both Aoki (IWg + 2Wgs > 0) and Sharpe Singleton (Ws + 2Wg < 0)

- allowed by ~5 hermiticity !

QCD ineq: Hansen and Sharpe PRD 85 (2012) 054504, PRD 85 (2012) 014503
Akemann Damgaard Splittorff Verbaarschot PRD 83 (2011) 085014
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Quenched and unquenched condensate

fWg+2W6>O Ws +2Wg =0 Ws + 2Wg < 0 —‘
Quenched

Nf=2

=0
sV Nfzo(m; a)

=0
5V Nf:2(m; a)

Sharpe Singleton only for Ny > 0

Golterman Sharpe Singleton PRD 71 (2005) 094503

Kieburg Splittorff Verbaarschot PRD 85 (2012) 094011
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Microscopic spectrum:

|
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Wilson CPT in the e-regime (MXV ~ a?VW; ~ 1)

-

The partition function in a sector v

Z%, = / dU det” (U) e”
U(Ny)

with
m t
S = +5SVIU+U)
—a>V W [Tr (U n UT>}2 — PV Wy [Ty (U - UT)}2

PV WeTr(U? + UT?

Akemann, Damgaard, Splittorff, Verbaarschot, PRD 83:085014, 2011

|
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Wilson CPT in the e-regime (MXV ~ a?VW; ~ 1)

-

The partition function in a sector v

Z%, = / dU det” (U) e”
U(Ny)

with
m t
S = +5SVIU+U)
—a>V W [Tr (U n UT)]2 — PV Wy [Ty (U - UT)]2

PV WeTr(U? + UT?

Non trivial fact: In sector v the Wilson Dirac operator Dy has index v
index =3, sign((k|sk))

Akemann, Damgaard, Splittorff, Verbaarschot, PRD 83:085014, 2011

|
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The complex eigenvalues of Dy, for v =0

- N

Ny =
av WV = 0.75
We =Wz =0

Kieburg, Verbaarschot, Zafeiropoulos PRL 108, 022001 (2012) (N = 0)
Kieburg Splittorff Verbaarshot PRD 85 (2012) 094011 (N = 2)
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The real eigenvalues of Dy in sector v = ), sign((k|vs|k)) =1,2,3

- N

Nf —= O 1= _
WV =02 Eor —
N
jo)
We=Wr=0 &° 1
8
N ;0.4— —
(@}

L
Re[ZzV
Gattringer Hip Lang NPB 508 (1997) 329

Hernandez NPB 536 (1998) 345
Damgaard Splittorff Verbaarschot PRL 105:162002,2010

Kieburg, Verbaarschot, Zafeiropoulos PRL 108, 022001 (2012)

o |
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The Hermitian Wilson Dirac operator Ds

- N

Introduce

Dy = 75(DW —+ m)

o |
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The Hermitian Wilson Dirac operator Ds

- N

Introduce

Dy = 75(DW —+ m)

v5-Hermiticity of Dy Hermiticity of Ds

Diy = Y5 Dwys = Dl = Ds

o |
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Ds is Hermitian but spectrum not symmetric: not (\°, —\°)

- N

5

A Im())
K—X X VAW HK—HKX X—X VAN »5
-m m Re”)
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Eigenvalue density of D5 v =, sign((k|ys|k)) =1 Ny =0

- N

3 T | T | T | T T T T T T T
- — arwy)’=000 |
23— W v)=006 7
< | i
™ 2k -
o

(A’ mzV=
a_

V=
[N
I
I

Q L i
05+ —
0 ﬂl L | L Jl 1 | 1 | 1 | 1
-10 -8 -6 -4 -2 0 2 4 6 8 10
Azv
- Aoki phase if gap closes
Bitar Heller Narayanan PLB 418 167 (1998)
Verbaarschot Zahed Phys.Rev.Lett. 70 (1993) 385

Damgaard Splittorff Verbaarschot Phys.Rev.Lett.105:162002,2010
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Eigenvalue density of D5 v =, sign((k|ys|k)) =1 Ny =0

- N

3 T | T | T |

— a(wVv)"*=0.00

23— W v)=006

=2.3,a)
T
| L

WidthXV ~ a/W;V || <— ]

(A mzv
T

V=
[N
I
I

Y

05 —

-10 -8 -6 -4 -2|0|2|4|6|8|10
- Aoki phase if gap closes

a/W;V < 1 only affects the index peak
Bitar Heller Narayanan PLB 418 167 (1998)
Verbaarschot Zahed Phys.Rev.Lett. 70 (1993) 385

Damgaard Splittorff Verbaarschot Phys.Rev.Lett.105:162002,2010
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Eigenvalue density of D5 VS lattice Ny=0

- N

3 T | T | T | T | T T T T T T
| — 20" dlover B, =279 |
250 — awv)™=000 7]
- 1/2 -
= — awv)*=006
™ 2k =
N

(A’ mzV
T
I

V=
=Y
I
I

P

05 —

-10 -8 -6 -4 -2 0 2 4 6 8 10

measure X, m, Wg, W~ and Wy

Necco Shindler JHEP 1104 (2011) 031
Deuzeman Wenger Wuilloud JHEP 12 (2011) 109
Damgaard Heller Splittorff Phys.Rev. D85 (2012) 014505, arXiv:1206.4786
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Eigenvalue density of D5 v =), sign((k|ys|k)) =2 Ny =2

- N

08— T T
L — aWw,v)"*=000
— aW,v)"*=025

< 06

&

L

>

A

E o04r
Lo

< L
AN

g LO

Q 02

0 | _]l-o 1 1 1 1 -lE) Il Il (l) Il Il
Unquenched: PaY;
5 _ i 2 _ 2 _ 5 2
ps(A>=0)=0 since det"(Dw +m)=det"Ds(m) =], A;(m)
Lischer JHEP0707:081,2007
Splittorff Verbaarschot PRD 84 (2011) 065031
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Smallest eigenvalue of Dj lattice Ny =2

- N

1.8 I I

0.2+ : A

N . 1:4— |
o R ] | . * '
1 il NIRERE bt

ﬂmm ] 0.6 -
ol ] __ | | | | | | | | |

_a_

o~ NG exactly as for a/W;V << 1

Del Debbio Giusti Liischer Petronzio Tantalo JHEP 0602 (2006) 011, JHEP 0702 (2007) 082
Damgaard Splittorff Verbaarschot Phys.Rev.Lett.105:162002,2010

Akemann Ipsen JHEP 4 (2012), 102
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Conclusions

- N

Dirac eigenvalues as a tool to understand and test chiral dynamics with
Wilson fermions

The Sharpe Singleton scenario - only occurs unquenched

o |
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Conclusions
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Dirac eigenvalues as a tool to understand and test chiral dynamics with
Wilson fermions

The Sharpe Singleton scenario - only occurs unquenched

Constraints on the parameters of WCPT from ~s5-Hermiticity
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Conclusions

- N

Dirac eigenvalues as a tool to understand and test chiral dynamics with
Wilson fermions

The Sharpe Singleton scenario - only occurs unquenched
Constraints on the parameters of WCPT from ~s5-Hermiticity

Microscopic eigenvalue density of Dy and Ds -a/+/V scaling
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Conclusions

- N

Dirac eigenvalues as a tool to understand and test chiral dynamics with
Wilson fermions

The Sharpe Singleton scenario - only occurs unquenched
Constraints on the parameters of WCPT from ~s5-Hermiticity

Microscopic eigenvalue density of Dy and Ds -a/+/V scaling

More: Spinodal line, Twisted mass, individual eigenvalues, Random matrix approach, 3p = 1, 4, (Savvas
Zafeiropoulos talk 3:50), Staggered (James Osborn PoS(Lattice 2011)110).

o |
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Additional slides



Spectrum of D5 on 20* lattice smaller coupling

Histograms: lattice Curves: WCPT

— Ev_279 20 HYP_QO_m184 i i — Ev_279 20 HYP_QO0_m178
0.6 — m=3.5a=0.35v=0 — 0.6 — m=4.8a=0.35v=0 —
Fit | | Prediction

LHS fit (XV, mXV and as) RHS prediction: mass scaling
N;=0

o

Damgaard Heller Splittorff Phys.Rev. D85 (2012) 014505

|
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Spectrum of D5 = v5(Dy + m) on 20* lattice clover improved

Histograms: lattice Curves: WCPT

2 e L A N B T T T T 3 — T LI e e E—
— Ev_279 20 HYPclov_Q0_m027 | I — Ev_279 20 HYPclov_QlandQml_m027
— rho5NfOm2p3a60p06a80nu0 25l — rho5HNfOmM2p3a60a80p06nul |
— rho5NfOm2p3a60a80p06nu0 — rho5HNfOmM2p3a60a80p06nul
15 r
&) T Ll |
3 «
(o] AN L
1 1
E_ 1+ E_ 15 —
o Te}
< <
SN—r N -
It i
T > o 1 _
Q Q
0.5 tlwq —
0 | | | L J PR I I !
10 8 6 4 2 0 2 4 6 8 10
5
A

Damgaard Heller Splittorff arXiv:1206.4786

o |

Chiral Dvnamics with Wilson Fermions — n. 32/36



Spectrum of D5 = v5(Dy + m) on 20* lattice clover improved

Histograms: lattice Curves: WCPT

5 T T T T T T
sy ———————T7 T T 17— ; ; ; \ \ \ \ \ \
— Ev_279 20 HYPclov_QlandQm1_m027 ] i iVEZJZ?SO_ZH;;Cég‘éa%%andfml_m‘m
25— rhoSHNfOM2p3a60a80p06nul | — rho mzp pOoNuU
— rho5HNfOM2p3a60a80p06nul 41— — rho5HNfOM2p3a60p06a80nu2 —
T Ll _ <
™ ™
o L (hl 3 _
1l
S 15+ — E..
T [Te]
m <
6 - N—r
— (hl 2+ —
I L
& 7] a
1— _
05 1 |
0 | | | | J ! | ! | ! | ! 0 | | | | | J | | | |

-10 -8 -6 -4 -2 0 2 4 6 8 10 -10 -8 -6 -4 -2 0 2 4 6 8 10

Damgaard Heller Splittorff arXiv:1206.4786
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Spectrum of D5 on 24* lattice v = 0
fCumuIative eigenvalue distributions T

Black: lattice Red: WCPT

1.0 4
0.8 -
0.6 -
0.4 -
0.2 -
o 10 0

0.0
]

10 28

Fitto v = 1 data
Ny =0

Deuzeman Wenger Wuilloud JHEP 1112 (2011) 109

o |
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Spectrum of D5 for Ny =0

f— integrated up from zero & summed over the index T

Lattice 64 x 32> a ~ 0.07 fm WCPT (mXV = 3, ag = 0.2)

70

50~
60

401~
50

30

20—

20
10

10

L I | I | I I B
0 201 40 60 80 100 0
Mg[MeV]

12

Luscher Palombi JHEP09(2010)110 Akemann Damgaard Splittorff Verbaarschot PRD 83 (2011) 085014
Necco Shindler JHEP 1104 (2011) 031
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Lattice

fSpectrum of D5 for Ny = 2 T
ZAMyeq

6 12 18 24 30 36 42 48 54 60 66
A [MeV]

Lischer JHEPO707:081,2007

Del Debbio Giusti Luscher Petronzio Tantalo JHEP0702:082,2007

Aoki PRD 30 (1984) 2653

Bitar Heller Narayanan PLB 418 167 (1998)
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